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4. Conclusions

A fast and reliable approximation algorithm to solve the
homogeneous stochastic combat model has been developed
in this study. The algorithm is based onsolving a set of
approximating the kill rate of one combatant conditioned
on the state of the system.

A simulation may be used to generate randomly battles
to evaluate the approximation algorithm for accuracy and
computation time,
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resulting equations set will give us an approximate solution
of the stochastic combat.

3. Results

A (Q-Basic program is written to solve the Kolmogorov
Equations wsing numerical method. The program
computes the state probabilitics Pa,b(t)'s as a function of
time. The state probabilities arc used to compute the
important combat statistics,

For example suppose ra= 0.02/ unit time,

r, =0.04/ unit time, a, = 4 and b, =8 with a; = b=0.
Then the results will be

The menn of the battle duration = 13.35

The standard deviation of the battle duration = 6.56

The mean number of survivors at A side =7.86L -04

The SD of the number of survivors at A side =2.3E-03

'The mean number of survivors at B side = 7,322

The SD of the number of survivors at A side = 0,757

The probability A winsis = 2.66E-04

The probability B winsis = 099262

if we use determinisiic Lanchestor moded the resuits will
be (3).

The batde duration = 13.06376

'The number of survivors at A side =0

The number of survivors t B side = 7.4833
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féi;jr—([): - Pup (t) [ara(t| a,b) + brp(t ab)] +

Papi(t)arg (1] a,bH1) + Py g, bt 2 +1,b). 4)
pa,b (t) = e;(ar“‘ e J- (pu b+l (x)arf{ + pa*l,b (x)er )e(‘"’d +or )xtix
0

5- For states (a, by) , Where ar <a < u,,

u;U(Lbf (,)
——dl— = Paprr (£)ara (tjabg+1). (5)

!

Pus, (1) = I Pas,, (X)ar dx

6- Far states (ar,b) , Where by<b< b,

ﬂ:f) uf,h ([)
dt

= Py () brg (t] apy ,b).  (6)

Pu o(D) = | P, 5 (X)brydlx
0

And finally the initial conditions are
Pnn,bﬂ (=1,

Pou(0)=0, fyrall other states . N

If the conditional kill rates r¢ (t/a,b)(G=A,B) are
available for all states, solving Eqs. (1)(6) together with the
initial condition (7) would give the exuct solution of the
stochastic combat. But unfortunatcly, the functions rg

(t a,b) are usually very difficult to obtain except for the

imitial state ( #,b) and some boundary states. On the other
hand, if we can approximate functions rg (t' a, b) and use

the approximations in Egs. (1)-(6), then solving the
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2-For stales (aab0) . Where by <b<h,.

dpao,b (t) }
ST Pa,.b (t) [ara(t] ag,b) +hrg(t| ant)] +
Pﬂullﬂ—j(t}agrA(t a97h+1) . (2)

~j'/<(.:)dr t x'Ittu)du

Paslt)=eF® [ Q(x)et d |
O

where
Rix)=agrathrg

le): pﬂn Bl (f)(l“l"_i
,j‘{:r,:,r'.. thrp el & j'(“{,.‘ Eejdu
Pagp (y=e"® [I Pag.ber (x)ayre’ dx]
0

= Lt rg Lbrg e L " { ] g )X
=g Py e (X270 dx
0

3-For states (u, hy) . where ay<a <a,,

R0
LE)
B ar = - Pil,iJ'iJ (t) [ar.-'k{f, aihu}+burﬂ{t! a,b, 1 +

Pn H,lm( t) h-.!r B{tj at lshl}}- (j]

t
_lar,+bhgry )t [ 7 . Gl g )
Pan, (1) =e | E: {(x)b,r,e oy
bl

4-For staies (a,b,) .Where ay <a <a, and by <b<bh,,
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1. The mean sand standard deviation of the battle
duration time Tp.

2. The means and standard deviations of the number of
survivors, A (x) amd B(X), of each side.

3. The winning probabilities for each side, I' [A] and P
[B].

Therefare, solving the stochastic combat essentially
means obtaining the state probabilities,

1.3Kill Rute

Kill rate and kill probabhility arc the key concepts in
developing our approximation. In particular, being able to
cxpress the probability that one side is going to make a Lill
during fime imterval (t t+Ai) given that the combat is in
state (a,b) at time t enables us to establish exact differential
equations of the state probabilities on which our
approximation is based.

2-The Exact Kolmogorov Equations

Using the standard techniques from probability theory
to derive differential-difference equations, together with
the fact that each combatant is firing independently, it can
be shown , in {erms of the conditional state-dependently,
kil rates , that iGe exact Kolmogorov equations for this
combat are as follows (1).

I- For the initial state {a,. b,) .

flﬂf-' an.(rl‘) i
= Paoo (8 [ 85 £alt 20:bo) + borg (¢ agbo)l.

(1)

!
Poys, () = expl=fa,r, = 6,7 )dx]
0

= exp|- ('r"'u".'i r borﬁ W
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Figure 1. State Space of Homogenous Sigchiasiic Combat

Combat can represented by a finite number of lattice
points on a two-dimensional space, as indicated in Figure
1. The combat starts at the initial stiate (a, , b,) and evolves
in a discrete manner, transferring from state to state, and
finally terminates in one of the absorbing states. The state
probability P,y (t) is defined as the probability that the
combat is in stat (a, h) at time t. the stat probahility P, ,,
(t)’s, as functions of time, contain all the pertienent
infurmation about this stochastic combat, In fact, in terms
of the state probabilities we can write expressions for the
following important comrhai statistics.,
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at which time he immediately shifts o a new iargel
picked at random and resumes firing,.

3. Each combatant on the B side does the samc to its
opponent,

4. All the combatants on one side are visible and within
the weapon range of all the combatants on the other
side,

S. The ammunition supply is unlimited,

6. Every combatant fires independently.

7. When the force level on the A side reaches its break
point, a; or the force level on the B side reaches its

break points, by whichever comes first, the battle will
terminate,

8.All the combatants on the same side arc identical; that
is, thev have the samc interkilling time distribution
(homogeneous force assumplion).

1. 2. State Probabilities and Combai Statistics

Let A (t)and B (1) be the number of live combatants on
the A side and on the B side respectively at fime t, YWe
define the state of the combat at a given time by specifyving
the mumber of hive combatanis on each side at that time;
that is, we say that the combatis in state {(a, b) at timc t
when A (1) = a and B (t) =b. By this definition, the stale
space of the
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small —to moderate-sire firefights. These models, which
were called general renewal (GR) models, in some sense,
are generalizations of the Lanchegier sequre-law model
because they allow the interkilling (or interfering) time of
a combatant to be an arbitrary random variable.

Simulation alse has becn used to produce solutions for
batties of the m-on-n GR model .Because relative error of
a simulation resulls is inversely proportional to the square
root of the sample size, it is very time consuming to obtain
a high precision simulation result.

Solving small-to moderate-size firefisht model in a
reasonable time is essential to studying large —scale combat
because a larpe-scale battle is viewed as neiwork of mzany
small-scale engagements (2) . Because nong of ihic available
solution techniques of the CGR jGiodeis are able to
accomplish this, a fast reliable approximaticn is needed.
This article is motivated by this need.

I.1. The Model

In this article we arc going to consider a version of the
m-on-n homogeneous interkilling stochastic combat, The
basic assumptions are:

1. Two sides, A and B, conduct a continuous time
engagement with initial force size a, on the A side
and b, on the B side,

2. At the beginniag of the battle each combatant on the A
side picks a target (a live combatant on the enemy side)
at random and fires. The time it takes for the
combatant to kill its target, called interkilling time, is
an arbitrary nonnegative continuous random variable.
Each combatant fires until he is killed or makes a kill,
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Homogeneous Stochastic
Combat

- -

Issum Kamal

Abstract

The stochastic combat maodel with arbitrary inter
killing time distribution is more general than the
deferministic Lanchester model. Unfortunately, the
exact analytical solution of the more general combat
madel reguires a huge amount of computation time,
which makes it practically impessible to use for
battles .An approximate solunon for a class of
homogeneons stochastic combats with arbitrary inter
killing time distribution is developed in this study.

S . _ S

1. Introduction

It is believed that the development of realistic combat
models involving a large number of combatants will
depend on successfully modeling (1) (a) the decomposition
of the large battlc intn the separate small engagements,
and (b) the attrition process in the scparate small
engagements. With respect to (b), a large amount of effort
has been devoted to developing more realistic models of

"Al-Rafidain Univ. College, O.R. Dept
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