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Abstract

The main purpose of this paper, is study the ideas of order- Convergence of filters in a
Riesz spaces and that is through prove an important theorems related to the some properties
Riesz spaces. So we established that the intersection and union all subsets of the collection of
all proper filters F(M) were converge to point in Riesz space it's the same convergence point
the filter there exist in these subsets and proved that order-convergence for intersection
(union) two filters to intersection (union) two different points in Riesz space is equivalent to

the set consist of two convergence points we could write it by using these filters .
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1. Introduction:

The concept of a Riesz space was first introduced by F. Riesz in [1]. Since then many
others have developed the subject further. The first contributions to the theory came from L.
V. Kantorovich [2] and H. Freudenthal [3]. Most of the spaces encountered in the analysis
are Riesz spaces. They play an important role in optimization, problems of Banach spaces,

measure theory and operator theory. They have also some applications in economics [4-5].
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One of the fundamental ideas in the reading of Riesz spaces is the "Order- Convergence",
which leads to the concept of order continuity. In these study, we explored (order -
convergence for filters) in a Dedekind complete Riesz space [6].

As a natural consequence, this paper will introduce the idea of Order -Convergence of
filters in a Riesz spaces, examining some of its properties and also proving some of its basic

realities.

2. Preliminaries:

This section contains of a collection of known notions, and basic information of Riesz
spaces and Order- Convergence of filters and a number of its properties, To understand term
Riesz space, we refer to [7]. A non-empty set M with a partially ordered set " < " is called a

lattice if the infimum and supremum of any twosome of elements in M exist.

A real vector space M which is also an ordered space with the linear and order

arrangements related by the implications,

i. Ifx,yyzeMand, x < ythen, x+z<y+z.
ii. Ifx,yeM,x<yand0 < a € R then, ax < ay.
Thus the set M, ={x € M:x = 0} is a expression the positive cone inMand its

elements are characterized positive.
An ordered vector space who is also a lattice is a Riesz space (also called vector lattice).

Remark 2.1.[9]. Let M be a Riesz space. For I3 c M, we define J; ={x : x <
yforall y € I}, I,={x: x>y forall y € I}, where I, and J,, are the sets of all
lower and upper bounds of 3, respectively, {x}, and {x}, will be written x; and x,

respectively. The closed interval notation, [x,y] = x, Ny; (x < y) will be employed.

Definition 2.2.[8]. A filter Fon a lattice M is said to be order- Convergent to a point x €
M, insigns ?Qx if x=VF =AF,.

Lemma 2.3.[9]. Letye M, J,Zc M, F,p € F(M), where F(M) the collection of all
proper filterson M and F < F(M). Then:

a. JcZimplies 3, 2 Z;and 3, c Z,,
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o

Ji={x:Ycx,} Jy={&Ycxl,
3

c Sul' S c Slua

a o

A3 =y ifandonlyif 3, =y, V3 =yifandonlyif 3, = y,,

@

Yo =Yur Yu = Y

F c gpimpliesF, c g, and F, C 0,
Fr={x:x, €F}, F, ={x:x; € F},

Fu = N {x;: x; € F}, Fry = N{xy: xy € F},
Fu © Fu © Fruy F1 © Frun © Fur,

—h

> @

. F= g, and F, = g, for every base g of F. In particular,
i =y [V]u =W
k. (NF)y=N{F:FeF}, (NF),=N{F: FEF}

. y<zforallyeF andall z € F,.

Corollary 2.4.[9]. For F € F(M), the following five statements are equivalent.

. (0)
1. F—x.

|| Tlu =Xy and Tul = X
”l Tlu Cxu and Tul Cxl.
iv. x € :Fluln:Fulu-
V. {x} = FruNFupy-
Remark 2.5.[8]. Let M be a lattice, F,p € F(M), then.
. (FV@),= F,V H,
ii. (FAp), = FAsp,.
iii. (FA@), > FN .
iv. (FVg) > FVée.

3. Main Results:
Now, we will be establish basic facts related to the some properties of the order-

convergence for filters ina vector lattices.
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Theorem 3.1 A Riesz space M, a filters F, o € F(M), such that F (2 xand g (2 y, we

have :
. (o)
i FU g — xUy,
.. (o)
ii. FN o — xNy,
i, it 79 x, then £, Sxand 7, D x.
Proof:

i. First we note that x is a lower bound of F, and y is lower bound of g, then xUy is
lower bound of F,U g, implies that xUy = A(F U ),,. Furthermore, since all elements of
(F U ), are upper bounds of (F U );, xUy is an upper bound of (¥ U ),. If z is an
upper bound of (F U );, at that moment z is an upper bound of F,U g, it follows that

z =2 xUy. Thus xUy = V(F U ),. From the Definition 2.2, FU ¢ (2 xUy.

ii. By Remark 2.5, (F N ), 2 F,N go,. If zis lower bound of (F N ), seethat, xisa
lower bound of F, and y alower bound of g, , then xNy = A(F,N g,) implies that
z < xNy, and thus xNy = A (F N ),. On the other hand, since all elements of (F N ),
are upper bounds of (F N );, xNy is an upper bound of (F N &), it follows that xNy is
upper bound of F;N g;, we know x is upper bound of F; and yan upper bound for ;.

Consequently xNy =V (F N §);, hence, FN g 8 xNy.

iii. Suppose F © x. Then by Lemma 2.3 (i) and Corollary 2.4 (iii), see that F, c F,; < x,
whence, (%,); = Fu € x;, and by duality (F,), =F, € Fi, € x,. From Corollary 2.4,

(0) . . (o) .. .
deduce that F, % x. The final assertion F, % x. Follows from the same applications in

above. Thus,
(Flu =F € xyand (F), =F, € Fy; € x;.
Theorem 3.2  Let M be a Riesz space, a filters F, go, ® € F(M). Then,

. (o) (0)
. IfFcpandF —xand o — y,then x C y.

ii.  Every order-convergent filter on X has a unique limit.
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(0) (0) (0)
ii. IfpcFc® pp—xand ® — xthen F — x.

Proof:

i. By Definition 2.2, it follows that x =V F, =AF, and y =V g, = A, such that
F c ¢, then by Lemma 2.3, we have F; ¢ g,and F, ¢ g,,. Consequently VF, c Vg,and
ANF, c N\ gp,. Hence x Cc y.

ii. Assume that x # y where x,y € X. If F (2 xand F (2 y, by Corollary 2.4 implies that
{x} = FruNFun and {y} = Fiu NFy, it is contradiction. Thus x = y.

iii. By Definition2.2,thenx =V o, = A g, and x =V &, = A ®,, since g c F c G, then
by Lemma 2.3 ¢, c F, c ®, and o,, € F, < 6,,. Consequently,

x=Vgp, cVF, cV6, =x and x = App,, € A\F, c \G,, = x.

Thus, x =V F, = A F,. The desired result follows now.

Theorem 3.3 For a Riesz space M, afilter F € F(M), F ¢ F(M) and F (2 x ,then

i NFYx

i, UF Sx.

Proof:

i. By Lemma 2.3,(N F);, = N{F,: F € Fland(N F),, = N{F, : F € F}. By Definition 2.2,
implies that x = V F, = A F,, it follows that, x = N(VF,) = N(AF,), thus x = V(NF) =

A(N E,), consequently x = V(NF), = A(NF),. Hence N F © .

ii. By Definition 2.2, thereby, x =V F, = AF,. Note that, (UF), = U{F,: F € F}
and (U F), = U{%, : F € F}. From this observe x = U(VF;) = U(A £,), from this we can
write x = V(UF,) = A(U F,). Thus x = V(UF); = A(UF),,. Then the proof is finished.

Theorem 3.4 On a Riesz space M, where a filters F, o € F(M) are Order- Convergence to
x,y € M respectively, then,

i. FUgp (iszy, if and only if {x,y} = (FU®). N (FUH)w.
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i.  Fnp 3 xny, ifandonly if {x,y} = (FNE)wN FNP)u.
Proof: i. By Corollary 2.4 and application of Lemma 2.3, implies that,
¥} = (xUy)uN(xUy); = (x, Uy, )N Uy,

= (o Uyn) NG Uy ),

= (FrUPn)N(FuUpyu),

= (FUPuN (FUP)w-

Conversely, assume {x, vy} = (FU) N (FUL),; and xUy € (FU),, then xUy is
an upper bound of (FU#);. If there would be another upper bound z of(FU#),, then z is an
upper bound of F,Ug,; with z < xU y and xUy € (FUg),;, would imply z € (FU§).,
thus, z € (FUP)wuN (FUPw = {x,¥},

it is contradiction. Since M is a lattice, it satisfies that xUy is a least upper bound of
(FUg),, i.e., xUy = V(FUg),. Furthermore, if xUy is an lower bound of (FUg),, , see
that xUy € (FUg),,;. If there exist another lower bound w of (FU#),, then w is a lower
bound of F,Ug, with w > xU y, then xUy € (FUg),,, it satisfies that w € (FU®),, .
thereby, w € (FU@)n,N (FUP)w = {x, ¥},

it is contradiction, it follows that xU y = A(FUg),,. The proof of (ii) is similar.
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