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Abstract
The purpose of this paper is to construct the concept of fuzzy regular compact space in fuzzy
topological spaces .We give some characterization of fuzzy compact space and fuzzy regular
compact space . A comparison between these concepts and we obtained several properties .
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1. Introduction

C. L. Chang [3] in 1968 , introduced and developed the concept topological spaces based on the
concept of fuzzy set introduced by L. A. Zadeh in this classical paper [5] . On the other hand [1],
introduced the notion fuzzy net and fuzzy filter base and some other related concepts . In this paper
, We introduce the concepts of fuzzy compact and fuzzy regular compact in fuzzy topological spaces
. We give some characterization . Moreover , the study also included the relationship between have
been studied and basic properties for these concepts .

2. Preliminaries
First , we present the fundamental definitions .
Definition 2.1. [7] Let X be a non — empty set and let I be the unit interval , ie., I =[0,1] . A

fuzzy set in X is a function from X into the unit interval I (i.e., 4 : X — [0,1] be a function ) .
A fuzzy set A in X can be represented by the set of pairs : 4 = {(x,4(x)) : x € X} . The family
of all fuzzy sets in X is denoted by I* .
Definition 2.2. [7] Let X and ¥ be two non — empty sets f : X — ¥ be function . For a fuzzy set B
in ¥, the inverse image of B under f is the fuzzy set f~*(B) in X with membership function
denoted by the rule :
FBY(x)=B(f(x))forxe X (ie,f ' (B)=B-f).
For a fuzzy set 4 in X , the image of 4 under f is the fuzzy set f(4) in ¥ with membership
function F(4)(¥v), v €Y defined by
sup A(x)  if () =0
A0 {"‘Ef () 0 if F1(y)=0
Where f~*(y) = {x : f(x) =y} .
Definition 2.3. [2, 6] A fuzzy point x_ in X is fuzzy set defined as follows
= if y=x
& 0 if v#x
Where 0 << @ < 1 ; a iscalled its value and x is support of x, .
The set of all fuzzy points in X will be denoted by FP(X) .
Definition 2.4. [2, 6] A fuzzy point x, is said to belong to a fuzzy set A4 in X (denoted by: x_, € 4
Yifandonly if @ < A(x) .
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Definition 2.5. [1, 6] A fuzzy set 4 in X is called quasi — coincident with a fuzzy set Bin X ,
denoted by AgB if and only if A(x) + B(x) = 1, for some x € X . If A is not quasi —coincident
with B , then A(x) + B(x) < 1, for every x € X and denoted by 44 B .
Lemma 2.6.[2] LetAand B are fuzzy setsin X . Then:
(Y fAANB=0,thenAg B .
(i) Ag B ifand only if A < B® .
Proposition 2.7. [2] If A isafuzzysetin X, then x, € 4 if and only if x_q A°.
Definition 2.8. [3] A fuzzy topology on a set X is a collection T of fuzzy sets in X satisfying :
(J)0ETand1€T,
(if) If Aand B belongto T ,thenAABET,
(iif) If A, belongs to T for each i €1 then so does V<, 4; .
If T is a fuzzy topology on X, then the pair (X,T) is called a fuzzy topological space .
Members of T are called fuzzy open sets . Fuzzy sets of the forms 1 — A4 , where A is fuzzy open set

are called fuzzy closed sets .
Definition 2.9. [6] A fuzzy set 4 in a fuzzy topological space (X, T) is called quasi-neighborhood

of a fuzzy point x, in X if and only if there exists B € T such that x,qBand B < A .

Definition 2.10. [6] Let (X, T) be a fuzzy topological space and x be a fuzzy point in X . Then the
family Nfa consisting of all quasi-neighborhood (g-neighborhood) of x_ is called the system of
quasi-neighborhood of x_, .

Remark 2.11 Let (X,T) be a fuzzy topological space and 4 € FP(X) . Then A is fuzzy open if
and only if 4 is g — neighbourhood of each its fuzzy point .

Proof :
= Clearly .

= Letx, € A4,then a < A(x) , hence 1 — a = A°(x) , thus x,_,qA , then there exists B € T such
that x,_,qB = A Thusx, € B < A, therefore A €T,

Definition 2.12. [1] A fuzzy topological spaces (X.T) is called a fuzzy hausdorff
(fuzzy T,- space ) if and only if for pair of fuzzy points x,., v, such that x # v in X , there exists
AEN] ,BENZ andAAB=0

Definition 2.13. [4] Let A be a fuzzy set in X and T be a fuzzy topology on X . Then the induced
fuzzy topology on A is the family of fuzzy subsets of A which are the intersection with A of fuzzy
open set in X . The induced fuzzy topology is denoted by T, , and the pair (4, T, } is called a fuzzy
subspace of X .

Proposition 2.14 LetA <Y <X .Then:

(i) If Aisafuzzy opensetin¥ and Y is a fuzzy open set in X, then A is a fuzzy open set in X .

(if) If A is a fuzzy closed set in ¥ and ¥ is a fuzzy closed set in X, then A4 is a fuzzy closed set in X

Proof :
(i) Let A4 is a fuzzy open set in ¥, then there exists fuzzy open set B in X suchthat A =Y AE |

since Y is a fuzzy open setin X. Then ¥ A B is a fuzzy open set in X . Thus A4 is a fuzzy open set in
X,
(i) clearly.
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Definition 2.15.[9, 7] Let (X, T) be a fuzzy topological space and 4 € I*. Then :

(i) The union of all fuzzy open sets contained in A is called the fuzzy interior of A and denoted by
A" ie, A =sup{B:B<A,BET}

(if) The intersection of all fuzzy closed sets containing A4 is called the fuzzy closure of 4 and
denoted by A . ie., A=inf{B: A<B,B°€T }.

Remarks 2.16. [7]
(i) The interior of a fuzzy set A4 is the largest open fuzzy set contained in A4 and trivially , a fuzzy

set A is fuzzy open ifand only if 4 = A% .

(if) The closure of a fuzzy set 4 is the smallest closed fuzzy set containing A4 and trivially , a fuzzy
set A is a fuzzy closed ifand only if A = 4 .

Theorem 2.17 . [9,7] Let (X,T) be a fuzzy topological space and A, B are two fuzzy sets in X
.Then:

(iY)o=0, 1=1.

(ii)AVB=AVEB, ANB<AAB .

(iii) (AAB)" = A°AB° ,A°VEB° < (AVE)".

(iv) A =4 ,(4°) =4,

(v)A"<A<A.

(vi) If A < B then A® < B".

(vii) |fA<B then A<F.

Proposition 2.18.  Let (X, T) be a fuzzy topological space and A be a fuzzy set in X . A fuzzy
point x_ € A if and only if for every fuzzy open set B in X , if x,qB then AgB .

Proof : = Suppose that B be a fuzzy open set in X such that x_gB and Ag B . Then 4 < B° . But
x, & B (since x,qB , then & = B°(x) ) and B be a fuzzy closed setin X . Thus x_ & A .

< Let x_ & A, then there exists a fuzzy closet set B in X such that A < B and x, € B , hence by
proposition ( 2.7 ) , we have x,gB° . Since A = B , then by lemma ( 2.6. ii ), Ag B® . This

complete the proof .
Definition 2.19. [7] A fuzzy subset A of a fuzzy topological space X is called fuzzy regular open if

A=4.The complement of fuzzy regular open is called fuzzy regular closed set .Then fuzzy subset

of a fuzzy space X is fuzzy regular closed if 4 = A°.

Remark 2.20. Every fuzzy regular open set is a fuzzy open set and every fuzzy regular closed set
is a fuzzy closed set .
The converse of remark (2.20) , is not true in general as the following example shows :

Example 2.21. LetX = {a,b}beasetand T = {0,{ay 3, by} {ags bos )
{ay3. by-} {ags. by-1 1} be afuzzy topology on X.

Notice that 4 = {a, 3, by} is a fuzzy open set in X | but its not fuzzy regular open set and
A ={a,. by.}isafuzzy closed setin X , but its not fuzzy regular closed set .
Proposition 2.22. LetA<Y < X, Then:
(i) If Ais a fuzzy regular open set in ¥ and Y is a fuzzy regular open set in X , then A is a fuzzy
regular open set in X .
(if) If A is a fuzzy regular closed set in ¥ and ¥ is a fuzzy regular closed set in X , then 4 isa
fuzzy regular closed set in X .
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Definition 2.23. [8] The collection of all fuzzy regular open sets of the fuzzy space (X, T) forms a
base for a fuzzy topology on X say T'"and its called the fuzzy semi — regularization of T.

Definition 2.24 [7] Let X and ¥ be fuzzy topological spaces . A map f: X — Y is fuzzy
continuous if and only if for every fuzzy point x_ in X and for every fuzzy open set A such that
x, € A, there exists fuzzy open set B of ¥ such that f(x,) €8 and f(B) = A .

Theorem 2.25. [6] Let X .Y are fuzzy topological spaces and let f: X — ¥ be a mapping . Then

the following statements are equivalent :
() f is fuzzy continuous .

(if) For each fuzzy openset B in ¥, f (B is a fuzzy open set in X .

(if) For each fuzzy closed set Bin ¥ , then £ ~*(B) is a fuzzy closed set in X.

(iii) For each fuzzy set BinY, f~1(B) = f~*(B).

(iv) For each fuzzy set A in X , f(4) = F(4) .

(v) For each fuzzy set B in¥, f~(B") < [f‘i(B]):.

Definition 2.26 Let f: X — ¥ be a map from a fuzzy topological space X to a fuzzy topological
space ¥. Then f is called fuzzy regular irresolute mapping if £ ~*(4) is a fuzzy regular open set in
X for every fuzzy regular openset AinY .

Definition 2.27. [1] A fuzzy filter base on X is a nonempty subset F of I* Such that

(i)0O&F.

(ii) If 4,4, EF ,then3I A; €F suchthat 4; = A, A4, .

Definition 2.28. A fuzzy point x, in a fuzzy topological space X is said to be a fuzzy cluster point
of a fuzzy filter base F on X if x, € B, forall B € F .

Definition 2. 29 . [1] A mapping 5: D — FP(X) is called a fuzzy net in X and is denoted by
fS(n):n € D} , where D is a directed set . If S(n) = x;_l foreachn € D where x € ¥ ,n € D and
a, € (0,1] then the fuzzy net 5 is denoted as {x; ,n € D} or simply {xZ } .

Definition 2.30. [1] A fuzzy net 3 ={y; :m €E} in X is called a fuzzy subnet of fuzzy net
5 = {xz_,n € D} if and only if there is a mapping f: £ — D such that

e . P (i) ,
() I=Seof thatis, y; = x;:f:ﬁ foreachi € E .

(if) For each n € D there exists some m € E such that f(m) = n .

Flm}
2f (m)
Definition 2.31. [1] Let (X,T) be a fuzzy topological space and let S = {x; ,n € D} be a fuzzy

netin X and A € I* . Then S is said to be:

(£) Eventually with A ifand only if 3m € D suchthat xz g4 , ¥ n=m.

(i) Frequently with 4 if andonlyif YvnED ImeD,m =nand xg qA.

Definition 2.32. [1] Let (X, T) be a fuzzy topological space and 5 = {x;_:n € D} be a fuzzy net
inX and x, € FP(X) . Then S is said to be :

() Convergent to x,, and denoted by S — x,, if S is eventually with A, ¥ A € NZ .

We shall denote a fuzzy subnet of a fuzzy net {x; .n € D} by {x ,m€E E} .

(if) Has a cluster point x, and denoted by S o x, , if 5 is frequently with A, VA€ Nfa :
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Proposition 2.33. A fuzzy point x,, is a cluster point of a fuzzy net {x; : n € D} , where (D, =)
is a directed set , in a fuzzy topological space X if and only if it has a fuzzy subnet which converges
to x .

Proof = Let x, be a cluster point of the fuzzy net {x; :n € D}, with the directed set (D, =) as
the domain . Then for any UE Nf'a , there exists neD such that xz qU . Let
E={(nU):n€D,UENI andx] qU}. Then (E,=) is directed set where (m,U) = (n,V) if
and only if m=mninDand U <V in N2 . Then 3 : E — FP(X) given by 3(m, 1) = x7 isa
fuzzy subnet of fuzzy net {xz :n €D} . Toshowthats —x,.LetB € Nfa . Then there exists
n € D such that (n, B) €E and x;_qB . Thus for any (m, U) € E such that (n,U) = (n,B) , we
have J(m, U) = xg qU =B . Hence I — x,.

< If a fuzzy net {xz_l:n [S D}, has not a cluster point . Then for every fuzzy point x, there is g-
neighborhood of x_ énd n € D such that x;“me?u , for all m = n . Then obviously no fuzzy net
converge to x, .

Theorem 2.34. Let (X, T) be a fuzzy topological space , x, € FP(X) and A € I*. Then x_ € 4 if
and only if there exists a fuzzy net in A convergent to x, .

Proof = Letx, € A ,thenforevery B € Nf'u there exists

o= L

Such that B(xg)+ A(xg) = 1 notice that [NEH,E] is a directed set , then 5: Nfa — FP(X) is
defined as S(B) = x is a fuzzy netin A . To prove that § — x_. Let D € Nfa . Then there exists
F €T such that x,gF and F = D . Since F(xf)+ xz =1and F <D . Then D(x2) + xf =1 .
Thus xfqD .LetE = F ,then E = F . Since E(x£) +xf =1and F = D ,then D(xf)+xf = 1.
Thus x2qD , ¥ E = F . Therefore § — x .

& Let{x? :ne D} beafuzzy netin A where (D,=) is a directed set such that x; — x,, . Then
for every B € Nfa,there exists m € D such that x; g5 for all n =m . Since x; €A , then by
proposition (2.7 ) , x;ne}*x-l‘. Thus AgB . Therefore x_ € A .

Proposition 2.35. If X is a fuzzy T, — space , then convergent fuzzy net on X has a unique limit

point .

Proof : Let x; be a fuzzy net on X such that x; — x,, x; — ¥p and x # y . Since

x® —x_ wehave Y AEN? ,3 m, €D, suchthatx® g4, ¥ n=m, . Also, x
o o Gy 1

Tn _}}FEI

n
we have ¥ B € NES ,3 my €D, such that x7 B,V n=m; . Since D is a directed set , then
there exists m € D , such that m; =mand m; =m ,then x% q(AAB), Yn=m . ThusAAB =0, a

contradiction .
< Let X be a not fuzzy T, — space , then there exists x,¥z € FP(X)suchthatx#yand AnE # 0

VAEN] ,BEND . Put NE =(AAB/AENS , BENZ) Thus VDENS ., there exists

xpgD , then {xp} _,¢ is afuzzy netin X .To prove that xp — x, and xp— )z . Let E € Nfﬂ ,
*a,

¥g
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then E € Nfﬂ-rs (since E=EAX) . Thus xpgE ,¥D =E , thus xp — x, . Also xp — yz , SO

{xp},.,0 hastwo limit point.
x,x}-'g

3. Fuzzy compact space

Definition 3.1. [3] A family A of fuzzy sets is a cover of fuzzy set A if and only if
A=WV{B,:B, € A} It is called fuzzy open cover if each member B, is a fuzzy open set . A sub
cover of A isasubfamily of A which is also a cover of 4 .

Definition 3.2. [3] Let (X, T) be a fuzzy topological space and let A € I*. Then A is said to be a
fuzzy compact set if for every fuzzy open cover of A has a finite sub cover of A . Let A = X , then X
is called a fuzzy compact space that is A4; €T for every i €I and V,;; 4, = 1, then there are
finitely many indices iy,1,, ... ..., 1, € I'such that Vi, 4,; = 1.

Example 3.3.

(i) If (X, T) is a fuzzy topological space such that T is finite then X is fuzzy compact .

(i) The indiscrete fuzzy topological space is fuzzy compact .

Proposition 3.4 Let ¥ be a fuzzy subspace of a fuzzy topological space X and let 4 € I*. Then A
is fuzzy compact relative to X if and only if A is fuzzy compact relative to ¥ .

Proof = Let 4 be a fuzzy compact relative to X and let {V;: € A} be a collection of fuzzy open
sets relative to ¥, which covers A4 so that A < V., V5, then there exist G; fuzzy open relative to X
, such that V; = Y A G; for any 4 £ 4 . It then follows that 4 =V ;., G; . So that {G;:4A € A} is
fuzzy open cover of A relative to X . Since A is fuzzy compact relative to X , then there exists a
finitely many indices Ay,4,...,4, €A such that A =V, G; . since A=Y , we have

A=YAAZYA(G, VG V. vc;iq)=[1fﬂsi) (YAG,) , since
YAG, =V, (i=12,...n) we obtain 4 = V- . Thus show that A is fuzzy compact relative
to¥.

< Let A be fuzzy compact relative to ¥ and let {G;: 1 € A} be a collection of fuzzy open cover of
X ,sothat 4 =V;.,G; .Since A=V ,wehave A=Y AA=SVYA(V;c0.G) = Vyen(YAG,) .
Since Y A G, is fuzzy open relative to ¥, then the collection {¥ A G;: 4 € A} is a fuzzy open cover
relative to ¥ . Since A is fuzzy compact relative to ¥ , we must have
A=< [Yﬂ Erl-_) v [Yﬂ GA:) V..V [}’ A Ein) ...... (*) for some choice of finitely many indices
AyAzs e Ay But (%) implies that A = Vi, G . It follows that 4 is fuzzy compact relative to X' .
Theorem 3.5 A fuzzy topological space (X, T) is fuzzy compact if and only if for every collection
{A;: j € ]} of fuzzy closed sets of X having the finite intersection property , A;.; 4; # 0.

Proof = Let {A4;: j €]} be a collection of fuzzy closed sets of X with the finite intersection
property . Suppose that A ;4; =0, then V., 4, =1 . Since X is fuzzy compact , then there
exists jy,jzs -sJ, Such that ‘u’i:lfl}.[‘ =1 .Then Aiz; 4;, = 0. Which gives a contradiction and
therefore A;.; A; = 0.

« let {4;: j €]} be a fuzzy open cover of X . Suppose that for every finite j,. . ....J , we have
Vizid; #1 . then Ajz;A; °# 0 . Hence {4,%:j € J} satisfies the finite intersection property .
Then from the hypothesis we have A;; 4;° = 0 . Which implies Ajz; A;. # 1 and this contradicting
that {A;: j € J} is a fuzzy open cover of X . Thus X is fuzzy compact .
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Theorem 3.6. A fuzzy closed subset of a fuzzy compact space is fuzzy compact.
Proof : Let A be a fuzzy closed subset of a fuzzy space X and let {B; : i € I} be any family of

fuzzy closed in A with finite intersection property , since A is fuzzy closed in X , then by
proposition ( 2. 14 . ii ) , B; are also fuzzy closed in X , since X is fuzzy compact , then by
proposition (3.5), A, B; #= 0. Therefore 4 is fuzzy compact .

Theorem 3.7. A fuzzy topological space (XX, T is a fuzzy compact if and only if every fuzzy filter
base on X has a fuzzy cluster point .

Proof = Let X be fuzzy compact and let F = {F, : « € A} be a fuzzy filter base on X having no
a fuzzy cluster point . Let x € X . Corresponding to each n € N (N denoted the set of natural
numbers ), there exists g-neighbourhood U} of the fuzzy point x: and an F.* € F such that

Urq F! . Since 1—%{ Ui (x) , we have U.(x)=1 , where U, =V{U, :n€N}. Thus
U={U;:n€EN,x €X}isafuzzy open cover of X . Since X is fuzzy compact , then there exists
finitely many members U, U2, ..., UZF of U such that Vit U =1 . Since F is fuzzy filter

E
base , then there exists F € F such that F < F, AF, A....AF_. . But U;l.‘t?F;?:‘ , then Fg'1.
Consequently , F = 0 and this contradicts the definition of a fuzzy filter base .

<= Let every fuzzy filter base on X have a fuzzy cluster point . We have to show that X is fuzzy
compact . Let § = {F, : &« € A} be a family of fuzzy closed sets having finite intersection property
.Then the set of finite intersections of members of 5 forms a fuzzy filter base F on X . So by the
condition F has a fuzzy cluster point say x, . Thus x, € F, . S0 x, € A -, F, = Ngen F, . Thus
ANF ,F € F}+ 0. Hence bytheorem (3.5) , X isfuzzy compact .

Theorem 3.8. A fuzzy topological space (X, T) is fuzzy compact if and only if every fuzzy net in
X has a cluster point .

Proof = Let X be fuzzy compact . Let {5(n) : n € D} be a fuzzy net in X which has no cluster
point , then for each fuzzy point x, , there is g — neighbourhood U, of x, and an ny, €D such

that 5,4 U,_. for all m € D with m = ny, . Since x,qU, ,then S, #0,¥ m=n, . LetU
denoted the collection of all U, , where x,, runs over all fuzzy points in X . Now to prove that the
collection V={1-U, : U, €U} is a family of fuzzy closed sets in X possessing finite
intersection property . First notice that there exists k = ny_,....,ny  such that Sﬁ&“'uxal_ for

i=12,...,m andforallp =k (peD),ie Spe1-VZ, U, _=ANZ,(1-U,_)forallp =k
L L

. Hence ﬂ{l —-U,,

there exists a fuzzy point ¥ in X such that vy, € A1 - U, = U,_€ U =1- V{U,_ : _Ux.x €U}

. Thusyp €1-U, ,forall U, € U andhence in particular, vz €1 -0, ,lie, Veq U,, - But

by construction , for each fuzzy point x , there exists U, € U Such that x,qU,_, and we arrive at

a contradiction .
<= To prove that converse by theorem (3.7 ), that every fuzzy filter base on X has a cluster point

. Let F be a fuzzy filter base on X . Then each F € F is non empty set , we choose a fuzzy point
xp €EF . LetS = {xz:FEF}. Letarelation” =" be defined in F as follows F, = Fp if and only
if F, = Fpin X, for F,,Fz € F . Then (F, =) is directed set . Now 5 is a fuzzy net with the directed
set (F, =) as domain . By hypothesis the fuzzy net 5 has a cluster point x, . Then for every q —

: i = 1,2,....,m} =0 . Since X is fuzzy compact , by theorem (3.5) ,

i
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neighourhood W of x, and for each F € F, there exists G € F with G = F such that x.qgW . As
xg = G < F . It follows that FqW for each F € F , then by proposition (2 .18),x, € F . Hence
x, iIs a cluster point of F.

Corollary 3.9. A fuzzy topological space (X, T) is fuzzy compact if and only if every fuzzy net
in X has a convergent fuzzy subnet .

Proof : By proposition ( 2.33) , and theorem (3.8 ) .
Theorem 3.10. Every fuzzy compact subset of a fuzzy Hausdroff topological space is fuzzy closed

Proof : Let x_€ A , then by theorem ( 2. 34 ) , there exists fuzzy net xg such that xz — x, .
Since A is fuzzy compact and X is fuzzy T, — space , then by corollary ( 3. 9) and proposition ( 2
35),thenx, € A. Hence A is fuzzy closed set .

Theorem 3.11. Inany fuzzy space , the intersection of a fuzzy compact set with a fuzzy closed set
is fuzzy compact .
Proof : Let A be a fuzzy compact set and E be a fuzzy closed set . To prove that A A B is a fuzzy

compact set . Let xz be a fuzzy netin AAB . Then x; is fuzzy net in A , since A is fuzzy
compact , then by corollary (3.9 ), xz — x, for some x, € FP(X) and by proposition (2.34 ),
x, € B .since B is fuzzy closed , then x, € B . Hence x, € AAB and x; — x, . Thus AAB is
fuzzy compact .

Proposition 3.12 Let X and ¥ be fuzzy spaces and f: X — ¥ be a fuzzy continuous mapping . If I/
is a fuzzy compact set in (X, T) , then f(U) is a fuzzy compact setin (¥, T .

Proof : Let {V.:i € I'} be a fuzzy open cover of f(U) in ¥, i.e.,, (f(U) =V, G;) .Since fisa
fuzzy continuous , then £ ~2(G,) is a fuzzy open set in X , ¥i € I . Hence the collection {f ~*(G,)
ii € I} be a fuzzy open cover of Uin X ji.e., U < f2(f(U)) < £ (V,e; G:)=Vier f1(G,) . Since
U is a fuzzy compact set in X | then there exists finitely many indices i,,i,,......,1,, Such that
U= szlf‘l(ﬁz-j] , SO

thatf (1) < F(Vima(F ™ (6,0) = Vima(f(F*(6,))) Vi 6y, Hence £(U) is a fuzzy compact

set .
4. Fuzzy regular compact space
Definition 4.1. Let (X.T) be a fuzzy space . A family & of fuzzy subset of X is called a fuzzy

regular open cover of X if & covers X and & is subfamily of T™.
Definition 4.2. A fuzzy space X is called fuzzy regular compact if every fuzzy regular open of
cover X has a finite sub cover .

Example 4.3. The indiscrete fuzzy topological space is a fuzzy regular compact.
Proposition 4.4. Every fuzzy compact space is a fuzzy regular compact space.
Proof : Let {U,,i €I} is a fuzzy regular open cover of fuzzy space X and X =V, U, , since

every fuzzy regular open set is fuzzy open and X is a fuzzy compact space , then there exists
4080, e v veenn, Iy SUCH that X = Vi, U thus X is fuzzy regular compact space .

The converse of proposition (4.4), is not true in general as the following example shows :
Example 4.5. LetX = {a,b}and T = {0,1,f,} where f,: ¥ — [0,1] such that f,,(x) =1 —i ,
Y xeEX nei,

Notice that the fuzzy topological space (X,T) is fuzzy regular compact , but its not fuzzy
compact .
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Remark 4.6. The fuzzy space (X, T)is fuzzy regular compact if and only if the fuzzy space
(X, T7) is fuzzy compact .

Proposition 4.7. Every fuzzy regular closed subset of a fuzzy regular compact space is fuzzy
regular compact .

Proof : By remark ( 4.6 ), and theorem (3.6).

Remarks 4.8

(i) Every fuzzy regular closed subset of a fuzzy compact space is fuzzy regular compact .

(if) Every fuzzy regular compact subset of a fuzzy T, — space is fuzzy regular closed .

Proposition 4.9. Let X be a fuzzy compact set of a fuzzy T, —space and A € I* . Then :

(i) A is fuzzy closed if and only if A is fuzzy r- closed .

(if) A is fuzzy compact if and only if 4 is fuzzy r- compact .

Proof : (i) = Let A be a fuzzy closed set in X . Since X is fuzzy compact , then by theorem ( 3.6 )
, 4 is a fuzzy compact set , so its fuzzy r- compact . Since X is a fuzzy T, —space , then by
remark (4.8 .1i), Aisafuzzy r- closed set .

<= Byremark (2.20 ).

(if) = By proposition (4.4).

« Let A be a fuzzy r- compact set in X . Since X is a fuzzy T, —space , then by remark (4. 8 . ii)
, Ais fuzzy r- closed in X , and then its fuzzy closed set . Since X is a fuzzy compact space , then by
theorem (3.6 ), A is a fuzzy compct set in X.

Proposition 4.10 Let X be a fuzzy space and ¥ be a fuzzy regular open sub space of X, K < Y.
Then K is a fuzzy regular compact set in ¥ if and only if K is a fuzzy regular compact set in X .
Proof : = Let K be a fuzzy regular compact set in ¥ . To prove that K is a fuzzy regular
compact set in X . Let {U;:4A €A} be a fuzzy regular open cover in X of K | let V; = U; AY
, YA €A . Then Vy is fuzzy regular open in X , YA €a. But V; = Y, thus V; is fuzzy regular open
in¥ , viea . Since K =V,.,V; , then {V,: A € A} is a fuzzy regular open cover in ¥ of K ,
and by hypothesis this cover has finite sub cover {V; .V; V3 } of K, thus the cover
{U;: 4 € A} has a finite sub cover of K . Hence X is a fuzzy regular compact set in X.

< Let K be a fuzzy regular compact set in X . To prove that X is a fuzzy regular compact set in ¥ .
Let {U;:4 € A} be a fuzzy regular open cover in ¥ of K .Since Y is a fuzzy regular open subspace
of X , then by proposition (2.22 .i), {U;: A € A} is a fuzzy regular open cover in X of K . Then by
hypothesis there exists {A,,45, ......,4,,}, such that K < Vi_, U, , thus the cover  {U;:41 €A}
has a finite sub cover of K. Hence K is a fuzzy r - compact set in ¥ .

Proposition 4.11 Let f:X — Y be a fuzzy regular irresolute mapping . If 4 is a fuzzy regular
compact set in X, then f{A) is a fuzzy regular compact setin ¥ .

Proof : Let {G,:i €I} be a fuzzy regular open of f(4) in ¥ (i.e., f(4) =V,,;G;) . Since f is
fuzzy regular irresolute , then £~(G,) is fuzzy regular open set in X , ¥i € I . Hence the collection
[F1(G,):i €I} be a fuzzy regular open cover of 4 inX . ie, A=<f 1 f(A)=f?
(V.e; G)=V.c; £ H(G,) , since A is fuzzy regular compact set in X, there exists finitely many indices
R P

Such that A =V}, f* (G;), sothat f(4) = FVI= F71 (6= Vi F(FH (G:)) =Vizs Gy,
Hence f(4) is a fuzzy regular compact set .
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