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Comparison of Maximum Possibility and Jackknife
estimators in estimating the survival function of a Lindley
distribution and Marshall Olkin Lindley

Igbal Qassem Ramadan
College of Administration and Economics - University of Karbala
Raysan Abdul-Imam zaealan
College of Administration and Economics - University of Basra

Abstract:

The study of survival analysis is the analysis of the data of
the survival function, which is in the form of the times of an
event to the occurrence of an end

The event and in the research that is to study medical data,
the origin of the time is the date of registration of the item or the
patient, as the beginning of the item is the date of the patient’s
admission to the hospital and the end of the item is the case of
death or disappearance of the item. And the important statistical
procedures in analyzing survival data. In this research, the
comparison between the Maximum Likelihood Method and the
Jackknife method for estimating the parameters of the Lindley
distribution and the expanded distribution by Marshall Olkin
Lindley by performing simulations using the Monte Carlo
method. Sample sizes and the experiment was repeated 1000
times for each of the hypothetical value models in order to obtain
the highest homogeneity of the data under study. The statistical
measures mean mean squares error (MSE) and mean squares of
integrated error (IMSE) were adopted in order to obtain the best
estimate of the survival function.

Key words: survival function, Lindley distribution, Marshall-
Olkin Lindley distribution, method of greatest possibility,
Jackknife method.
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il SIs) JLd s o w5l elall Alla s 8 JackKnif s alae ) GlSa¥) <l i g 4 lial
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(Y-F) Jsxs .ol

ol qstl BlSlaall dpas il

Model 1

0=0.2)

ti

S_MLE

MSE

S_real

n
30 50

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

0.99654
0.99282
0.98885
0.98466
0.98024
0.97561
0.97078
0.96576
0.96056
0.95519

100

200

0.99627 0.99654 0.99649 0.99652

0.99227 0.99283
0.98802 0.98887
0.98352 0.98468
0.97879 0.98027
0.97384 0.97565
0.96868 0.97083
0.96333 0.96582
0.95779 0.96064
0.95207 0.95527

0.99273
0.98872
0.98448
0.98001
0.97534
0.97046
0.96539
0.96013
0.95470

0.99279
0.98882
0.98461
0.98018
0.97554
0.97070
0.96566
0.96045
0.95506

30 50 100 200
8.704E-07 2.639E-07 1.811E-07 1.078E-07
3.690E-06 1.121E-06 7.692E-07 4.581E-07
8.755E-06 2.666E-06 1.829E-06 1.090E-06
1.634E-05 4.988E-06 3.421E-06 2.038E-06
2.670E-05 8.169E-06 5.603E-06 3.338E-06
4.006E-05 1.228E-05 8.424E-06 5.020E-06
5.661E-05 1.740E-05 1.193E-05 7.111E-06
7.654E-05 2.357E-05 1.617E-05 9.636E-06
9.998E-05 3.086E-05 2.117E-05 1.262E-05
1.270E-04 3.931E-05 2.696E-05 1.607E-05

IMSE

0.00004566 0.0000141 0.0000096 0.0000057

ti

S_jac

MSE

S_real

n
30 50

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8

Ao

0.99654
0.99282
0.98885
0.98466
0.98024
0.97561
0.97078
0.96576

0.99627 0.99654
0.99226 0.99282
0.98800 0.98886
0.98350 0.98467
0.97876 0.98026
0.97380 0.97564
0.96864 0.97082
0.96328 0.96581
0.95773 0.96062

100
0.99649
0.99273
0.98872
0.98448
0.98001
0.97533
0.97045
0.96538
0.96013

200
0.99652
0.99279
0.98882
0.98461
0.98018
0.97554
0.97069
0.96566
0.96045

8:96056
0.95519]

0.95201 -0.95525

0.95470

0.95506

n
30 50 100 200
9.065E-07 2.730E-07 1.833E-07 1.084E-07
3.842E-06 1.160E-06 7.786E-07 4.604E-07
9.116E-06 2.758E-06 1.851E-06 1.095E-06
1.701E-05 5.158E-06 3.463E-06 2.048E-06
2.780E-05 8.447E-06 5.671E-06 3.354E-06
4.170E-05 1.270E-05 8.527E-06 5.044E-06
5.892E-05 1.799E-05 1.208E-05 7.146E-06
7.965E-05 2.437E-05 1.636E-05 9.683E-06
1.040E-04 3.191E-05 2.142E-05 1.268E-05

1.322E-04 - 4.064E-05 -2.728E-05- 1.615E-05

L Uéﬁq

IMSE

0.00004751 0.0000145 0.0000098 0.0000058

Best / sample size

(n)

SMLE SMLE SMLE S MLE

Best / model

S_MLE




Yor)

Jsbl (£9) axd)

Model 3 (6=2)

ti

S real

S_MLE

MSE

n
30 50 100 200

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

0.87331
0.75970
0.65857
0.56915
0.49051
0.42167
0.36168
0.30958
0.26448
0.22556

0.86648 0.87357 0.87222 0.87302
0.74839 0.76036 0.75792 0.75927
0.64464 0.65972 0.65644 0.65814
0.55398 0.57080 0.56690 0.56877
0.47513 0.49264 0.48831 0.49024
0.40680 0.42425 0.41965 0.42154
0.34779 0.36463 0.35989 0.36169
0.29696 0.31284 0.30807 0.30974
0.25329 0.26797 0.26326 0.26478
0.21583 0.22921 0.22463 0.22597

IMSE

n
30

6.306E-04
1.872E-03
3.107E-03
4.052E-03
4.626E-03
4.849E-03
4.790E-03
4.530E-03
4.143E-03 1.572E-03 1.060E-03 6.242E-04
3.690E-03 1.421E-03 9.563E-04 5.618E-04
0.0036289 '0.0013058 '0.0008842 0.0005233

50
2.011E-04
6.130E-04
1.043E-03
1.394E-03
1.627E-03
1.742E-03
1.755E-03
1.690E-03

100
1.371E-04
4.175E-04
7.099E-04
9.473E-04
1.105E-03
1.181E-03
1.188E-03
1.142E-03

200
8.149E-05
2.483E-04
4.220E-04
5.628E-04
6.555E-04
6.998E-04
7.027E-04
6.741E-04

ti

S_real

S_jac

MSE

n
30 50 100 200

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

0.87331
0.75970
0.65857
0.56915
0.49051
0.42167
0.36168
0.30958
0.26448
0.22556

0.86634 0.87352 0.87221 0.87302
0.74818 0.76029 0.75790 0.75927
0.64439 0.65963 0.65642 0.65813
0.55374 0.57071 0.56688 0.56877
0.47490 0.49256 0.48829 0.49023
0.40661 0.42418 0.41963 0.42154
0.34763 0.36457 0.35988 0.36169
0.29684 0.31279 0.30806 0.30974
0.25320 0.26794 0.26325 0.26477

0.21578 0.22919 0.22462 0.22597

IMSE

n
30

6.555E-04
1.944E-03
3.221E-03
4.197E-03
4.786E-03
5.013E-03
4.948E-03
4.677E-03
4.275E-03 1.621E-03 1.072E-03 6.273E-04
3.806E-03 1.466E-03 9.672E-04 5.646E-04
0.0037524 '0.0013478 '0.0008946 '0.0005258

50
2.079E-04
6.335E-04
1.078E-03
1.439E-03
1.680E-03
1.798E-03
1.811E-03
1.744E-03

100
1.387E-04
4.226E-04
7.184E-04
9.586E-04
1.118E-03
1.195E-03
1.201E-03
1.155E-03

200
8.189E-05
2.495E-04
4.241E-04
5.655E-04
6.587E-04
7.032E-04
7.062E-04
6.774E-04

Best / sample size (n)

SME SME SME SMLE

Best / model

S_MLE
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Yor)

Ol (£3) 238l

(T-Y)dsi (Aaid oSlgh S e a5 58l Blslanall 4 a8 il

Model 1 (6=0.2, a=0.5)

ti

S_real

S_MLE

MSE

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

0.99310
0.98573
0.97795
0.96978
0.96125
0.95239
0.94323
0.93379
0.92411
0.91422

n
30 50 100 200
0.99105 0.99393 0.99352 0.99331
0.98155 0.98745 0.98661 0.98618
0.97158 0.98060 0.97930 0.97864
0.96117 0.97340 0.97162 0.97073
0.95038 0.96588 0.96360 0.96246
0.93926 0.95807 0.95525 0.95388
0.92784 0.94997 0.94662 0.94501
0.91617 0.94163 0.93772 0.93587
0.90428 0.93306 0.92857 0.92649
0.89223 0.92427 0.91921 0.91689

IMSE

30
1.493E-05
6.218E-05
1.447E-04
2.645E-04
4.224E-04
6.186E-04
8.523E-04
1.122E-03
1.425E-03
1.758E-03

50

3.041E-06 4.003E-07 1.193E-06
1.286E-05 1.684E-06 5.043E-06
3.042E-05 3.961E-06 1.192E-05
5.651E-05 7.324E-06 2.213E-05
9.180E-05 1.184E-05 3.592E-05
1.368E-04 1.757E-05 5.345E-05
1.918E-04 2.452E-05 7.482E-05
2.570E-04 3.272E-05 1.001E-04
3.323E-04 4.216E-05 1.292E-04
4.177E-04 5.279E-05 1.620E-04
0.0006684 0.0001530 0.0000195 0.0000596

100 200

ti

S _real

S_jac

MSE

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

0.99310
0.98573
0.97795
0.96978
0.96125
0.95239
0.94323
0.93379
0.92411
0.91422

n
30 50 100 200

0.99104 0.99393 0.99352 0.99331
0.98154 0.98745 0.98661 0.98618
0.97156 0.98061 0.97930 0.97864
0.96115 0.97341 0.97162 0.97073
0.95036 0.96589 0.96360 0.96246
0.93923 0.95808 0.95525 0.95388
0.92781 0.94999 0.94662 0.94501
0.91614 0.94165 0.93772 0.93587
0.90426 0.93308 0.92858 0.92649

0.89221 0.92430 0.91921 0.91689

IMSE

30
1.538E-05
6.403E-05
1.489E-04
2.721E-04
4.344E-04
6.358E-04
8.756E-04
1.152E-03
1.462E-03
1.804E-03

50

3.102E-06 4.147E-07 1.197E-06
1.312E-05 1.745E-06 5.060E-06
3.101E-05 4.106E-06 1.196E-05
5.761E-05 7.592E-06 2.220E-05
9.359E-05 1.228E-05 3.603E-05
1.394E-04 1.821E-05 5.362E-05
1.955E-04 2.543E-05 7.506E-05
2.619E-04 3.394E-05 1.004E-04
3.387E-04 4.373E-05 1.296E-04
4.257E-04 5.477E-05 1.625E-04
0.0006864 0.0001560 0.0000202 0.0000598

n
100 200

Best / sample size (n)

S_MLE

S_MLE

S_MLE S_MLE

Best / model

S

MLE




il SIs) JLd s o w5l elall Alla s 8 JackKnif s alae ) GlSa¥) <l i g 4 lial

(Y-¥) Jsaall g

Model 2 (0=

0.2, a=2)

ti

S real

S_MLE

MSE

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

0.99827
0.99640
0.99440
0.99227
0.99002
0.98766
0.98518
0.98258
0.97988
0.97708

n
30 50 100 200

0.99764 0.99854 0.99837 0.99833
0.99509 0.99696 0.99662 0.99652
0.99237 0.99527 0.99475 0.99459
0.98949 0.99348 0.99275 0.99254
0.98644 0.99158 0.99065 0.99037
0.98324 0.98959 0.98843 0.98809
0.97989 0.98749 0.98610 0.98570
0.97640 0.98530 0.98367 0.98320

0.97277 0.98302 0.98118) 0.98058% 1.597E-04

0.96902 0.98065 0.97850 0.97789

IMSE

30 50 100
1.250E-06 2.729E-07 2.139E-08
5.373E-06 1.177E-06 9.205E-08
1.293E-05 2.842E-06 2.218E-07
2.446E-05 5.399E-06 4.206E-07
4.050E-05 8.979E-06 6.981E-07
6.158E-05 1.371E-05 1.064E-06
8.817E-05 1.973E-05 1.528E-06
1.207E-04 2.716E-05 2.100E-06
3.612E-05 2.787E-06
4.673E-05 3.600E-06
0.0000162 0.0000013

2.055E-04
0.0000720

200
1.062E-07
4.582E-07
1.106E-06
2.102E-06
3.495E-06
5.336E-06
7.674E-06
1.056E-05
1.403E-05
1.813E-05

0.0000063

ti

S _real

S_jac

MSE

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

0.99827
0.99640
0.99440
0.99227
0.99002
0.98766
0.98518
0.98258
0.97988
0.97708

n
30 50 100 200
0.99764 0.99854 0.99837 0.99833
0.99509 0.99696 0.99662 0.99652
0.99237 0.99527 0.99475 0.99459
0.98948 0.99348 0.99275 0.99254
0.98644 0.99158 0.99065 0.99037
0.98324 0.98959 0.98843 0.98809
0.97989 0.98749 0.98610 0.98570
0.97640 0.98530 0.98367 0.98320

0.97277 0.98302 0.9§118) Q. 9205LE1.631E-04

0.96901 0.98065 0.97850 0.97789

IMSE

n
30

1.278E-06
5.494E-06
1.322E-05
2.500E-05
4.140E-05
6.293E-05
9.009E-05
1.233E-04

50
2.775E-07
1.197E-06
2.890E-06
5.491E-06
9.132E-06
1.395E-05
2.007E-05
2.762E-05
3.673E-05
2.099E-04 4.752E-05
0.0000736 0.0000165 0.0000013

100
2.257E-08
9.714E-08
2.341E-07
4.439E-07
7.369E-07
1.123E-06
1.613E-06
2.217E-06
2.943E-06
3.801E-06

200
1.065E-07
4.594E-07
1.109E-06
2.108E-06
3.505E-06
5.351E-06
7.695E-06
1.059E-05
1.407E-05
1.818E-05
0.0000063

Best / sample size (n)

S MLE S MLE S_MLE

S_MLE

Best / model

S_MLE




YoX Y Jbl (89) aaad) . eatal) galaiy) dlae

Model 5 (6=

2,a=0.5)

ti

S_real

S_MLE

MSE

n
30 50 100 200

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

0.77512
0.61251
0.49095
0.39777
0.32495
0.26716
0.22076
0.18313
0.15239
0.12712

0.74098 0.79199 0.78796 0.77053
0.57472 0.63517 0.62883 0.60783
0.45696 0.51318 0.50647 0.48697
0.36908 0.41649 0.41076 0.39442
0.30148 0.33900 0.33492 0.32205
0.24849 0.27647 0.27423 0.26460
0.20640 0.22579 0.22530 0.21845
0.17264 0.18461 0.18560 0.18107
0.14533 0.15109 0.15324 0.15056
0.12306 0.12376 0.12675 0.12553

IMSE

30
6.438E-03
9.350E-03
8.694E-03
7.044E-03
5.497E-03
4.333E-03
3.516E-03
2.940E-03
2.516E-03
2.185E-03

n

50
1.949€-03
3.452E-03
3.493E-03
2.800E-03
1.973E-03
1.290E-03
8.163E-04
5.241E-04
3.581E-04
2.684E-04

100
6.411E-04
1.162E-03
1.282E-03
1.199E-03
1.052E-03
8.997E-04
7.629E-04
6.449E-04
5.435E-04
4.562E-04

200
1.300€-03
2.092E-03
2.034E-03
1.648E-03
1.227E-03
8.805E-04
6.265E-04
4.514E-04
3.342E-04
2.562E-04

0.0052511 0.0016924 '0.0008644 '0.0010850

ti

S real

S_jac

MSE

n
30 50 100 200

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

0.77512
0.61251
0.49095
0.39777
0.32495
0.26716
0.22076
0.18313
0.15239
0.12712

0.74385 0.79202 0.78797 0.77053
0.57815 0.63523 0.62884 0.60784
0.45966 0.51323 0.50648 0.48697
0.37044 0.41651 0.41076 0.39442
0.30129 0.33898 0.33491 0.32205
0.24678 0.27641 0.27422 0.26459
0.20333 0.22571 0.22528 0.21845
0.16841 0.18452 0.18558 0.18106
0.14016 0.15100 0.15321 0.15055
0.11716 0.12368 0.12672 0.12552

IMSE

30
6.910E-03
1.015E-02
9.441E-03
7.524E-03
5.649E-03
4.180E-03
3.118E-03
2.360E-03
1.811E-03
1.401E-03

n

50
1.994E-03
3.533E-03
3.580E-03
2.880E-03
2.043E-03
1.349E-03
8.679E-04
5.689E-04
3.967E-04
3.011E-04

100
6.509E-04
1.180E-03
1.302E-03
1.218E-03
1.068E-03
9.131E-04
7.744E-04
6.546E-04
5.518E-04
4.633E-04

200
1.303E-03
2.097E-03
2.039E-03
1.652E-03
1.231E-03
8.838E-04
6.292E-04
4.537E-04
3.362E-04
2.579E-04

0.0052541 0.0017513 '0.0008776 '0.0010883

Best / sample size (n)

S_MLE

S_MLE

S_MLE

S_MLE

Best / model

S_MLE




il SIs) JLd s o w5l elall Alla s 8 JackKnif s alae ) GlSa¥) <l i g 4 lial

Model 4 (6=1, a=2)

ti

S _real

S_MLE

MSE

n
30 50

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

0.97440
0.94770
0.92005
0.89159
0.86245
0.83277
0.80268
0.77230
0.74176
0.71119

100 200 30

0.96483 0.97855 0.97597 0.97532|2.758E-04
0.92947 0.95594 0.95081 0.94955| 1.020E-03
0.89413 0.93226 0.92463 0.92281|2.103E-03
0.85901 0.90760 0.89756 0.89522|3.399E-03
0.82423 0.88202 0.86971 0.86691|4.796E-03
0.78992 0.85560 0.84122 0.83800|6.194E-03
0.75617 0.82844 0.81218 0.80859|7.516E-03
0.72305 0.80062 0.78274 q}z@o 8.701E-03
0.69063 0.77222 0.75299 O.7487§ 9.706E-03
0.65895 0.74334 0.72307 0.71856| 1.051E-02

IMSE

50 100
6.257E-05 4.654E-06
2.460E-04 1.814E-05
5.389E-04 3.945E-05
9.241E-04 6.737E-05
1.380E-03 1.005E-04
1.882E-03 1.376E-04
2.402E-03 1.774E-04
2.916E-03 2.189E-04
3.396E-03 2.614E-04
3.821E-03 3.042E-04

200
2.491E-05
9.589E-05
2.055E-04
3.448E-04
5.036E-04
6.719E-04
8.398E-04
9.987E-04
1.141E-03
1.262E-03

0.0054216 0.0017568 0.0001330 0.0006088

ti

S_real

S_jac

MSE

n
30 50

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

0.97440
0.94770
0.92005
0.89159
0.86245
0.83277
0.80268
0.77230
0.74176
0.71119

100 200 30

0.96483 0.97855 0.97597 0.97532| 2.815E-04
0.92947 0.95594 0.95081 0.94955| 1.040E-03
0.89415 0.93227 0.92463 0.92281|2.143E-03
0.85904 0.90761 0.89756 0.89522|3.462E-03
0.82428 0.88203 0.86972 0.86691|4.882E-03
0.78998 0.85563 0.84122 0.83800| 6.304E-03
0.75625 0.82847 0.81219 0.80859|7.648E-03
0.72315 0.80065 0.78274 0.77880| 8.853E-03
0.69073 0.77226 0.75300 0.74876|9.877E-03
0.65906 0.74339 0.72308 0.71856 | 1.069E-02

IMSE

n
50 100
6.361E-05 4.925E-06
2.500E-04 1.919E-05
5.477E-04 4.175E-05
9.390E-04 7.127E-05
1.402E-03 1.063E-04
1.911E-03 1.454E-04
2.440E-03 1.873E-04
2.962E-03 2.309E-04
3.450E-03 2.753E-04
3.882E-03 3.199E-04

200
2.498E-05
9.615E-05
2.061E-04
3.457E-04
5.050E-04
6.737E-04
8.422E-04
1.002E-03
1.145E-03
1.265E-03

0.0055186 0.0017847 0.0001402 0.0006106

Best / sample size (n) S_MLE

S_MLE  S_MLE

S_MLE

Best / model

S_MLE
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Model 6 (6=2, a=2)

ti

S real

S_MLE

MSE

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

0.93237
0.86344
0.79415
0.72543
0.65817
0.59321
0.53122
0.47279
0.41832
0.36809

n
30 50 100 200
0.91914 0.93676 0.94010 0.92908
0.84217 0.87175 0.87738 0.85798
0.76886 0.80565 0.81263 0.78751
0.69902 0.73922 0.74676 0.71846
0.63259 0.67326 0.68074 0.65152
0.56958 0.60859 0.61555 0.58733
0.51009 0.54600 0.55216 0.52644
0.45427 0.48623 0.49143 0.46925
0.40232 0.42992 0.43409 0.41607
0.35438 0.37755 0.38071 0.36709

IMSE

30
1.398E-03
4.146E-03
6.848E-03
8.839E-03
9.908E-03
1.011E-02
9.631E-03
8.706E-03
7.563E-03
6.385E-03

0.0073535 '0.0022099 '0.0019484 '0.0010383

n

50
2.595E-04
8.734E-04
1.613E-03
2.296E-03
2.800E-03
3.070E-03
3.112E-03
2.970E-03
2.710E-03
2.395E-03

100 200
1.726E-04 1.523E-04
6.054E-04 4.861E-04
1.167E-03 8.539E-04
1.740E-03 1.160E-03
2.232E-03 1.359E-03
2.588E-03 1.439E-03
2.788E-03 1.417E-03
2.838E-03 1.320E-03
2.761E-03 1.178E-03
2.591E-03 1.018E-03

ti

S _real

S_jac

MSE

n
30 50 100 200

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

0.93237
0.86344
0.79415
0.72543
0.65817
0.59321
0.53122
0.47279
0.41832
0.36809

0.91552 0.93676 0.94010 0.92908
0.83606 0.87175 0.87738 0.85798
0.76130 0.80567 0.81264 0.78751
0.69098 0.73925 0.74677 0.71846
0.62492 0.67330 0.68075 0.65152
0.56302 0.60863 0.61556 0.58734
0.50522 0.54603 0.55217 0.52644
0.45148 0.48625 0.49143 0.46925
0.40181 0.42992 0.43409 0.41607

0.35619 0.37754 0.38070 0.36709

30

n

50

1.373E-03 2.671E-04
4.135E-03 8.984E-04
6.920E-03 1.658E-03
9.020E-03 2.359E-03
1.017E-02 2.876E-03
1.037E-02 3.154E-03
9.819E-03 3.198E-03
8.766E-03 3.055E-03
7.470E-03 2.791E-03
6.144E-03 2.471E-03

100 200
1.741E-04 1.527E-04
6.105E-04 4.876E-04
1.177E-03 8.565E-04
1.754E-03 1.164E-03
2.249E-03 1.363E-03
2.607E-03 1.444E-03
2.808E-03 1.422E-03
2.857E-03 1.325E-03
2.780E-03 1.183E-03
2.608E-03 1.023E-03

IMSE 0.0074183 '0.0022728 0.0019625 '0.0010420
Best / sample size (n) SMLE S MLE S MLE S MLE
Best / model S_MLE
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