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Abstract: 
   The electric quadrupole moments for some scandium isotopes (

41, 43, 44, 45, 46, 47
Sc) have been calculated 

using the shell model in the proton-neutron formalism. Excitations out of major shell model space were taken 

into account through a microscopic theory which is called core polarization effectives. The set of effective 

charges adopted in the theoretical calculations emerging about the core polarization effect. NushellX@MSU 

code was used to calculate one body density matrix (OBDM). The simple harmonic oscillator potential has 

been used to generate the single particle matrix elements. Our theoretical calculations for the quadrupole 

moments used the two types of effective interactions to obtain the best interaction compared with the 

experimental data. The theoretical results of the quadrupole moments for some scandium isotopes performed 

with FPD6 interaction and Bohr-Mottelson effective charge agree with experimental values.  

 

Keywords: Bohr-Mottelson, Core Polarization, Effective Charges, Effective Charges, Harmonic Oscillator, 
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Introduction: 
        The nuclear electric quadrupole moment, is 

considered as a probe for the deviation of nuclear 

charge from spherical symmetry which gives a 

useful measure of how the core is polarized 

especially if the valence nucleons are neutrons 

which do not directly participate to the electric 

quadrupole moment )1(. Also, it gives information 

on the deformation of the charge distribution of the 

nucleus. The electromagnetic moments are one of 

the main probes to gain information about the 

nuclear structure throughout the entire nuclear 

chart )2(. As the quadrupole moment provides a 

direct indication for changes in the nuclear shell 

structure along isotope chains, a proper 

determination of its size and sign is essential in both 

theoretical and experimental nuclear physics )3(.   

  Richter et al.)4  ( used similar approaches to 

determine the 195 two-body matrix elements and 

the four single particle energies of the fp shell. In 

one approach, the model-dependent potential 

method, a semiempirical interaction, was obtained 

by using one-boson exchange potential plus core 

polarization correction. The two interactions, i.e., 

FPD6 and FPM13, yield a good fit to the energy 

levels of nuclei in the lower part of the fp shell.   

   The Kuo and Brown)5 (identified which matrix 

elements should be modified, while keeping the  
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centroid of any two shells. This approach yielded 

the KB1 interaction. Later, the KB3 interaction was 

obtained, by doing mild changes in the KB1 

interaction to improve the spectroscopy of some 

nuclei at the beginning of the fp shell. This 

interaction leads to fairly successful calculations in 

the fp shell. 

 

Theory  
   The electric and magnetic properties of a nuclear 

state, namely on what the static magnetic dipole and 

electric quadrupole moments can teach us about the 

nucleus as a system of independently moving 

particles in a central potential or as a system of 

collectively moving nucleons)6(. 

    The one body electric multipole transition 

operator with multipolarity J for a nucleon is given 

by (7( 

   𝑂̂𝐽𝑀(𝑟⃗ )𝑘 = 𝑟𝑘
𝐽𝑌𝐽𝑀(𝛺𝐾)                                                                                                                  

(1) 

 where  𝑟𝑘
𝐽
 is radial part of harmonic oscillator (HO) 

potential and 𝑌𝐽𝑀 is spherical part of  HO potential. 

   The reduced single-particle matrix element of the 

transition operator given in Eq. (1) in spin space is 

given by   

⟨𝑗′||𝑂̂𝐽𝑡𝑧||𝑗⟩ = 𝑒(𝑡𝑧) ⟨𝑗′||𝑌𝐽||𝑗⟩ ⟨𝑛
′𝑙′|𝑟𝐽|𝑛 𝑙 ⟩  … (2)  

where; 
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 𝑒(𝑡𝑧) =
1+𝜏𝑧(𝑘)

2
   is the electric charge of the k  

nucleon, where tz = 1/2 for a proton and  tz = -1/2 for 

a neutron with 

𝜏𝑧(𝑘) = 2𝑡𝑧(𝑘), 𝜏𝑧|𝑝⟩ = |𝑝⟩and 𝜏𝑧|𝑛⟩ = −|𝑛⟩…(3) 

   ,the reduce matrix element of the spherical 

harmonics part YJ is given by (7) 

⟨𝑗′||𝑌𝐽||𝑗⟩ = (−1)
𝑗+1/2√(2𝑗+1)(2𝐽+1)(2𝑗′+1)

4𝜋
 ×

(
𝑗′ 𝐽 𝑗

1/2 0 −1/2
) × 

1

2
[1 + (−1)

𝑙 +𝐽+𝑙
′

]    …(4)             

and the radial part of the matrix element of a HO 

potential is: 

⟨𝑛′𝑙′|𝑟𝐽|𝑛 𝑙 ⟩ = ∫ 𝑑𝑟𝑟𝐽𝑟2∞

0
𝑅

𝑛′𝑙
′(𝑟)𝑅𝑛 𝑙

 (𝑟)   …  (5) 

Eq. (5) can be written as:  

⟨𝑛′𝑙′|𝑟𝐽|𝑛 𝑙 ⟩ = ∫ 𝑑𝑟𝑟𝜇∞

0
𝑅

𝑛′𝑙
′(𝑟)𝑅𝑛 𝑙

 (𝑟)  … (6) 

where  𝜇 = 𝐽 + 2. 

     The radial integral Eq. (6) can solve analytically 

for a HO radial wave functions as (8). 

∫ 𝑑𝑟𝑟𝜇∞

0
𝑅

𝑛′𝑙
′(𝑟)𝑅𝑛 𝑙

 (𝑟) =

 
23

222
√(𝑛′ − 1)! (𝑛 − 1)!  √𝛤(𝑛′ + 𝑙′ +

1

2
) 𝛤(𝑛 + 𝑙 +

1

2
)    

 

× ∑ ∑
(−1)𝑘

′+𝑘

(𝑛′ − 𝑘′ − 1)! (𝑛 − 𝑘 − 1)! 𝑘′! 𝑘! 𝛤 (𝑘′ + 𝑙′ +
3
2
)𝛤 (𝑘  + 𝑙 +

3
2
)

𝑛−1

𝑘=0

𝑛′−1

𝑘′=0

 

 

                 ×
𝑏2𝑚+1

𝑏3+𝑙′+𝑙 +2𝑘′+2𝑘 𝛤 (𝑚 +
1

2
)   … (7)  

where; 

 𝑚 =
1

2
(𝜇 + 𝑙′ + 𝑙 + 2𝑘′ + 2𝑘)   

 
𝑏
2𝑚+1

𝑏
3+𝑙

′
+𝑙

 
+2𝑘

′
+2𝑘

 = 𝑏𝜇−2
  

𝛤 (𝑛 +
1

2
) =  

(2𝑛−1)‼

2𝑛 √𝜋  

    The reduced electric matrix element between the 

initial and final nuclear states is given by (7):  

 𝑀(𝐸𝐽) =  ⟨𝐽𝑓| | ∑ 𝑒(𝑘)𝑂̂𝑘 𝐽
(𝑟 )𝑘| |𝐽𝑖⟩ …  (8) 

e(k) is the electric charge for the k nucleon. Where 

e(k) = 0 for neutron. The reduced electric matrix 

element can be written in terms of the proton and 

neutron contributions 

𝑀(𝐸𝐽) = ∑ 𝑒(𝑡𝑧𝑡𝑧 ) ⟨𝐽𝑓||𝑂̂𝐽(𝑟 , 𝑡𝑧)||𝐽𝑖⟩  …  (9) 

where  ⟨𝐽𝑓||𝑂̂𝐽(𝑟⃗ , 𝑡𝑧)||𝐽𝑖⟩ is the electric matrix 

element which is expressed as the sum of the 

products of the one-body density matrix (OBDM) 

times the single-particle matrix elements (7), 

⟨𝐽𝑓||𝑂̂𝐽(𝑟⃗ , 𝑡𝑧)||𝐽𝑖⟩ =

 ∑ 𝑂𝐵𝐷𝑀(
𝑗𝑗′

𝐽𝑖, 𝐽𝑓, 𝐽, 𝑡𝑧, 𝑗, 𝑗
′) ⟨𝑗′||𝑂̂𝐽(𝑟⃗ , 𝑡𝑧)||𝑗⟩ …  (10) 

 

with  𝑗 and  𝑗′ label single-particle states for the 

shell model space. 

    The electric matrix element can be represented in 

terms of only the model space matrix elements by 

assigning effective charges (𝑒𝑒𝑓𝑓(𝑡𝑧)), 

𝑀(𝐸𝐽) = ∑ 𝑒𝑒𝑓𝑓
𝑡𝑧 (𝑡𝑧)⟨𝐽𝑓||𝑂̂2(𝑟 , 𝑡𝑧)||𝐽𝑖⟩𝑀𝑆

     

…(11) 

    They formulated an expression for the effective 

charges to explicitly include neutron excess via (9) 

 𝑒𝑒𝑓𝑓(𝑡𝑧) = 𝑒(𝑡𝑧) + 𝑒𝛿𝑒(𝑡𝑧),𝛿𝑒(𝑡𝑧) = 𝑍/𝐴 −
0.32(𝑁 − 𝑍)/𝐴 − 2𝑡𝑧[0.32 − 0.3(𝑁 − 𝑍)/𝐴]   
…(12) 

    The electric quadrupole moment in a state 

|𝐽 = 2 𝑀 = 0 >  for 𝐽𝑖 = 𝐽𝑓   is (7): 

𝑄(𝐽 = 2) =  (
𝐽𝑖 𝐽 𝐽𝑖

−𝐽𝑖 0 𝐽𝑖
)√

16𝜋

5
𝑀(𝐸𝐽)  … (13) 

 

Results and Discussion: 
   The scandium isotopes (Z = 21) investigated in 

this study lie between the Z, N = 20 and Z, N = 28 

shell closures. Shell-model calculations are 

performed by using the program NuShellX@MSU 

(10) to calculate   OBDM with the fp model space 

for N  20, where 
40

Ca nucleus is considered as the 

inert core for all isotopes under consideration and 

the other valence nucleons are moving in the fp-

shell model space within 1f7/2, 2p3/2, 1f5/2 and 2p1/2 

orbits. The HO is used to generate the single 

particle matrix elements of scandium isotopes. The 

present work in the fp-model space based two 

interactions: the KB3 (Kuo and Brown) interaction 

for fp- shell model space (5) and the FBD6 

interaction for fP-shell model space (4). For fp-

model space the 20 neutrons and protons are frozen 

in sd-shells. Effective charges are needed because 

of the polarization of the core which is not included 

in the model space. One set of effective charges, 

Bohr-Mottelson (B-M) (9) are calculated according 

to Eq. (12) and tabulated in Table 1. While, two set 

of effective charges, standard effective charges (ST) 

ep = 1.36 e and en = 0.45 e (11) were also 

calculated. Lastly, three sets of effective charges, 

conventional effective charges (Con) ep = 1.3 e and 

en = 0.5 e (12) were computed. 

   The quadrupole moments are calculated for 

scandium isotopes with mass number A = 41, 43, 

44, 45, 46, and 47. The matrix elements calculated 

with the shell model and HO wave functions also 

the radial wave functions for the single-particle 

matrix elements are calculated with the HO 
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potential. The size parameters b is calculated for 

each scandium isotope with mass number A as:  

   𝑏 = √
 ћ

𝑀𝑃𝜔
, where ћ𝜔 =  45𝐴−1/3 −  25𝐴−2/3            

(Mp = mass of proton) (13). 

   Figure 1 and Table1 show the quadrupole 

moments for 
41, 43, 44, 45, 46, 47

Sc isotopes with two 

effective interactions and by using B-M (9) which 

are calculated according to Eq. (12) and tabulated in 

Table 1, for each isotope. The results of the 

quadrupole moments are displayed in Table 1 in 

comparison with the experimental values. The 

calculated quadrupole moment for 
41

Sc (N=20) 

nucleus with FPD6 effective interaction and by 

using B-M effective charges for proton ep=1.19e 

and neutron en=0.85e is Q(B-M)= -13.5 efm
2
, which 

agree with the measured values of Ref.(14). This 

value shows a large oblate deformation for N=20 

although a number of neutrons are magically 

numbered and there were no theoretical results with 

using of KB3 interaction due to the presence of one 

proton outside the inert core 
40

Ca. The calculated 

quadrupole moment for 
43

Sc nucleus with KB3 

interaction, the FPD6 effective interaction and by 

using B-M effective charges for proton ep=1.17e 

and neutron en=0.79e are Q(B-M)= -20.8, -20.5 

efm
2
, which are overestimates of the measured 

values of Ref. (14). Furthermore, calculations of the 

quadrupole moments of 
45

Sc nucleus with KB3 

interaction, FPD6 effective interaction and by using 

B-M effective charges for proton ep=1.15 e and 

neutron en=0.75 e, respectively, Q(B-M)= -23.16, - 

23.6 efm
2
. Calculations of quadrupole moment for 

47
Sc nucleus with KB3 interaction, the FPD6 

effective interaction and by using B-M effective 

charges for proton ep=1.12 e and neutron en=0.7e, 

Q(B-M)= -21.88, -22.59 efm
2 

which are close to the 

measured values of Ref. (14) these value shows an 

oblate deformation. Calculations of the quadrupole 

moments for 
44

Sc nucleus with FPD6 effective 

interaction and by using B-M effective charges are 

overestimating the measured values while by using 

KB3 interaction are close the measure values. 

Calculations of the quadrupole moments for 
46

Sc are 

underestimated with the measured values of Ref. 

(14) where positive parity is. The result of the 

quadrupole moment for 
46

Sc indicates a small 

prolate deformation of this isotope which needs 

further research. 

 

Table 1. Quadrupole moments in units efm2 of calculated with HO potential for Scandium (Sc) 

isotopes (Z=21). Experimental the quadrupole moments are taken from Ref. (14). Quadrupole 

moments calculated with two effective interactions, the first KB3 interaction (5) and the second FBD6 

interaction (4) and use effective charges of B-M (9) are presented. 

A, N 21Sc 𝑱𝒊
𝝅 𝒃(𝒇𝒎) 𝒆𝒑 𝒆𝒏 

𝑸𝒕𝒉𝒆𝒐. B-M               

KB3-int 

𝑸𝒕𝒉𝒆𝒐. B-M    

FPD6 -int 
𝑸𝒆𝒙𝒑. ( efm

2
) 

41,20 7/2
-
 1.947 1.19 0.85  -13.5 -14.5±3 

43,22 7/2
-
 1.96 1.17 0.79 -20.8 -20.5 -27±5 

44,23 2
+
 1.966 1.16 0.77 7.56 10.56 1± 5 

45,24 7/2
-
 1.972 1.15 0.75 -23.16 -23.6 -22 ± 2 

46,25 4
+
 1.978 1.13 0.72 2 4.07 12 ± 2 

47,26 7/2
-
 1.983 1.12 0.70 -21.88 -22.59 -22 ± 3 

 

 
Figure1. Calculations of the quadrupole 

moments by using two effective interaction and 

Bohr-Mottelson (B-M) effective charges (9) for 

Sc isotopes. Experimental values are taken from 

Ref. (14). 

  
    Figure 2 and Table 2 show the quadrupole 

moments calculated for 
41, 43, 44, 45, 46, 47

Sc isotopes   

with two effective interactions, the first KB3 

interaction for fp- shell model space (5) and the 

second FBD6 interaction for fP-shell model space 

(4) and by using the standard effective charges ST 

for proton ep = 1.36 e and neutron en = 0.45 e (11), 

respectively. The results of the quadrupole moments 

are displayed in Table 2 in comparison with the 

experimental values. The calculated quadrupole 

moment for 
41

Sc nucleus with FPD6 effective 

interaction and using standard effective charges 

Q(ST)=-15.46 efm
2
, agree with the measured values 

of Ref.(14).       

             This value shows a large oblate deformation 

for N=20 although a number of neutrons are 

magically numbered. The calculated the quadrupole 

moment for 
43

Sc nucleus with KB3 interaction and 
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FPD6 effective interaction and using ST for proton 

ep = 1.36e and neutron en = 0.45e (11), respectively 

are Q(ST)= -17.8, -17.7 efm
2
, overestimate  the 

measured values of Ref. (14). Also, calculations of 

the quadrupole moments for 
45

Sc nucleus with KB3 

interaction, FPD6 effective interaction and by using 

ST, Q(ST)= -20.2, -20.7 efm
2
, which agree with 

measured values.
 
Calculations of the quadrupole 

moments for 
47

Sc nucleus with KB3 interaction, 

FPD6 effective interaction and by using standard 

effective charges for proton ep=1.36 e and neutron 

en=0.45e, Q(ST)= -20.56, -20.15 efm
2
,
 
which agree 

with the measured values of Ref.(14) these values 

shows an oblate deformation because one proton in 

fp-shell had negative parity. Calculations of the 

quadrupole moments for 
44

Sc nucleus with FPD6 

effective interaction and by using ST effective 

charges are overestimating the measured values 

while by using KB3 interaction are very close to the 

measure values. Calculations of the quadrupole 

moments for 
46

Sc underestimate the measured 

values of Ref. (14) where positive parity is and the 

result of quadrupole moment for 
46

Sc indicates a 

small prolate deformation of this isotope which 

needs further research. 

 

Table 2: Quadrupole moments in units efm
2
 of calculated with HO potential for Scandium isotopes 

(Z=21). Experimental quadrupole moments are taken from Ref. (14). Quadrupole moments calculated 

with two effective interactions, the first KB3 interaction (5) and the second FBD6 interaction (4) and 

use standard effective charges for proton and neutron 1.36, 0.45 e (11), respectively are presented. 
A, N 

21Sc 

𝑱𝒊
𝝅 𝒃(𝒇𝒎) 𝒆𝒑 𝒆𝒏 𝑸𝒕𝒉𝒆𝒐. 

ST                    

KB3-int 

𝑸𝒕𝒉𝒆𝒐. 

ST               

FPD6-int 

𝑸𝒆𝒙𝒑. 

( efm
2
) 

41,20 7/2
-
 1.947 1.36 0.45  -15.46 -14.5±3 

43,22 7/2
-
 1.96 1.36 0.45 -17.8 -17.7 -27.±5 

44,23 2
+
 1.966 1.36 0.45 6.2 8.7 1.0 ±5 

45,24 7/2
-
 1.972 1.36 0.45 -20.2 -20.7 -22.  ±2 

46,24 4
+
 1.978 1.36 0.45 0.21 1.7 12 ± 2 

47,26 7/2
-
 1.983 1.36 0.45 -20.56 -21.15 -22 ± 3 

 

 
Figure 2. Calculations of the quadrupole 

moments by using two effective interaction and 

by using the standard effective charges for 

proton and neutron 1.36, 0.45 e (11), respectively 

for Sc isotopes. Experimental values are taken 

from Ref. (14).  

 

 Figure 3 and Table 3 show the quadrupole 

moments are calculated for 
41, 43, 44, 45, 46, 47

Sc 

isotopes with two effective interactions, the first 

KB3 interaction for fp- shell model space (5) and 

the second FBD6 interaction for fP-shell model 

space (4) and use convention effective charges 

(Con) for proton ep = 1.3e and neutron en = 0.5e 

(12), are presented. The results of the quadrupole 

moments are displayed in Table 3 in comparison 

with the experimental values. The calculated 

quadrupole moment for 
41

Sc nucleus with FPD6 

effective interaction and by using convention 

effective charges Q(Con)=-14.78 efm
2
 agrees with 

the measured values of Ref. (14), and our values 

shows an oblate deformation. The calculated 

quadrupole moment for 
43

Sc nucleus by using KB3 

interaction and FPD6 effective interaction and by 

using convention effective charges for proton ep = 

1.3e and neutron en = 0.5e (12), respectively is 

Q(Con)= -18, -17.8 efm
2
, which are overestimates 

the measured values of Ref.(14). Also, calculations 

of the quadrupole moments for 
45

Sc nucleus by 

using KB3 interaction and FPD6 effective 

interaction and by using convention effective 

charges for proton ep=1.3e and neutron en=0.5e, 

Q(Con)= -20.5, -20.5 efm
2  

which agree with the 

measured values of Ref.(14). Calculations of 

quadrupole moment for 
47

Sc nucleus by using KB3 

interaction and FPD6 effective interaction and by 

using convention effective charges is Q(Con)=         

-20.69, -21.3 efm
2 

which agree with the measured 

values of Ref.(14), and show an oblate deformation. 

Calculations of the quadrupole moments for 
44

Sc 

nucleus with FPD6 effective interaction and by 

using ST effective charges are overestimating the 

measured values while by using KB3 interaction are 

close to the measure values. Calculations the 

quadrupole moments for 
46

Sc underestimate the 
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measured values of Ref. (14) where positive parity 

is. The result of quadrupole moment for 
46

Sc 

indicates a small prolate deformation of this isotope 

which needs further research. 

 

Table 3: Quadrupole moments in units efm
2
 of calculated with HO potential for Scandium (Sc) 

isotopes (Z=21). Experimental quadrupole moments are taken from Ref. (14). Quadrupole moments 

calculated with two effective interactions, the first KB3 interaction (5) and the second FBD6 

interaction (4) and use convention effective charges proton and neutron 1.3 e, 0.5 e (12), respectively 

are presented. 

A, N21Sc 𝑱𝒊
𝝅 𝒃(𝒇𝒎) ep=1.3 en=0.5 

𝑸𝒕𝒉𝒆𝒐.con 

kb3-int 

𝑸𝒕𝒉𝒆𝒐. 𝐜𝐨𝐧 
fpd6-int 

𝑸𝒆𝒙𝒑. 

41,20 7/2
-
 1.947 1.3 0.5 

 
-14.78 -14.5±3 

43,22 7/2
-
 1.96 1.3 0.5 -18 -17.8 -27.±5 

44,23 2
+
 1.966 1.3 0.5 6.39 8.9 1.0 ±5 

45,24 7/2
-
 1.972 1.3 0.5 -20.5 -20.5 -22.  ±2 

46,25 4
+
 1.978 1.3 0.5 0.57 2.16 12 ±2 

47,26 7/2
-
 1.983 1.3 0.5 -20.69 -21.3 -22 ±3 

 

 
Figure 3. Calculations of the quadrupole 

moments by using two effective interaction and 

the convention effective charges proton and 

neutron 1.3, 0.5e(12), respectively for Sc isotopes. 

Experimental values are taken from Ref. (14).  
 

Conclusions: 
   The results that obtained from this work have 

been deduced by using the shell model calculations, 

which were successful in describing the quadrupole 

moment when taking the core polarization effects 

into account. Calculations of quadrupole moments 

with FPD6 interaction and by using B-M effective 

charges are better than using the KB3 interaction. 

Calculations of quadrupole moments with FPD6 

interaction and by using ST effective charges are 

better than using the KB3 interaction. Calculations 

of the quadrupole moments with FPD6 interaction 

and by using convention effective charges are better 

than using the KB3 interaction. Finally, the 

calculations of the quadrupole moments with FPD6 

interaction and by using B-M effective charge are 

better than those of ST effective charges and 

conventional effective charges. 
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 مع تفاعلات مختلفة رباعية القطب في بعض نظائر سكانديومبأستعمال حسابات نموذج القشرة دراسة عزوم 
 

 احمد حسين علي 

 

 ، كلية العلوم التطبيقية ، جامعة الفلوجة، العراق.    قسم الفيزياء الطبية
  

  :الخلاصة
تم حساب العزوم الرباعية القطب في نظائر سكانديوم 

 
Sc

 41 ،43 ،44 ،45 ،46 ،47 
بواسطة نموذج القشرة مع صيغة البروتون النيوترون . 

المتذبذب التي تسمى تأثيرات الاستقطاب. استخدام الجهد   من خلال نظرية المجهريةالتهيجات خارج فضاء القشرة الرئيسية  يؤخذ في الحسبان 

لحساب مصفوفة انتقال الجسيم واحد.   MSU @Nushell. استخدم برنامج التوافقي البسيط لتوليد عناصر المصفوفة للجسيمة المفردة

الأقطاب تمت  بأستخدم نوعين من التفاعلات الفعالة  للحصول على أفضل التفاعل مقارنة مع البيانات عزوم رباعية حساباتنا النظرية ل

الشحنات الفعالة هي قريبة من  B-M التفاعل و FPD6 معفي بعض نظائر سكانديوم    القطبة لعزوم الرباعيالنظرية  التجريبية .كانت النتائج

 .البيانات التجريبية 

 

   .شحنات فعالة قياسية ،، المتذبذب التوافقيشحنات فعالة، ، ستقطاب القلبشحنات بور موتلسن الفعالة :الكلمات المفتاحية
  

 


