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ABSTRACT

Our aim of this research is to find the complete
solution of some kinds of linear third order
partial differential equations of constant
coefficients which have the general form
AlzXXX+AZZWy+ASZm+A4 Zxxy+
AZ,+A Zyyx + A, Zyyt + A Zy, +
AZy+AgZy +ALZ +AZ, +
AsZy + ALy +A 2 +AZ, +

A Z,+AgZ, +AgZ +A,Z=0,

where A 1=1.2,..20

By use the assumption

Z(x, y,1) = eju(x)dx+jv(y)dy+jw(t)dt il
transform the above equation to the nonlinear
second order ordinary differential equation with
three independent functions

u(x) ,v(y) and w(t)

are constants.

1. INTRODUCTION

The differential equations are very importance

in the plenty of the fields of the science as
Physics, Chemistry and other sciences,
therefore plenty of the scientists are studied this
subject and they are tried to find modern
methods for getting rid up the difficulties that
facing them in the solving of some of these

equations.

In [7] used the assumption

y(x):eIZ(X) dx

to find the general

solution of equation

AZ+AZ +AZ+AZ,
ALyt AL AL+ A Ly
+A Ly + A L AL AL,
ALy + AL AL+ AL,
+A, L+ AL +AGZ + A, Z =0,
y'+P(X) y'+Q(x) y=0
where P(x) and Q(x) are either constants or
functions of x .

In [1] used the assumption

Z(x.y) :eju(x) dx + [v(y) dy

to find the complete solution ofequation are

constants

AZXX +BZXy+CZyy+DZX +EZy+FZ=0

Where A, B, C, D, E and F are arbitrary
constants .
In [4] used the assumption

Z(x, y.t) = el UOODH V() dy+w(t)dt

to find the complete solution of the equation
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yy+EZ

+IZt +JZ=0

AZXX +BZXy+szt +DZ

+ FZtt + GZX +HZ

yt

Yy
Where A,B,C,.... and J are arbitrary constants .

In [5] used the assumptions

jﬁxﬁ dx + jv(y) dy

Z(xy)=e ,
fu(x) dx+jM dy
Z(x,y)=e y and
QY a1V dy

Z (X,y) =€
to find the complete solution of the equation
A(X, y)ZXX + B(X, y)ZXy + C(X, y)Zyy
+ D(x,y)ZX + E(X, y)Zy +F(xy)Z=0

Where some of A(X,y),B(x,y),C(x,y),D
(xy).E(xy) and F(x.y)
are functions of x or yorboth xandy.

In [8] used the assumptions

Z(x.y) = eju(x)dxﬂv(y)dy |

Z(x.y)=¢ jMXK)dX-l— [v(y)dy
v(y)

Z(x. y):eju(x)dx+j Y dy "

Z(xy) = ejﬂxﬁdxﬂﬂyﬂdy

to find the complete solutions of the equation

A, Y,Z,Zx, 2y, Zyx, Zyy, Zyy Pxx +
BX,Y.Z,Zy, Zy, Zyx. Zyy Zyy Exy +
ClY,Z,Zx. 2y Zyx Zyy Zyy Zyy +
(V.2 2y, 2y, Zyx Zuy Zyy Zx +
E(x,Y,2,Zx. 2y, Zyx. Zuy Zyy [y +
A Y,Z, 2,2y Zyx Zyy Zyy 2 =0

)

&3

Where A,B,C,D,E and F are functions of
dependent variable Z and partial derivatives of
dependent variable with respect to the
independent variables x and y.

In [6] used the assumption

Z(x,y) = eju (X)dx+[v(y)dy

to find the complete solutions of the equation

AZXXX +BZ yyy + CZxxy + DZny +
Ez

%X +FZyy+GZX +HZX +IZyjL
JZ=0

Where A,....,I and ] are arbitrary constants .

y

In this paper, we will find the complete solution
of the equation

AZy+AZ,, +AZy+AZ, +
A5ZXXt+Aezyyx+A7 Zyyt+Aezttx+
A Ziy + ALy + AL 2+ ALy, +
Ay +Auly +As Ly +Ag Ly +

A Z +AgZ, +AgZ + AL =0,

by using the assumption

Z(x, y,t) = o YT+ V(Y)dy-+fw(t)dt

Where A, 1=12,...,20 are constants

2. DESCRIPTIONOFTHESUG
GESTEDMETHOD

Let us consider the equation

AZ+AZ, +AZy+AZ,, +
ASZXXI+AGZWX+A7ZWI+A82m+
Ay Zy +AZop +ALZ+ALZ, +
Ay + Al +As Ly + ALy +
ALZ, +AgZ, +AZ +AnZ=0,

(D)

The equation (1) is linear third order partial differential
equation (P.D.E.) with three independent variables and

i1 =1,2,...20 are arbitrary constants.

A




Journal of Kufa for Mathematics and Computer

In order to find the complete solution of the
equation (1) , we search functions

u(x) , v(y) and W(t) gch that the
assumption

Z(x,y,t)=
...(2)
Represents the complete solution of it, this
assumption will transform the equation (1) to
non-linear second order ordinary differential
equation. By finding
Zx7zxx’zxxx’ny’zxt’zxxy’zxxt’zy’zyy’

Zyyy'Zyt’Zyyx’Zyyt’zt’ztt’zttt’zttx’
and Z,, from the equation (2) , we get
JOO) dX + [v(y) dy-+jw(t)dt

eju(x)dx+jv(y)dy+jw('[)d'[

z

tty

Zy =U(x) e

Zo = {u’(x) N u2(x)} ej(x) dx + [v(y) dy-+jw(t)dt

[(x) dx + [v(y) dy-+jw(t)dt

Zy=V(y) €
Zyy = {V'Z(Y) +} o/ 09 dx+ [v(y) dy-+jw(t)dt
ve(y)

_ [(x) dx + [v(y) dy+fw(t)dt
ZXy =u(x)v(y)e

Z, = w(t) o] () dx + [v(y) dy+jw(t)dt
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Zttt = [W"(t) + 3W(t)W'(t) +
w3 (1)] /Y COdX+ V(Y dy-+w(t)dt

Zipy =)W1+
w2 (1))]e/ U (VA V(Y)dy-+ w(t)dt

Zyrx =)W' (1) +
w2 (t))]] YOO dXH V() dy-+{w(t)dt

Z st =[W(t)(u'(x)+
U2 (x)) o YOIV (V) dy+w(t)dt

Zyyx =)V (y)+
V2 (y))] /U OdXV(y)dy-Hw(t)dt

Z =W/ () +
v2 (y))]e U AXH V() dy+iw(t)dt

nyt — WOUOOV(Y) eju(x)dx+jv(y)dy+jw(t)dt

Z yyy =[V'(y) +3v(y)V'(y) +
v3(y)1 U QX+ V(Y)dy+ w(t)dt

And by substituting

2,2, 2 Lo Ly L Ly Lo
2,2y Ly ZyiZys Loy

L, Ly Ly, Ly Zyyand ,Z,, into the equation

Z = {W'(t) +} oJ GO dx + [v(y) dy+fw(D)dt (1) we get

w2 (t)

Z. ¢ =WEU(X) oJ 09 dx+ jv(y) dy-+jw(t)dt
X

Z vt = w(t) v(y) ef(x) dx + [v(y) dy-+fw(t)dt

Zyxx =[u"(x) +3u(x)u’(x)
+u3(X)]eju(x)dx+jv(y)dy+;w(t)dt
Zyxy =[V(Y)WU'(X)+
u2(X))]eju(x)dxﬂv(y)dy+jw(t)dt

84
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[4; (U"(X)+3u(x)u’(x)+ u3(x)) A (U"(X)+3u(x)u’(x) + u3(x))

+ 4, (V(Y) V(Y () +V3(Y)) + 4, (V(Y) V(Y () +V3(Y))

+ A5 (W'() + 3w(t)w'(t) +W3(t)) + A5 (W'() +3w(t)w'(t) +W3(t))

+ 4, (VYU () +V(Y)u2 (%)) + 4, (VYU () +V(Y)u2 (X))

+ 45 (WU (X) + W(D)U2 (X)) + 45 (W(EU'(X) + W(t)u2 (X))

+ 45 UOOV(Y) +UOIVE(Y)) + 45 UOOV(Y) +UOIVA(Y))

+ 4, WV (Y) +WEEVA(Y)) + 4, (WEV(y) + WEVA(Y))

+ 45 (UOOW (D) +U()W2 (1)) + 45 (U)W (D) +U(OWA (L))

+ 45 (VY)W (1) +V(y)W2 (1)) + 4 (VY)W (1) +V(y)W2 (1))

+ Ay (V(Y)W(EU(X)) + Ay (V(Y)W(E)U(X))

+ Ay (U'(X) +U2 (%) + Ay (U'(X) +U2 (%)

+ A, (V(Y)+VA(Y)) + a5, (V(Y)+VE(Y))

+ Ay (W) + W2 (1)) + Ay, UOOV(Y) + Ay (W) +W2(1)) + Ay, UOOV(Y)
+ Ass U(X)W(t) + A6 W(t)V(y) + A U(X)W(t) + Ay W(t)V(Y)

+ Ay U(X) + Asg V(y) + Ao W(t) + Ay U(X) + A V(y) + Ao W(t) + Ay
+ Azo]efu(x)dx+f v(y)dy+[w(t)dt =0

Since =)

eju(x)dxﬂv(y)dyﬂw(t)dt .0 The- equati-on(3) is-. non-Iin?ar second or(-ller
. ordinary differential equation and contains three
So, independent functions u(x) , v(y) and w(t) .
As the number of the classes of the equation (1)
are very large, so, we will choose some kinds of
it to find the complete solution of it , while the

other kinds are solved by the same methods.

Kind (1) :

AZ +A,Z  +A.Z
ttt

=0
2 Txxy 3Ty _

Kind (2) :

AZ +A,Z +A_Z =0
yyt YYX 3

Kind (3) :
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AlZ +A,Z +A Z +A Z =0
tty XX 3t 4 Xy

Where A; A, ,A3 and A4 are constants.

Now we will discuss the above kinds ,

kind (1) :

AZ +A,Z +A_ Z
ttt

=0
XXy 3wy

this equation becomes after using (2) as follows

AW (1) +3wt)W' (1) + W’ (1)) + A, (V(y)u'(X)
+V(Y)U* (X)) + A, (U()V'(Y) +Uu(x)V* (y)) = 0

Here we can't separate the variables, so we

suppose that wt)=4 and v(y) =4,

Where A4 and 4, are arbitrary constants ,
then

AL+ AL U X)+Uu’(X)+ALu(x)=0

Aty A%
Ao, Aoy

=SUu(X)+u’(X)+ =2 u(x)+—2L2=0

A, #0
u'(x)+u’(x)+Bu(x)+B,=0 ...(5
, B, = ASAZ and B, _ Ak

A4, A,

u (x)+(u(x)+—) +B, _BTZZO
BZ

If B,=—- ,we get
4

du

2
B
1 2
j +f1

(u(x) + 5

| +[dx=[0

Vol.2, no.1, may,2014,pp 82- 90

: Cis constant

= u(x) =f tan(f,c— fx) (Zl)

then the complete solution of equation (4 )is

j(f1 tan(f,c— f,x) ——)dx+ j Z,dy+ j Adt

Z(xyt)=e

In(cos(f,c—f;x)) —% X+ A, Y+ 4t+c;

; 0<cos(f,c— fx)<1

;%< fic—fx<2z

f.c—-2x
fl

<X<

T s YHRA ~ (AZ)'
27,

X)

+

JAAAZ — (AR):
277,

d,sin

VAAAL - (AEY

;d, =e“ cos
2R,
2 32
ad 4 —e"sin VARAL - (AR)
2A4,
2
— 1
2) If BZ,—1E12 a5, ,_vgget
du 4
] 5+ Jdax={o
(u ?)
1 B,
= U = —
X —C 2

then the complete solution of equation (4 )is
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(2 Biyges [ 2ady+[ 2t

Z(X,y,t)y=e" x°¢ 2

AR
2hea) (blx - bz)

and b, =ce"

Apy+At=
=€

‘h —p%
b =e

kind (2) :

AZ +A,Z +A.Z =0
Wt w3

this equation becomes after using (2) as follows

A WO(V(Y) + V2 (1) + Ay UV (Y) +
vA(y)+A, =0 (7)

Here we can separable the variables [3],[9] ,

hence
AS
A w(t)+A, u(x)+ > =0
(V'(y) +v=(y))
et A, W(t):/lf, A, u(x):ﬂ%
A
and 32 :—(af +/1§)
(V'(y) +v=(y))
2 2
A A
:>W(1'):A—1, u(x):—2 and
1 2
Az
VI(y) +Vi(y) = P VN
(/11 +/12)
= V/(y)+Vi(y)+B/ =0 ...(8)
A
;Bf:—2 32 C AL E A
(ﬂl +/12)

Equation (8) becomes

= itan_l(i) =C-Yy
1 1
v =B, tan(B,c-B,y)

2 2
J.//zdx+JBltan(Blc—Bly)dy+j2dt

/ =
’LngrﬁHIn(cos( —-Byy))+c
7 kAR

;0 <cos(B,c—B,y) <1

= %<Blc—Bly<27r

2w T
= C-—<y<C-—r
B, 2B,
A2 Ay
Z=e” " (d,cos %y+
A4+ A4
. A
d, sin ﬂf+ﬂfy)
, d,=e"cos 2A32c and
A+ A4
- A :
d, =e“sin 2+/ﬁc,ﬂf¢—ﬂf
=0

AlZ +AZ +A Z +A Z
tty XX 3t 4 Xy

this equation becomes after using (2) as follows

A v(y)(w'(t) + w2 ®)+A, U'(x)+
W2 () + A, (WD) + WA (1) +
A4u(x)v(y) =0

dv

] +Jdy =0

B (5 )% +1)

=
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let v(y) = /11
Ay 2 W)+ w2 B)+ A, U(X)+ WA /13 Ai/llz
u'(x) + (u(x) + )< — —— =0
U2 () + A (W) + W (1) + 2Ry Ay aAg
A Lu(x)=0 ---(10) 2 2,2
vt 1) if Yo, Pai
A 4A2
2 2 s
equation (10) is variableseparableequation[2] , () + (U() + D1)2 B Dg ~0
we cansolve it asfollows:-
d
I u(x)fD +[dx=]0
2 Di(———1)%-1
A, ﬂl(w'(t) +we(t)) + A3 (wW'(t) 2 D,
+wA (1) =—25
-1 —1,u(x)+ D,
, , —tanh “(———=)=c—X
Ay 2 (WD) + w2 (1)) + A, WD)+ D, ]

w2 (1) +43 =0 ~D,-D, <u(x) <D, -D,

A, AL +A W)+ (A A, +
(A 4y + AW O+ (A 4 U(X) = D, tanh(D, X — D,c) - D,
A3)W2 (t) + ,13 -0

2 2,2
W’(t)+w2(t)+812=0 ) M5 AGA
2 Ay 4A3
B = — and 4 =—2 . 2 _g
(A4 +A) A =>Uu'()+U)+Dy)" =

The equation (11) is similar to the equation (8)
and by the same method

w = B, tan(B,c — Bit)
Ay 2 (WD) + w2 () + A (w(t)+

Also
2 _ ' 2
we (1) =-A, (U'(X)+u”(x)) -
_ ;2
A A4/11u(x)— 12
let 471 _ 1
2A2
2 2,2
A ASA
and —2+&=D§
5 4AZ2
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du 2
I +[dx =0 ’ A A A
(u(x)+D1)2 U(X)+U2(X)+%U(X)—A—2=0
2 2
=C—X 2 2,2
A A
u(x) + D1 . d, =cosh 2 L 421 c
4A
= u(x)=——-D, 2
B 2 2,2
A A
Now , d, =sinh 2 . 4/;1 c
2 A2z 2 4”7
if *— 5
Ay ans 2
,d, =e" cos A LA
Then the complete solution of the equation (9) is ( 1Mt 3)
7 _ j (D, tanh(sz—ch)—Dl)dx+J.ﬂ,ldy+ f B, tan(B,c—Byt)dt ,12
=€ and d, =e“sin A 2A c
Ay 4+ A3)
_ Aln(cosh(Dyx—D,c))—Dy x+ A4, y+In(cos(B,c—B;t)+c;
“=e 2 A%
: 2 471 .
if = A, 20
Ay 4AS

Then the complete solution of the equation (9) is

1
eI(H—Dl)dx+.[ﬂidy+J‘Bltan(Blc—Blt)dt

/=
Z _ eIn(x—(:)—D1x+A,ly+In(cos(Blc—Blt)Jrcl
;X >c and c—27r<t<c—27r

1 1

22

2ty
(A 7 +A)

Z =e™™™(x-c)(d, cos
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JPJZ(X, y,t) = efu(x) x+[v(y)dy-+[ w(t)

Al e dphad Y dalie ) Alialst dalea ) oDlet Aalall
SUQK) V() e 2 236 o 4580

w(t)

AZ+AZ,  +AZy+AZ,,

+ AL + ALy AL+ Ay 2y,
+ ALy ALyt AL+ ALZ,
+AZy +ALZ,, AL HAGZ,
+A17ZX+A182y+Ath+A2OZ:O,
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