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Abstract: In this research we introduced the definition of a map
with period 3 on a ring R and on right ( left) ideal 7 of R, then we
prove that, when R is a prime ring with char (R) =2, and I =0, I
IS right ideal on R, if d is a derivation with period 3 in R,then
either @=0, or u’=0 Wuel. Also we proved, when R is a domain
with 1, and char (R) =6, If ¢ is a right generalized derivation on R
with period 3, then ¢ is the identity map. Lastly, we define a map
with Period 3 on near-rings, and gived results for prime left near-
rings with maps acts as an anti-homomorphism (or
homomorphism), with period 3, to obtain commuatative rings.
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1. Introduction

Through this paper, R is associative ring and C is the center of
R. Recall R is prime if uRv= (0) implies u= 0 or v= 0. An additive
map d:R——R is derivation (respe. Jordan derivation) if d(uw)
=d(u)w + ud(w) (respe. d(w?) =d(w)w + wd(w)) holds vw, ue R,
see[7]. Following [6], an additive map 6: R——R is called
generalized derivation if there is a derivation ¢: R——R, s.t. 3(uw)
=6(u)w + ud(w), Yu, weR. An additive map é: R — R is called
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right generalized derivation if d(uw)= d(u)w + ud(w), Yu, weR,
and it is called left generalized derivation if 6(uw)= d(u)w + ud(w),
Vu, weR. Obviously 6 is generalized derivation if it is both right
and left generalized derivation. The concept of a map of period 2
was introduced first in [5], from this concept we introduce the
concept of a map with period 3 on aring R, asa map g :.R—>R is
named with period 3 in R, if g3(u) = u,vueR. And, let I be right
(left) ideal of R, a map g:I——1 is named with period 3 on T if
g®(u) = u, Yu el. Also we work replacing of a map of period 2 by
a map with period 3 in the results in recent reference. We know a
left near-ring is a set LN with "two operations + and - " s.t. (LN, +)
is a group & (LN, - ) is a semigroup holds the left distributive law
u.(vth)=u - v+u-h, Yu, v, he LN, LN is called zero symmetric
left near-rings if 0 - u = 0,Vu €LN, also, we put uv= u.v. An
additive map d : N —N is called left derivation if satisfy d(uw) =
ud(w) + d(u)w, Yu, w €N, and is called right derivation [10], if
d(uw) = d(u)w +ud(w), Yu, w €N. In [4], a near-ring N is named
prime if uNw= 0,vu, w €N gives u = 0 or w = 0. Let @ # IS N,

then T is semigroup left ideal (semigroup right ideal) if NICSI

(INS1), and T is called semigroup ideal if it is semigroup left ideal

and semigroup right ideal. For terminologies concernlng near-rings,
we refer to Pilz [9]. An additive map h:N— N is named
homomorphism (anti-homomorphism) if  h(uv)=h(u)h(v)
holds,vu,veN (h(uv) = h(v)h(u) Yu,veN). Let @ #ISN, an
additive map fN-N is named homomorphism (anti-
homomorphism) on I, if f(uv)=f(u)f(v) ,vu,vel (f(uv) = f(v)f(u)
vu,vel).For more information about commutative near-ring with
with some conditions see ([1], [2] [8]) In the second results in this
paper, we introduce a map f: N—N is with perlod 3on N, if f3(u)
= u for all ueN, and if T is non empty subset of N, we call a map f
with period 3 on I if f3(u) = u, for all ue 1. Also, we give results in
prime left near-rings with maps acts as a homomorphism (an anti-
homomorphism), with period 3, to get commuatative rings.
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2. Main Results

Theorm 2-1:

Let R be a prime ring with char (R) = 2, and T #0, I right
ideal in R. If d is a derivation with period 3 in R, then either d=0,
or u>=0 Vu €l.

Proof : Suppose 3 derivation d on R s.t.

d3(u) = u,vVuel (1)
For u,vel , ud(v)el, we have:
d3(ud(v) = ud(v) (2)

& (d(ud(v)) = ud(v)

d%(d(u) d(v) +ud?(v)) = u d(v)

d[d ( d(u) d(v)) + d (u d(v) )] = u d(v)

d(d®(u) d(v) + d(u) d*(v) + d(u) d®(v) + uddv) ) =ud(v)

d[d*(u) d(v)] + d[d(u) d*(v) ]+ d [d(u) d*(V)] +d [ud®*(V)] ) = ud(v)
Eu)d(v) +d(u) d2(v) + d¥(u) d2(v) + d(u) d(v) +d2(u)dd(v) + d(u)
d3(v) +du) d&d(v) + ud*(v) = ud(v)

3d?%(u) d*(v) + 3d(w)d(v) + ud*(v) =0

3d%(u) d3(v) + 3d(u)v + ud(d®(v) ) =0

That is:

3d?(u)d?(v)+3d(u)v+ud(v)=0,vu,vel (3)
Also, we have:

d*(uv)=d(d®(uv))=d(uv)=d(u)v+ud(v),vu,vel 4)

On the other hand:
d*(uv) = @3(d(uv))
= d*[d(d(u)v + ud(v))]
= d*[(d(d(u)v) + d(ud(v))]
= @ [d2(w)v + d(u)d(v) + d(u) d(v) + ud?(v)]
= @ [d®(u)v + 2d(u) d(v) + ud?(v)]
[ (u)v-+A2(u)d(v )+ 202 ()d(v)+ 2d(u)dE(v) + du)dd(v) +
ud(v)]
= d4(u)v+ @u)d(v) + d(u)d(v) +d?(n)d?(v) + 2d3u)d(v)
DAERUERW) 282 (v)+ 2d() E(v) + d2(u) d(v)
+d(u)d3(v) +d(u) @3(v) + ud*(v)
= d(u)v + 4ud(v) +6d%(u)d*(v) + 4d(u)v + ud(v), vu,vel (5)
From (4), (5):
4ud(v)+6d%(u)d?(v)+4d(u)v=0,vu,vel (6)
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From (3), (6):

3ud(v)+3d?(u)d?(v)+d(u)v=0,vu,vel (7)
From (3), (7):

3ud(v) + d(u)v — 3d(u)v —ud(v) =0

That is:

2ud(v) — 2d(u)v=0,vu,vel (8)
Putting vr instead of v in (8):

2ud(v)r+2uvd(r)-2d(u)vr=0,vu,vel, reR 9)
From (8), (9):

2uvd(r)=0,vVu,vel, reR (10)
Since char (R) # 2:

uvd(r) =0,Vu,vel, reR (11)

Putting rs instead of r in (11):

uvd(r)s + uvrd(s) =0,

That is:

uvrd(s)=0,vu,vel, rseR (12)
Since R is prime:

Either d(s) =0, Vs € R, that is d=0

or,uv=0 Vu,vel,thatis u?=0,vVu e l.

Theorm 2-2:

Let R be a prime ring with char (R) # 6 and let d be a
derivation on R. If & is right generalized derivation given by &(u) =
u+d(u) V u el is with period 3 on R. Then § is the identity map.
Proof: Consider:
d(u)=u+d(u),vYueR (13)
Since 6 is with period 3:

&(8(u) = u+d(u))
&3(u) = &2 (u + d(u))

= 0[ 6(u + d(u)]

= 6[(u + d(u) + d(utd(u))]

= 8[(u + d(u) + d(u) + d%(u)]

= 8(u) + 3(d(w)) + 3(d(w)) +5(d*(u))

=u+d(u) + d(u) + d%(u) + d(u) + d*(u) + d?(v) + d3(u)

From (13):
u=u+3d(u)+3d%(u)+d3(u),vueR (14)
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That is:
3d(u)+3d?(u)+d*(u)=0,vueR (15)

Putting uv instesd of u in (15):

3d(uv) + 3d*(uv) + d3(uv) =0

3d(u)v + 3ud(v) + 3d[d(u)v + ud(v)]+ d?[d(u)v +ud(v)] =0

3d(u)v + 3ud(v) + 3d[d(u)v] +3d[ud(v)] +d*[d(u)v] + d*[ud(v)] =0
3d(u)v + 3ud(v) + 3d%(u)v + 3d(w)d(v) +3d(u)d(v) + 3ud?(v) +
d[d2(u)v +d(u) d(v)]+ d[d(u)d(v) + ud?(v)] = 0

3d(u)v + 3ud(v) + 3d%(u)v + 6d(w)d(v) + 3ud?(v) + dd(u)v +
(u)d(v) +B)d(v)+ du)d2(v) +d2(u) d(v) +d(u)d(v) +d(u)d(v) +

ud®(v)=0,vu,veR (16)
From (15) and (16):
6d(u)d(v)+3d%(u)d(v)+3d(u)d?*(v)=0,vu,veR a7

Putting vr instesd of v in (17):
6d(u) d(vr) + 3d(u) d(vr)+ 3d(u)d?(vr) =0
6d(u) d(v)r + 6d(u) vd(r) + 3d4(w)d(v)r+ 3d?(u)vd(r) + 3d(u)d?(v)r +
3d(u)d(v)d(r)+ 3d(u)d(v)d((r ) + 3d(u)vd*(r) =0, VYu, v, r eR

(18)
From (17) and (18):
6d(u)vd(r )+ 3d%(u)vd(r ) + 3d(u) d(v) d(r) + 3d(u) d(v)d(r)
+3d(u)vd?(r) =0, Vu, v, r eR (19)
Putting d(v) instead of v in (19):
6d(u)d(v)d(r )+ 3d%(w)d(v)d(r ) + 3d(u)d?(v) d(r ) + 3d(u) d*(v)d(r )

+3d(u)d(v)d®(r)=0, Vu,v,r eR (20)
From (17) and (20):

3d(u)d?(v)d(r)+3d(u)d(v)d*(r)=0,vu,v,reR (21)
That is:

3d(u)[d*(v)d(r)+d(v)d?(r)]=0,vu,v,reR (22)
Putting us instead of u in (22):
3[d(u)s+ud(s)][d*(v)d(r)+d(v)d?*(r)]=0,vu,v,r,seR (23)

From (22) and (23):

3d(u) s [d2(v)d(r) + d(v)d*(r)]1=0

d(u) s [3d%(v)d(r) +3 d(v) d*(r)]1=0, Vu, v, r, s eR

Since R is prime, either d = 0, or,

3d?(v)d(r)+3d(v)d?(r)=0,vv,reR (24)
From (17) and (24):
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-6d(u)d(v)=0,vu,veR (25)
Since char (R) # 6:
d(u)d(v)=0,vu,veR (26)
Putting vr instead of v in (26):
d(u)d(v)r+d(u)vd(r)=0,vu,v,reR (27)
From (26) and (27):
d(u)vd(r)=0,vu,v,reR (28)

Since R is prime, (28) gives d=0.

Theorem 2-3:

Let R be prime ring with char (R) # 6, and let 6 be right
generalized derivation on R with associated derivation d. If & is
with period 3 on R , then d(C) = {0}.

Proof:
uv = 83(uv) , Vu,v eR
That is:
uv = §2(8(uv))
= 82(8(u)v + ud(v))
= 8(82(W)v + 8(w)d(v) + (wW)d(v) + ud*(v))
= 83 (W + 82(W)d((v) + 82(W)d(v) + s(WdF (V) + 62(w)d(v)
+ 8(Wd* (V) + s(WEF W) + ud(v)
= 83(u)v + 382(w)d(v) + 38(w)d*(v) + ud®*(v), Vu,v eR
Since 3 is period 3:
uv = uv + 382(w)d(v) + 36(wW)d*(v) + ud®(v), Vu,v eR

That is:

362(w)d(v) + 38(W)d*(v) + ud*(v) = 0, Vu,v eR (29)
Putting 6%(u) instead of u in (29):

38(wW)d(v) + 3ud*(v) + 82(w)d3(v) = 0, Vu,v eR (30)

Letting c € C,u € R and Putting uc instead of u in (30):
38(uc)d(v) + 3ucd®*(v) + 82(uc)d*(v) = 0

38(u)cd(v) + 3ud(c)d(v) + 3ucd®(v) + 82(w)cd®(v) +
§(w)d(©Q)dE (V) + s(w)d(0)d* () + ud*(c)d(v) = 0,
Yu,v eR,ceC

That is:
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38(w)cd(v) + 3ud(c)d(v) + 3ucd*(v) + 82(u)cd®(v)

+ 28(wW)d(0)d(v) + ud*(0)&E(v) = 0,
Vu,v eR, ceC (31)
From (30) and (31):
3ud(©)d(v) + 26(W)d(0)d W) + ud*()d*(v) =0
Vu,v eR, ceC (32)
Again letting ce C,u € R and Putting uc instead of u in (32):
3ucd(©)d(v) + 28(uc)d(©)d (v) + ucd*(0)d(v) = 0
,Vu,v eR,ceC (33)
Left multiplication of (32) by c, ceC:
3cud(0)d(v) + 2¢5(w)d(Q)d (v) + cud®*(0)d(v) = 0

,Vu,v eR, ceC (34)
Comparing (33) and (34):
28(uc)d(0)d®(v) = 2¢8(w)d(c)d®(v) , vVu,v eR, ceC (35)
That is:
28(W)cd(c0)d (v) + 2ud(0)d(0)d (v) = 2¢8(w)d(0)d®(v)

,Vu,v eR, ceC (36)
This implies:
2ud?®(0)d®(v) = 0,Vu,v eR, ceC (37)
Since char (R) # 6:
ud?(©)d®(v) =0,V u,v eR, ceC (38)
Since R is prime:
d*(c)d*(v) = 0,V v eR, ceC (39)
From (32) and (39):
3ud(Q)d(v) + 28(w)d(c)d*(v) = 0, Vu,v eR, ceC (40)

Letting ce R, and Putting uc instead of u in (40):
3ucd(c)d(v) + 28(u)cd(c)d’ (v) + 2ud(c)d*(v) = 0

,Vu,v eR, ceC (41)
From (40) and (41):
3ud(c)d*(v) = 0, Vu,v eR, ceC (42)
Since char (R) # 6:
ud(c)d@(v) = 0, Vu,v eR, ceC (43)
Putting 6(u) instead of u by in (43):
s(wWd(e)d*(v) = 0,Vu,v eR, ceC (44)

From (40) and (44):

Journal of Al Rafidain University College 265 ISSN (1681-6870)



On Additive Mapping with Period 3 on

. ) Shaima'a B. Yass
Rings and Near-Rings

Issue No. 42/2018

3ud(c)d(v) = 0,Vu,v eR,ceC

Since char (R) #6 :

ud(c)d(v) = 0,Vu,v eR,ceC

Since R is prime :

d(c)d(v) =0,VveR, ceC

Putting vr instead of v in (47) , we get
d(c)d(v)r + d(c)vd(r) = 0, Vr,v eR, ceC
From (47) and (48):

d(c)vd(r) =0, Vr,v eR,ceC
Putting c instead of rin (49):
d(c)vd(c) = 0,Vv eR,ceC

Since R is prime , hence d(C)={0}

Theorem 2-4:

(45)
(46)
(47)
(48)
(49)

(50)

Let R be a domain with 1, with char (R) # 6. If 5 is a right
generalized derivation on R with period 3, then 6 is the identity

map

Proof: Note:

S(u) =6(1.u) =6(Du+d(u),vu eR
Taking u=1 in (29) And letting K = 6(1):
382(Dd((v) + 38(DFEW) + (W) =0
3K2d(v) + 3K&*(v) + #(v) =0,vvER
Putting 8(u) instead of u in (29):

383 (Wd(v) + 382(Wd*(v) + s(wW)d*(v) =0
That is:

3ud(v) + 382(W)d*(v) + 8(wd*(v) =0, Vu,veER

Putting u=1 in (53) and Putting K =5(1):
3d(v) + 3K?d*(v) + K&*(v) =0, YvER
Left multiplication of (52) by K:

3K2d(v) + 3K?2d*(v) + K&’(v) =0, YVER
From (54) and (55):

3K3d(v) = 3d(v)

3(K3—-1)d(v) =0,vveR

Since R is 6-torsion free:

(K3-1d(v) =0 VveR

Since R is domain , and if d# 0, we getK3 =1
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That is K =1, so that:
8(u) =u+d(u) forallueR
and by Theorm 2 — 2, § is the identity map

3. Other Results

Lemma 3-1,[3]

Let N be prime. Let T = 0, T is semigroup right ideal (respe,
semigroup left ideal). If u is an element in N s.t. Tu = {0} (respe. ul
= {0} ), thenu =0.

Definition 3-2:

A map &: N—N is with period 3 on N, if 5 3(u) = u, VueN,
and if T is non empty subset of N, we call a map & with period 3 on
I if&%u)=u, Vuel

,0,h,k€eS;

Example 3-3:
Let S be a zero symmetric left near-ring, and let
0 h k
N ={ 0 00
0 0 of
Define a map f: N—N as follows:
0 h k 0 h K]
f(lo 0 OD = lo 0 0
0 0 of/, Lo 0 O
We show that N is a zero symmetric left near-ring, and we show f is
with period 3
Theorm 3.4:
Let LN be prime. Let T #0, T be semigroup ideal of LN,

Suppose § is an anti-homomorphism in LN. If § is with period 3 on
I, then LN is commutative Ring.

Proof:
uv = §3(uv)
= 8%(8(uv))
= 8§%(8(v)8(w))

= 8(8(8(v). 8(u)))
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= 8(8(8(w).8(8(v)))

= §(8%(u). 8%(v))

= §(8%(v)).8(8%(w))

=§3(v).83(v)

=vuyVuveEl (58)
Yu,v € Iand b,s € LN:
uv(bs — sb) = uvbs — uvsb, (59)
Since (ILN c 1) , and from (58):
uv(bs — sb) = vubs — vsub, Vu,v € I,vb,s € LN (60)
Since T is semigroup ideal of LN, and from(58):
uv(bs — sb) = ubvs — ubvs,vu,v €I Vb,s € LN (61)
That give:
Iv(bs —sb) = {0},vv €1 Vb,s € LN (62)
Lemma 3-1 give that:
v(bs —sb) =0, VveI vb,s €LN (63)
That is:
I(bs —sb)=0, Vb,s€LN (64)
Lemma 3-1 give that:
bs = sb, Vb,s € LN (65)
By using (65):
(u+v)h=h(u+v),Yuv,helLN (66)
That give:
(u+v)h=hu+hv,VuvheLN (67)
Use (65) and (67) give:
(u+v)h=uh+vh ,Vuv,helLN (68)
Now, let u,v,h € LN, applying (68):
(h+h)@u+v)=h(u+v)+h(u+v),Yuv,helLN (69)
That is:
(h+h)(u+v)=hu+hv+hu+hv,VuvheLN (70)
On the other hand:
(h+h)(u+v)=C+hu+(h+hv,Vvuv,heLN (71)
That is:
(h+h)(u+v)=hu+hu+hv+hv, Vuv,helLN (72)

Comparing (70) and (72):
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hu+hv=hv+huy VuvheLN (73)
give that:
h(u+v-u-v)=0, YV u,v,h € LN (74)
LN is left near ring, give that:
(uv+v—u—V)LN(u+V—u—v)={0},Vu,vELN (75)
LN is semiprime:
ut+v—u—-v=0, VuveLN (76)

Thus (65) , (68) , and (76) give LN is commutative ring.

Corollary 3-5:
Let LN be prime, 6 is an anti-homomorphism in LN, such
that 6 is with period 3 on LN. Then LN is commutative ring.

Theorm 3-6:

Let LN be prime. Let T #0, T be semigroup ideal of LN.
Suppose § is an anti-homomrphism in LN. If § is with period 3 on I
,then (t+b)y =ty + by, V t,b,y €LN
Proof:

(u+v)h =83(u+v).83(h)
= 8(8%(u + v)). 8(8%(h))
= 8(8%(h).8%(u +v))
= 8(8(8(h)).8(8(u+v)))
= 6(8(8(u + v).8(h)))
= 8%(8(u +v).8(h))
= 82(8(h(u+v)))
= 83(h(u +v))
=h(u+v), Vuv,hel (77)
That is:
h(u +v) = 83(h).83(u + v)
= 8(8%(h)).8(8%(u +v))
= 8(8%(u +v).8%(h))
= 8(8(8(u +v)).8(8(h)))
= 8(8(8(h).8(u +v)))
= 82(8(h).8(u+v))
= 8%(8(h)(8(w) + (8(v)))
= 82(8(h)8(u) + 8(h).8(v))
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= 82(8(uh) + 8(vh))
= §2(8(uh) + 82(8(vh))
= 83(uh) + 83(vh)

=uh+vh, Vuvhel (78)
From (77) , (78):
(u+v)h=uh+vh, Vuv,hel (79)
Putting u =ua, and v =ub, in (60), we obtain:
(ua + ub)h = uah + ubh, Vu,h €], a,b € LN (80)
From (78) , (80):
u(a+b)h =u(ah+bh), YVuhel, a,b €LN (81)
That is mean:
u((a+b)h—(ah +bh)) =0, YuhelabelLN (82)
Hence:
I(@+b)h—(ah+bh)) =0, Vhel, abeLN (83)
Use Lemma 3-1:
(a+b)h=ah+bh, Vhe], a,b € LN (84)
Now Putting yh instesd of h, y € LN, in (84):
(a+b)yh = (ayh+ byh), Vhel, a,b,y € LN (85)
From (84), we have:
(ayh + byh) = (ay + by)h, Vh €], a,b,y €LN (86)
Using (85) in (86):
(a+b)yh = (ay + by)h, Vhe], a, b,y € LN (87)

Relation (79),give Vhel, ab,y €LN:
((a + b)y — (ay + by))h = (a+b)yh + (—(ay + by))h,
vh €l,ab,y € LN (88)
Relations (87) and (88), give:
((a +b)y — (ay + by))h = (ay + by)h + (—(ay + by))h
= ((ay + by) + (—=(ay + by)))h

=0.h

=0, Vhel aby€eLN (89)
Implies:
(@+b)y—(ay +by))I=0,Vab,y € LN (90)
Lemma 3-1 give:
(a+b)y=ay+by, V ab,y€eLN 91
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Corollary 3-7: )
Let LN be prime. Suppose & is an anti-homomrphism in LN.
If & is with period 3 on LN, then:

(a+b)y=ay+by, V ab,y€LN

Theorm 3-8:
Let LN be prime. Let I 0, I be semigroup ideal of LN. Suppose

§ is an endomorphism in LN. If § is with period 3 on I, and 5(I) <1,
and d(uv)=8(vu) , Vu,v € T, then LN is commutative ring.

Proof:

uv = §3(uv)
= 82(8(uv))
= §%(8§(vu))

= 82(8(v).8(u))

= §(82(v). §2(u))

= 83(v).83(u)

=vu Vuvel (92)
From (59) to the end of (76) we obtain LN is commutative.

Corollary 3-9:

Let LN be prime. Suppose & is an endomorphism in LN. If §
is with period 3, and d(uv)=8(vu) for all u,v € LN, then LN is
commutative ring.

Theorm 3-10:

Let LN be prime, I is a non-zero semigroup ideal of LN , &
is a map on I, such that & is with period 3 and &(uv)=3(vu) ,
vV u,v € I, then LN is commutative ring.

Proof:
uv = 83(uv)
= §%(8(uv))
= 82(8(vu))
= §3(vu)
=vu Vuvel (93)

Relations (59) , (76) obtain LN is commutative ring.
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Corollary 3-11: )
Let LN be prime, 6 is a map in LN, such that 4 is with period 3 and

3(uv)=3(vu) ,V u,v € LN, then LN is commutative ring.
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