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Abstract
Our aim in this paper is to solve some
special types of second order

with

partial

differential  equations variable

coefficients and the general form:

The researcher Kudaer [4],2006 studied the

linear second order ordinary differential
equations, which have the form
v+ Plx)v +Qlx)vy =0

and she used the assumption v =e/Z&& g

B V)2 e+ By (0 3) 2y + By (0, 3) 2y + By Cogile 5 B Ly X i B 004 T solution

Such that F,(xv)F,(xv), Filxy),
F.(xv), Fz(xv) and F.(xv) are functions
of xand ¥,

by using the assumption

Z(x,) = e/ UG

"4 This assumption

will transforms the second order partial
differential equations to first order linear
ordinary differential equations with two

independent functions U{x) and V' {v] .

I.Introduction

The differential equations play an important role
in plenty of the fields of the sciences as Physics,
Chemistry and other sciences, and therefore the
plenty of the scientists were studying this
subject and they are trying to find modern
methods for getting rid up the difficulties that
facing them in the solving of some of these

equations.

depends on the forms of P{x)and Q{x).
The researcher Abd Al-Sada [1], 2006 studied
the second order linear (P.D.Es) with constant
coefficients and which have the form

Al + ArZ + A + AL, + AT, +
AZ=0

, Where 4A; are constants. (i=1,2,.....,6),and she
used the assumption

Z(xy) = o V&V 1o find  the
complete solution of it, and the solution
depended on the values of A, .

The researcher Hanon [5] , 2009, studied the
second order linear (P.D.Es) , with variable
coefficients which have the form

Al y) 2 + B y)Zg + Cx y)Zy, +
D(x,)Z: + E(5)Zy + Fx y)Z = 0
, where some of

Ak, v), Bl v),Clxv),D (x, v),E{xv) and

F{x,v) .
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Are functions of x only or ¥ only or both =x
and v . To solve this kind of equations , she

used the assumptions

Z(xy) = e-:Lf'iH [vidy
- __'||\_-{_-d_-{_ .'.'r'd'-'
Zxy)=¢ Iy and

pRE L TN g,
(%, 1,:': e % i+ | }Ir dy

These assumptions represent the complete

solution of the above equation and the solution

depends on the forms of
Al v), Bl v), Clx,v), D v),E(x¥v) and
Flxy) .

These ideas made us to search functions U(x)
and V({y), that give the complete solution of the
second order linear partial differential equations
with variable coefficients, which have the form

Fy (x, }’:'E:{:{ +F; (x, }’}E:{;-' +F3 (x, }’:'E—;;.- +
Folxy)Z+ Fslxy)Z, +Fo(x y)Z=10
and this solution depends on the forms of the

functions Fy{x v),F-(xv), Fslxv), Falwy),
F.(xv)and F.(xv).
1. Basic definitions
1.1Definition[3]:A

equation(abbreviated P. D. Es) is an equation

differential

partial

involving one or more partial derivatives of an
unknown function of several variables.
1.2 Definition[3]: A linear partial differential

equation of second order in the independent

variables x and v is an equation of the form

]'-:lx' ,3‘]2:{:{ T F;':H-:'-':lz:if.' L FE'::':'F:IEE-':-' -
FLCoy)Z, + ]-'E'::-c.}':'zf_- +Fxy)Z=0 ...(11)
Such that  Filxy)F(xy), Fslxy),

F.ixv), Fzlxv) and F;(x v) are functions of x

and v.

2. Finding the complete solution

Note: since the equation(1.1) has infinite cases
we will choose some types of it.

To solve the equation (1.1), the assumption
Z(x,y) = o *R&EFVIFEY nelp ys to find the
complete solutions of the following kinds:
Kind(1)

1).42_—{“+Bz

~+DZ, =0 ; x=0

x
2)AZ+BZ, + DL, +EZZ+FZ=0;x=20
3) Ay"Z,,+BZ,+DZI=0; n is any real
number

Such that A, B, D, E, and F are constants.
Kind(2)

1) AZ, + Busin(x)Z,,, = 0

2) AZ,, + Bxcos(x)Z,, =0

3) Acoshl(y)Z,, +BZ, =0

Such that A and E are constants.

In kind (1), we search functions U{x) and V{v)
such that the assumption

Z(x, y) = e/ A& [Vindy (1 9

gives the complete solution of the above
(P.D.Es.). By finding Z,,Z,, Z.,, Z and Z.,
from (1.2), we get

7. =xU k:}e U () does [V (y)dy

Z, = V(y)e/ 0G&+ [V (52dy

Lt
¥

E_.{_.{ — [K: E :K:l + %1’ :K:I + U:K:IJE *U g das [ Vivid

Loy = (V) + V' (y)e/ x0 =t Viyldy

Zyy = XU(R)V{y)e/ <00 [Vl dy

By substituting Z,, Z.., Z,., Z,..and Z., in the
equations of kind(1) we get

1) AUG) + BURIVy) + DOV2y) + V() =0

2)

AU(x) + BV(y) + DU V(y) + E(V3(y) +
VN +F=0

¥
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3) Ay (x*U () + xU' () + U +

EV(y) + D = 0;nisany real number.

Respectively the last equations are of the first
order(O. D. E.) and contain two independent
functions U{x) and V{v).

Solution (1):

Since

AU) +BUGOVY)+ DIVE(y)+ V'i{y)=0
Ut D(VEy) +V'{y)
= —Uix) = — = —A
H A+BV(y)
= Uix) = 2and

Vi) +V3Hy)+ A Vi) + 4, =0..(1.3)

AA

A
SUCh that ‘I_‘!"'l = FEand }'i: = ?

The equation (1.3) is similar to Riccati's
equation [7].
Therefore

VA—1

I) If J—'!;: :% , We get “Ad,—'il:‘:-Fd}’:

= Vi{y) = btan(f —hby) —=* ; f is constant.

Then the complete solution is given by:

- Ax? 2B . 4 B2 24
=ez ID° ——
© 1“35\. D 4D2- J D

wherek, d; = kcosf, d> =ksinf and A are

arbitrary constants

i) If-‘an:— weget S +tdy=40

1

-2 then

-

=Viy) = the complete

solution is given by:

Ax? AR
Z=Kez 0{yv—cy)

where K, cyand A are arbitrary constants.

Solution (2):

—= ¥ +d;sin [
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since

AU(x) + BV(y) + DU)VIy) + E(V3(y) +
Vi +F=0

BV(y) + E(V2(y) + V' (y)) + F

P

= —Uix) = — =—A
= A+ DV(y)
= Ulx) = A and
Vi +ViHy)+ A4 V) +4A;, =0
(1.4)
F+AA
Suchthat & =—— and AL = <
The equation (1.4) is similar to Riccati's
equation [9].
i) If A, = “T- , we get T +dy=10 X
J: = .fi: - HT:
— V(y) = btan(f — by) — =% tis constant.
Then the complete solution is given by:
ix? E+AD. F+lA  [B+AD\?
L=e: E [dicus T—[:E;Ij,+
. |FHiA (B4ADVT
dgsm\, E ( 2E J ‘1’]
where k,d; = kcosf, d, = ksinf and X are
A2@Bitnary constants
- ‘I‘
4D -
) If-‘an:— weget S +dy=10
. 1 A
= WViy)=———— , then the complete
solution is given by:
Ax? _E+i D )
L= Ke zE T{y— 1),
where K, c-and A are arbitrary constants.
Solution(3): Since
Ay(x2U2(x) +xU' + U(x)) + BV(y)+ D =0
. . .4 BViy)+D .
= — [I-:' Uriz) +xU (20 + '._H__:-:,ljl =— ’JF =3
y Ay®
) (AT
Then V(y) = % and

—2 _0..(L5)
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The equation (1.5) is similar to Riccati's
equation [7].

b
Now U =-

- is a particular solution for
equation (1.5)

Lt U=U;+3=U=242

By substituting U and U* in (1.5), we get
i - [2:« + 1{1 t =x.(16)
The equation (1.6) is Linear ordinary differential
equation [6].

And the general solution for it is given by:

t = hye?hx — —; b is constant.

2

Therefor U{x) = 1{ + e
If n= —1, then the complete solution is given
by:

7 =Ke™ ari E(2bA— em2h),

where K and  are arbitrary constants.

If n =1, then the complete solution is given by:

Ke™* B 22y

Z= (2bA — e™=0),

AR
¥ B

where E, # and & are arbitrary constants.
By using assumption (1.2) the equations of
kind(2) become

Uix)

)A——+B(VIy+V'{y)) =0

sin (%)

Uiy

2) A -+ B(VAy)+ Vi) =0

coE ()
3) Acosh{y)(x U ) +xU'x) + U) + BV(y) = 0

Respectively the last equations are of the first
order (O. D. E.) and contain two independent

functions U{x) and V{v).

. - []4] [
Solution(1): sincea=—— + B[V (y) +V'(y)} = 0
x=0,FT,F2m,.

Ux) B. .. .
= ———=—(VAy)+V'({y)) = =»?

SInx F

Therefor U{x) = A%zinx and

VI + Vv +bi=0..(17)
such thata? = =2,

E
The equation (1.7)

equation[3].

is variable separable

= % + dy = 0= V{y) = b tan(f — by)
;T is constant.

Then the complete solution is given by:

7 = et isinix)=ees(x) [d, coshy + d,siniy]

where d; =kcosf, d, =ksinf and A are

arbitrary constants.
Solution(2): since A=+ B(v3(y) +V'(¥)) = 0
oty B(VEEV(5) .,
_— — __. = - = —:.‘i._— ;
cos(x) AV

_m _3m _bm
RERTT T
Therefor Ulx) = A*cos (x) and
VI +VI(y)+buViy) =0 ..(18)

AEA

such thath? = —.
E

The equation(1.8) is similar to Bernoulli

equation[5].
g~ b¥

Then Viy) = Tobay [5]

Hence the complete solution is given by:

7 = E}‘: {cos (x)+x=inx)) l:d‘l e~ by + dﬂj

-k —km
where dy =3 ds = 4, k and m are

arbitrary constants.

Solution (3):

since
Acosh(y) (%702 () +xU' )+ Ulx) +
BV(y) = 0

= —(x U x+=z2z0(x)+Ux)|=—707=—
- - - 4 Acosh(y)

" _.t"ﬁ.u-"-;: Y
Then Viy) = — coshiy)

2oL —0.(19)

b4

and U {x) +xU%{x) +

The equation (1.9) is similar to equation (1.5).
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Then the complete solution is given by:

7 = ke ramh ) (2bA — e~22x)

where K, ln and A are arbitrary constants.

3. conclusion

We found a substitution to solve special kind of
partial differential equations as follows :

Z(x v) = ol xU(x) d:-:—_"'u":;-'."d';,

this a substitution help us to find solution of this
kind of partial differential equations

quickly with steps less than known methods.
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O A ald) Alialaill Y aleal) Ja
" el G Lelaadl €l Al A )

PEPN| PP
ol I and /il i i1 2
dand Al dana
4 S dadla
an filpudal o sle 5 sl Sl A
iaunly

ualiiuall
O A jal) Alaladl) caladl Ja g sl 138 e Caagl)
s Al Lgiaaa )3 priall CBlabaall <l Al 4 )

Fi :::K.l .",:IE:{.'{ + Ff ::.'{, }’)z:{;‘ + FS :::]{, },}Z;-';-' + Fé :::K, .",:IE:{ + FE :::K.l },}Ey T PE :::K, W,’:IE =0

BIRSETEN

Fs(xy) Falxy)F(xy), Falxy), Filxy) s

Folrv) cosidu disax 5 oy

sl a2 () = of xU() et [V (3)dy sl
G A A e Al Al Vel Jeag
ol Y1 A, e doha dlie] dleals c¥alae
Ol U () 5 V).
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