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Abstract

The goal of similarity transformation method is to provide the solution for differential
equations by using Lie group technique. However higher order differential equations are
going to be reduced to a lower order. For partial differential equation at least a reduction in
the number of independent variables is sought and in favorable cases it reduces to ordinary
differential equation with special solution [4]. Also we investigated completely the Similarity
analysis of 2nd order differential equations.
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| . Introduction

The similarity method (Blumen and
Cole 1974) for solving second order
ordinary differential equations, based on
invariance under continuous Lie group of
transformation.[2][3] . The goal of similarity
method is the expression of a solution in
terms of quadratic in the case of ordinary
differential equation of first order and
reduction in order for higher order equation.
The differential equations describing the
realistic situations normally are of non
Linear type and corresponding solution are
not obtainable easily even by computer
oriented methods. Many times, exact
solutions of such equations are preferred
over numerical one. Quite commonly, exact

al

analytical solution of system of partial
differential equations in applied fields like
fluid dynamics and general relativity are
extremely valuable as they provide more
insight into extreme cases which is not
possible through numerical treatment [6].
One of the most attractive aspects of Lie's
method of symmetries is generality, on
another words; all solving method for
differential equations can be correlated to
particular forms of the symmetry generator.
However, for first order ordinary
differential equation, Lie's method seems to
be, in principle, not as useful as in higher
order case [5].
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So, first of all, let us introduce the operator plane, consider the parameter group of
U of the infinitesimal transformation as the transformation &.
symbol for a directional derivative in the

Il Group of Transformations
Consider the set of transformations

X" =X(x,vy;a)
Y = Y(X,¥;0)
that depends on a parameter cr .

Any particular value of & determines one transformation of the set and each transformation
of the set may be looked upon as mapping any point (x,y) in the x y plane into an image point

(X%, y*).
For example of such a set of transformations is

X  =XCoSa — ysin a}

y =xsina+ycos a

These transformations are called rotation because of the position image point (x*, y*) can be
determined by rotating the radius vector to the source point (x, y) it will be counterclockwise
through an angle « .

11 Infinitesimal Transformation

Let o, be value of o, which corresponds to the identical transformation

X" =X(XY,a,)= x}
Y =YX Y, a,)=Y
The expanding of (1) in a Taylor's series round the point « =, found that:

2 N2
x*:x+[8—xj (oc—oco)J{a é} (@ =) Foe
0t ) y—g, 0 ey

a 2
2 EPURY
y*ZY+(ﬁj (0{—040)+[a EJ (@=a) Forr ()
0 ) gy oa® ) _, 2

The partial derivative (%j and (QJ are continuous function of x and y and
Ja a=q Ja a=q

denote, respectively, by £(x, y)and#(x, y), which are called the coefficients of infinitesimal
transformations.
For sufficiently small (e — e ) is which denoted by & , we can then rewrite the coordinates of
the image point (x*, y*) as
X" =x+c(x y)e+0(g?)
Y  =y+n(xy)e+0(g?)
This is called infinitesimal transformation, while the infinitesimal generator transformation on
(1) is defined by
Z 0 0 0

U= X )= G e 6

2L =G hige ©)
IV Invariant ODE
Definition [8]
The one- parameter Lie group of transformations
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x*=X(x,Y,&),

y*=Y(xy,¢),
Since the general formula of ordinary differential equation can expressed as

y™ = f(x, v,y ..., y(”‘l))
while

k
y(k)=d—|3’,k=1,2, ...... 1 e, @)

Which it is invariant ordinary differential equation if and only if its n™ extension
transformation infinitesimal is defined by

X*=X(x,Y;¢&),
y*=Y(xy;¢),
y*0 =y Oy y, ytig),
oy yo Y o gt o <
y # :Y(k)(x vy oy 5) __OX oy oy ®
1 ) ’ ' ax . (l) ax .
“(xe)+yY = (xe)
OX oy

Then equation (7) invariant at k=n.

V Ordinary Differential Equations and Lie Symmetries [1].[7]

The basic idea for the existence Lie symmetries for a system of ordinary differential
equations is
Xx=g(x) xeC" 9)
Which it is analytic in the neighborhood of the origin at x=0. The n-derivatives with .respect
.to time for equation (9) can be written as

X =G (X) =Lorel eoeeee oo (10)

using the it component of x and g.

Since our interest is Lie symmetries around equilibrium point, we set G(0)=0.
Without loss of generality, we define Lie symmetries of (9) or (10) as follows:
Let Xq be the vector field accompanying with eq. (9), we get:

X, :i#(@% A

Thus the fundamental definition of Lie symmetries that there exist a vector field X, which
can be written in the following form

X, = 2415‘ (x)% .................................................................. (12)

this is called Lie symmetry of the system (9) if the vector field (12) commutes with X, in the
sense of the Lie brackets, this is:
[X g0 X, |2 XXy = XX =0 i (13)

In general, one has to set Lie symmetries in the form (12) if

af
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X = g(x,t)§+i¢i(x,t); ..................
i=1

XI
V1 Similarity Method for 22 Order ODE
We shall provide the necessary details
of the similarity method (Blumen and Cole
1974) for solving second order ordinary
differential equations, based on invariance
under  continuous  Lie group  of
transformation. The goal of this method is
the expression of a solution in terms of
quadratic in the case of ordinary differential
equation of first order and reduction in
order for higher order equation.

X =x +&(x,y) &
yi =y +n(xy) &

................................... (14)

For partial differential equation at least a
reduction in the number of independent
variables is sought and in favorable cases a
reduction to ordinary differential equation
with special solution. So, first of all, let us
introduce the U- symbol of the infinitesimal
transformation as the symbol for a
directional derivative in the plane, consider
the parameter group of transformation ¢

Where & and 7 are the infinitesimal and the corresponding infinitesimal transformation

X* =Xy +&(Xq, Y1) Oe
y* =y +17(x, 1) ¢

ereenn(15)

Now consider a function f ( x*, y*) defined over the plane varies along the path curve of a

given initial point(x, y).
Such that

o = f(x*,y*)— f(Xl,yl)

=f (Xl + f(xp y1)55’ Y. + 77(X1’ y1)55) — f (Xl’ y1)
of of
=f (le yl) + ‘f(xl’ Y1)556_(X1’ Y1) +77(X1’ Y1)55_(X1’ yl) - f (X1’ y1) +0(52)
X, oy,

{é(xl, yl)a—xl(xl, Y1) +1(X,, yl)gl(xl, Y1)

In particular as & — 0; we approach the initial point (x, y) so

. o of of of
IIl—:—: —_— — H e EEE EEE R AN EEE O EEE EEE EEE EEE EER EEE EEE EEEEETEEGE O EEE 17
I! 0 05 0& (X’ y)8X +77(X’ y)ay ( )

We define (17) as an operator U act f as

where

0 0
U=&f—+n—
4 vl o

On expanding at ¢ =0 using (15) and (18), we get

f(x,y,)= f[X+§(X, y)51y+77(x’y)5]
of of )
= f(X,Y)+§(X,Y)5&+77(X,Y)55+0(5 )

_ y)+e{§(x, y)%m(x,y)%}o(#)

= F(XY)+eUF (X, Y)+0(%) coiviiiiii i1 (19)
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Thus;

f(xg, yy )+ eUf (x, y)+0(82)
Evidently, necessary and sufficient condition for invariance is
UF =0 Forall (x,y) i.e.

of of
&(x, y)&ﬂy(x, y)a 20, et (20)

Now, the corresponding transformation in the derivative is

dy , dny

7+ -
y,:dylzderéd??:dx “
bodx, dxteds o, S
dx

-1
(y’+gd—77}(1+ gd—éj where y’ :ﬂ
dx dx dx

(y’ +gc;—2j((l—ez—ij+0(e)2]

—y ey 951 e W ooy
dx  dx

Since the coefficient of O (g)?* that is contain the term (52 (;—77(;—5) can be neglect it because
X dx

itisn't

:y'+gn(x,y,y') e (21)

Where the changes (d7,d&) are the changes in (1, &)as we travel in the direction y' at the
original point (X, y)
Since

d :
d—i=§x+§yy and

d .

d
Therefore,

dn _ .d¢ - 2
=—l-y—2=n + el e .. (23
==y =nryl-gl-gy (23)
Equation (22) with (23) is infinitesimal transformation in (x, y, y'), we can thus write the
infinitesimal operator U’ which is the extension of U to the (x ,y ,y') spaces as

U'F =&(x, y)i—i+ﬂ(x, y)%:wy(x, Y, y)daTF .................................... (24)

So, to work out the criterion for
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H =y-w(x,y)=0. where y'= %
X
By invariance criterion (24)
aH oH
U'H=C——4+7——417——=0 it e e 25
de Y ndy (25)
Here
H(x y,y) =y -w(x,y)
oH
- = _Wx
OX
oH
E
H
oy
77=77X+y'(77y—§x)—§yy'2 P 024 0) |
From the given equation
y =w(x,y)

So '=n, +W(y, —£)—-£w?  Using (25) with (26), we get
U'H = &ow,) en(om )+ b, +wn, ~£)- -

M+ W(ny - gx) _§yWI2 = g\Nx + 77\Ny

This is required condition for finding the ordinary deformational equation, admits a group.
In the same way and in order to find the criterion that a second order deformational equation
admits a group: from (26) with (22)

d .d
n =&n(x, y)-y aé(x, y)

=1+, - é‘x)y'—fyy'2 ......................................................... (27)
So, the derivatives being taken along the curve y(x) whose slope y' is
oF oF oF oF
UF =S%Y)—+n(%Y)—+n'(X, ¥, Y)—+n"(X, ¥, Y, V) — e (28)
ox oy oy oy
For F(x,y,Y,y") where
n":ﬂ(x, A y"d—f(x, Y) e (29)
dx dx
Then we can write the derivative of (28) as follows:
Y= dy' _ dy'+edn'
Yodx dx+edé
dn’_ .98
=Y Jﬁ{ dx y dx}
=y +377 "Xy, v,y . e .. (30)

when 7" is given by (29), equatlon (30) W|th heIp of (28) takes the form
77 - [ﬂxx +77xyy+(77yx _é:xx)y +(77yy _gyx)y +(77y _fx)y _égyxy _‘):yyy _2‘§y yI y“]_ y“[éx +‘§y yl]

=T T (277xy - gxx) yl+(77yy - 2éxy) yI2 _gyy y'3+(77y - zgx ) y”_gé’:y yI y”
n' is linear in y"
Now a second order differential equation
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HEOGY,Y Y )ZY WYY )0 e e (31)
2
Where y'= y & W47y
dx dx?

Admits all the transformations of one parameter group

Uf = &(x, y)Z—iﬂy(x, y)i e s (32)

oy
When
U"H = 5— nﬁ nﬁ+77"ﬁ20, ...................................... (33)

oy oy’ "
Differentiating (31) partially, we get

HXy Yy, y")=y"-wy,y) =0

oH ,
a:—wx(x, Y, Y)
oH ,
oy = by
oH ,
a—y.=—Wy-(X' y.Y')

oH
oy
Now by the use of (33) and U"H=0, we get

ow oW
—fg—ﬂa—[ﬂﬁ(ny E)Y-E,Y ] i,

+ (any _éxx)yl—i_(nxx - 2§xy)y _gyyy +[77y - 2§x _3§y y']yII= 0
Since Y'=W(X, ¥, ¥') =0 i e e s (36)
Therefore, we get

_gvvx_77Wy_[nx+(77y_gx)y’_egyyrz]wy’+77xx+(277xy_é:xx)y

+ (1o —28,,)Y" 2 =&,y +In, —20E, =3, Y IW(X, ¥, ¥Y') = O (37)
Forall x,y, y" which is the required criterion.

So, to work the criterion for y" =0

We can write

............... (35)

!

H(xy,y,y)=y"=0. e (38)

Then by using Lagrange system we can put it as

W _ow_ow_

ox oy oy

Now, by putting U"H =0 and using (37), we get

Mo+ (210 = € Y70 =280 WZ=E, Y2 =0 o, (39)
Therefore, for invariant, we have

T = 0 e e . (40)
25y = Exx =0 e (41)
Mt =28, =0 i (42)

E =0 (43)

From (40), we get

63
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NG Y) =Dg (Y)XADL(Y) oo (44)
From (41), we get

E(XGY) =8 (XYY 8, (X) cereee i e (45)
Now, using (41) in (45), we get

Do (Y) =280 (X)Y+a7 (X) coerrririii i (46)
and from (41), we get

bg (Y)X+Db; (Y) =280 (X) wovverieiiie e (A7)
From (46) and (47), we have

Therefore the solutions are

a,(x)=c,x+c,

a,(X)=C,Xx*+c, Xx+C,

b, (y)=c,y +c,

D (Y)mC, Y o (49)
Where c; are constant (i=1,...,8)

Putting in (44) and (45), we get

E(X, ¥)=C, Xy +C, Y + X% + CoX + Cg

7(X, ¥)=CaXy +C,X+C,y +CyY
which are required conditions
In order to find out (&, 7 ) coefficients of different powers of y' are set to zero, further in the

resulting expressions the functions of x which are coefficients of certain power of y are also
set to zero. And the equation which is mentioned above can be reduced to a first order
equation by finding out two invariant of the group (u, v) which are found from solving the
characteristic differential equation[4].

S T (50)

&xy) nlxy) 7(xyy)
as
ux,y)=a And
v(xyy) =D
Then, the second order differential equation can be expressed as:
av _ (u,v)
du %
_ V, +V, Y4V, Y

ceevieeen (51)

uc.+u,y’
So, the above consideration gives the general form of the second order differential equation
which admits a given groups.
It is also shows how the second order differential equation is reduced to a first order
equations, this first order differential equation must be integrated to find the solutions.

VII Invariance [7]

The differential equation
d

Yo fxy)

dx
is said to be invariant under the transformation

B4
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X =a X

Y =gy
Where o, S are the parameters of the transformation above when the differential equation
reads the same in the new coordinates.

For example

UQ:—yz—Q+xa—Q+ma—Q—
X

oy oz
two independent invariants are

U=4X+Yy° ,v:¢9—i Where 6 = tan* Y
m

X
The general invariant function under this group will be

Q(x,y,2) = f[w/xz +y2, H—%}

I Example Consider the infinitesimal generator UF (x,y) = yw by using (4) and
X

} O<a,f<o

0,

(5), we can see that
c=y.n=0
X*=X+¢&
y*=y
Ux=y
U?x=U(Ux)=Uy =0
Uy=0
f(x,y)=y—-c=0=f(x*,y*)=y*-c=0
Then the curve f(x,y) is invariant.
il Example: Rotation Group

inthis case £ =-y,n =X
77:1_'_ y!2
u :—yg+xi+(1+ ylz)i,
ox oy oy

Now since we have H(x,y,y") =0 then we can write it as Lagrange system as follows
dx _dy__dy

-y X 14y?

we can find from 1% and 2" ratios the 1% solution as

ﬂ=d—y:> xdx + ydy =0

= x*+y?=a’

Hence a?is arbitrary constant and represents the 1% solution.
Then by taking 2" and 3" ratios, we get

B3
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dy dy

Jaioy? 1+y?

Whose integral is

SINT L —tan ™ Y =@ e
a

a represents the 2" solution

Since the value of sin™*(x) is equivalent to the value of tan™*(x) as x — 0, then equation

(52) becomes;

tan?Y _tant V=«

a
tan[tan 1Y _tan y']=tana

X
1_ y’
X = tana
1+Xy’
X

Xy’ —

u =constant
vy + X

s.t tan ! « =constant

Hence we can conclude the most general differential equation which is invariant under this

group as
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