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Introduction

Levine, N. [1] introduced the concept of semi open sets. Also,
Al-Meklafi, S. [2] introduced and investigated s*-closed sets by
using the concept of semi-open sets. Khan, M. and et.al.,[3] we can
prove that the family of all s*-open subsets of a topological space
(X, 7) form a topology on X which is finer thanz . The concept of a
bitopological space (X,z;,7,) was first introduced by Kelly, J. [4],
where X is a non-empty set and z,,7, are topologies on X. Reilly,
I. and Mrsevice, M. [5] introduced the concept of pair-wise
compact spaces. Recall that a subset A of a topological space
(X,7) is called a semi-open set if there exists an open subset U of
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X such that U < Accl(U)[1]. The complement of a semi-open set

is said to be semi-closed [1]. An s*-closed set is also called s*g-
closed [3], ¢ -closed [6] and w-closed [7].

1. Preliminaries

Definition(1.1)[2]:
A subset A of a topological space (X,t)is called an s*-closed set if
cl(A)c U whenever AcUand U is semi-open in (X,t). The
complement of an s*-closed set is said to be s*-open. The class of all s*-
open subsets of (X, ) is denoted by S* O(X, 7).

Remarks (1.2):
1) Every open (closed) set is an s*-open (s*-closed) set respectively,
but the converse is not true.
i) Semi-open sets and s*-open sets are independent.

Theorem (1.3)[8]:
A subset A of a topological space(X,z)is s*-open iff Fcint(A)
whenever F is an semi-closed subset of X and Fc A.

Definition (1.4):
Let(X,7) be a topological space and A< X . Then:
1) The s*-closure of A, denoted by s*—cl(A)is the intersection of all
s*-closed subsets of X which contains A [3].

ii) The s*-interior of A, denoted by S™~M(A)js the union of all s*-
open subsets of X which are contained in A [3].

iii)  The semi-closure of A, denoted by scl(A)js the intersection of
all semi-closed subsets of X which contains A [1].

Theorem (1.5)[9]:
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A topological space (X,7)is an semi-T,-space iff every singleton subset
of X is semi-closed.

Theorem (1.6)[8]:
A subset A of a topological space(X,z)is an s*-closed set iff
cl(A) — Acontains no non-empty semi-closed set.
Proposition (1.7):
(i) If A is an s*-open set in X and B is an s*-open set in Y. Then
AxBisan s*-open setin XxY.

(i) If ASX and BSY . Then AxBis an s*-closed set in Xx Y iff A
and B are s*-closed sets in X and Y respectevely.

Proof:

(i) Suppose that F is a semi-closed set in XxY such thatFc AxB. By
theorem (1.3) we will prove that Fcint(AxB). Let (x,y) e F. Then
(x,y) esc(x,y)}=scKx}xscKy} = scl(F) =Fc AxB and it follows
that sc{x} < A and scy}< B. Since A and B are s*-open sets in X
and Y respectivey, then by theorem (1.3), we get
scKx} cint(A) and scy} < int(B). Thus
(%,y) € scKx}xscKy} < int(A) xint(B) = int(Ax B). Hence
Fcint(AxB). Thus AxB isan s*-open setin XxY.

(i1) Suppose that A and B are s*-closed sets in X and Y respectevely.
To prove that AxB is an s*-closed set in XxY By theorem (1.6)
is sufficient to show that Q=cl(AxB)—-AxB contains no non-

empty semi-closed set. Suppose on the contary that scl(x,y) = Q
for some (x,y)e XxY. It follows that scl(x)ccl(A) and
scl(y) < cl(B). Since cl(A)— A and cl(B) - B contains no non-empty
semi-closed set, then by theorem  (1.6) scl(x)NA=¢ and
scl(y) B =¢. Choose x'escl(x)(NA and y'escl(y)NB.
Then (X', y") escl(x’,y") =scl{x}xscKy?}
c scl{x}xscl{y}=scl(x,y) =cQ. Thus (x’,y)¢ AxB contradicting
the fact that (x',y') e AxB. Conversely, it is obvious.
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Corollary(1.8):
If A and B are subsets of topological spaces (X,z)and (Y,z")
respectevily. Then:
i) s*—int(A)xs*—int(B) < s*—int(Ax B)
i) s*—cl(A)xs*—cl(B) = s*—cl(AxB)

Proof:
(1) Let (x,y)es*—int(A)xs*—int(B) = Xes*—in and
y e s*—int(B). Hence there are s*-open sets U in X and V in Y
such that xeUcA and yeV <B. Therefore
(x,¥y) eUxV c AxB. But Dby proposition ((1.7),(i)), UxV is
an s*-open set in XxY. Hence (x,y) es*—int(AxB), thus
s*—int(A)xs*—int(B) < s*—int(Ax B).

(i) Since s*—cl(A) and s*-cl(B) are s*-closed sets, then by
proposition ((1.7),(ii)), s*—cl(A)xs*—cl(B) is an s*-closed
set in  XxY. Since AxBc s*—cl(A)xs*—cl(B) , then
s*—cl(AxB) c s*—cl[s*—cl(A) xs*—cl(B)] = s*—cl(A)xs*—cl(B) .
Hence s*—cl(AxB) cs*—cl(A)xs*—cl(B). By the same way
we can prove that s*—cl(A)xs*—cl(B) = s*—cl(AxB).
Therefore s*—cl(A)xs*—cl(B) =s*—cl(AxB).

Definition (1.9):
A function f : X —» Y from a topological space(X,z)into a topological
space (Y,z') is called.
(i) s*-continuous [8] if the inverse image of every open set inY is s*-
open in X.
(i) s*-irresolute [6] if the inverse image of every s*-open set inY is
s*-open in X.
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Corollary (1.10):
Let (X,z) and (Y,z') be topological spaces. Then the projection

functions 7z, :XxY —>X and 7z, :XxY —>Y are s*-irresolute
functions.

Proof:
LetU be an s*-open set in X, then 7z, “(U)=U xY . Since U is s*-open
in X and Y is s*-open in Y, then by proposition ((1.7),(1)), U xY is an
s*-open set in X xY . Thus 7, : X xY — X is s*-irresolute. Similaly we
can prove that =, : X xY —Y is s*-irresolute.

Definition (1.11)[8]:
A topological space (X,7)is called an s*-T,-space if for any two distinct

points x and y of X, there are two s*-open sets U and V such that
xeU,yeV andUNV =¢.

Definition (1.12)[8]:
A topological space (X,z) is called an s*-regular space if for any

closed subset F of X and any point x of X which is not in F, there are
two s*-open sets U and V such that xeU, FcV and UNV =4¢.

Definition (1.13)[10]:
Let (x,)4.o b€ @ net in a topological space (X,z). Then (X;)4.p S*-
converges to x e X (written x, —~—x) iff for each s*-neighborhood U
of X, there is some d,eD such that d>d, implies x, eU. Thus
(X4)qep S*-cOnverges to x iff it is eventually in every s*-neighborhood of
X. The point x is called an s*-limit point of (x,),.p-

Definition (1.14)[10]:
Let (x,)4.5 be anetin atopological space (X,z). Then (x,),.o IS said to

have xe X as an s*-cluster point (written x, écx) iff for each s*-
neighborhood U of x and for each d e D, there is some d, >d such
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that x, eU. Thus (x,),, has X as an s*-cluster point iff (x;), IS
frequently in every s*-neighborhood of x.

Theorem (1.15)[10]:
Let (x,)s.o be anet in atopological space (X,z) and for each d in

D let A, be the set of all points x, for d,>d. Thenx is an s*-
cluster point of (x,),., if and only if x belongs to the s*-closure of A,
for each d inD.

Theorem (1.16)[10]:
Let (X,7) be a topological space and Ac X . If x is a point of X, then

x e s*—cl(A)if and only if there exists a net (x,),., in A such that

X, —~>X.

2. s*-compactness

In this section we study a new type of compactness (to the best of our
knowledge), namely s*-compactness. We will introduce new definitions,
theorems, corollaries, remarks and examples.

Definition (2.1):
A collection {U,},..  of s*open sets in a topological
space (X, ) is called an s*-open cover of a subset Aof X if Ac UUa :

ael

Definition (2.2):
A topological space (X,7) issaid to Dbe s*-compact if every s*-
open cover of X has a finite subcover.

Definition (2.3):

A subset Aof a topological space (X,7)is said to be s*-compact if
every cover of Aby s*-open subsets of X has a finite subcover.
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Theorem (2.4):
Every s*-compact space is a compact space.

Proof:
This is obvious since every open set is s*-open.

The converse of theorem (2.4) is not true in general. As in the
following example:

Example (2.5):
Let X be any infinite set with indiscrete topology (X, 1), then (X,1)is a
compact space, but(X,1)is not s*-compact, since{{x}: x € X}is an s*-
open cover of X which has no finite subcover.

Examples (2.6):
1) Itis clear that any finite topological space is s*-compact.
i) Any infinite set X with the co-finite topology (X,z.) IS S*-

compact.

Proof:
Let {U,},., be any s*-open cover of X = X < |JU,and U, is an s*-

aeA

open set in X for each a e A. Choose U, e{U,},.,, then U; =U" is
an s*-closed set in X. To prove that U’ is closed. Now, let xecl(U’).
Since X is a semi-T,-space (because X is a T,-space), then by theorem
(15), {x3 is a semi-closed set in X, if xgU’, then
{GccdUHNNX -U")=cl(U")-U’". Hence cl(U")-U’ contains a non-
empty semi-closed set {x}. This is a contradiction since U’ is s*-closed
and according to the theorem (1.6) this is not possible. That is xeU’, it
follows that U; =U" is closed, hence U, is open .Therefore {U,},_, is
an open cover of X. Since X is compact, then 3{U_ 3}, is a finite

subcover of {U_},.,. Thus (X,z., ) IS an s*-compact space.

aelh " cof.
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iii) The real line:R with usual topology (R, &) is not s*-compact,
since it is not compact.

iv) Any infinite set X with discrete topology (X, D) is not s*-

compact, since {{x}: x e X}is an s*-open cover of X which has

no finite subcover.

Theorem (2.7):
A topological space (X,z)is s*-compact if and only if given any family

{F,}... of s*-closed subsets of Xsuch that the intersection of any
finite number of the F, is non-empty, then (\F, = ¢.

aeA

Proof:
= Suppose that (X,7) is s*-compact and {F, },_, be any family of s*-

closed subsets of X such that the intersection of any finite number of the
F,is non-empty. To prove that (F, =¢, if not = (\F,=¢ =

aelA aelA
(NF)=¢" = |J(X-F,)=X.Set U,=X—F, for each acA=
aeA aelA
|Ju, =X . Each U, is the complement of an s*-closed set and hence is

aeA

s*-open, therefore {U_},., is an s*-open cover of X. Since (X,7) is s*-

compact = 3{U, 3}, is a finite subcover of {U,},., = X=Ju, =

i=1

F, =¢, thisis a contradiction. Thus (F, = ¢.
i=1 ael

Conversely, to prove that (X,z)is s*-compact. Let{U_}, ..
be any s*-open cover of X = X = UUa andU, is an s*-open set

aelA

in X for each aeA= X°=((JU,)°* = ¢=[(\U:, where

aelh ael

U =F, is an s*-closed set in X for each ae A = {F },., IS a
family of s*-closed subsets of X such that ﬂ F, =¢. Hence we can

aelh
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find finitely many of theF,, say F,,F, ... ,F, such that

' ay?

ﬂ':a, =¢ = UU =X = {U, 3}, is a finite sub cover of

i=1
{U }...- Thus (X,7) is an s*-compact space.

Theorem (2.8):
Any s*-closed subset of an s*-compact space (X, ) is s*-compact.

Proof:
Let (X,7)be an s*-compact space and A be any s*-closed subset of

X. To prove that A is s*-compact. Let {U_},., be any cover of A
by s*-open subsets of X = Ac UUa . Since A is s*-closed in X,

aeA

then A® is s*-open in X. Since Ac |JU, = AUA c U, UA®

aeA aeA

= XclJu,UA® ={{U,},... A} is an s*-open cover of X

aeA

Since X is s*-compact, then 3{{U, }.,, A’} is  a finite sub cover
of X. Since AUA° =X & ANA°=¢ = Ac| U, = {U, },isa
i=1

finite sub cover of{U } Thus A is s*-compact in X.

ael *

Theorem (2.9):
Any s*-compact subset of an s*-T,-space (X,7) is s*-closed.

Proof:
Let A be any s*-compact subset of an s*-T,-space X. To prove that

Ais s*-closed. Let xe A°, then Vye A= yg A°= x=Y. Since

Xis an s*-T,-space, then by definition (1.11) there are two s*-open

sets U, and V, of x and y respectively such thatU, NV, =¢. Hence

Ac va ={V, },. is an s*-open cover of A. But A is s*-compact,
yeA

and then 3{v,}., is a finite subcover of{Vv } Now, let

yeA "
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v=v, U...Uv, andU=U, N....NU, , then U and V are s*-
open since there are respectively the union and finite intersection of
s*-open sets. Furthermore, AcV and xeU since x belongs to
eachU, . Since U, NV, =¢,vVi=Ll.,n =

UNV, =¢, Vi=1...,n. Hence UNV =¢. Since AcV, then

UNA=4¢, therefore xeU < A°, thus A°® is s*-open. Hence A is s*-
closed.

Remark (2.10):
If a topological space(X,z)is not s*-T,-space, then s*-compact
subset in general is not s*-closed. As in the following example:

Example:
Let X ={ab,c} & r={¢, X,{a}}. Since S*O(X,7) = {4, X ,{a}},
then (X,7)is not s*-T,-space. Observe that{a}is s*-compact, but is
not s*-closed.

Corollary (2.11):
A subset of an s*-compact s*-T,-space (X,z)is s*-compact iff it is
s*-closed.

Proof:
It is obvious.

Corollary (2.12):
Any s*-compact s*-T,-space (X, z) is an s*-regular space.

Proof:
Let xe X and A be a closed subset of X such thatx¢ A. Hence A
is an s*-closed subset of X such thatx ¢ A. Since X is s*-compact,

then by theorem (2.8), A is s*-compact andX €A Hence, vV y e A
= ygA° = x=y. Since X is an s*-T,-space, then by definition
(1.11) there are two s*-open sets U, and V, of x and y respectively
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such thatu, NV, =¢. Hence Ac (v, = {V,}

yeA

cover of A. But A is s*-compact, then 3{V }!, is a finite sub
cover of{V, },a- Now, let V=V, U...Uv,
andU =U, N.....NU, , then U and V are s*-open since there are

respectively the union and finite intersection of s*-open sets.
Furthermore, AcV and xeU since x belongs to eachU, . Since

unv,=¢,vi=i..,n = UNV, =4, Vi=1...,n. Hence

U NV =¢. Therefore by definition (1.12), (X,z) is an s*-regular
space.

sea IS AN s*-open

Theorem (2.13):
(i) The s*-continuous image of an s*-compact space is
compact.
(i)  The s*-irresolute image of an s*-compact space is S*-
compact.
Proof:
(i) Let f:X —>Y be an s*-continuous function from an s*-
compact space (X,z) into a topological space(Y,z'). To prove
that f(X) is compact. Let{U_},., be any open cover

of f(X) = f(X)gUUa, where U_ is open in Y for each

ael

aeA= Xc|Jf?W,). Since f iss*-continuousand U, is

aelA

open in Y for eacha € A, then by definition ((1.9),(i)) f*(U,)
is s*-open in X for each @ <€A hence {f *(U,)},., is an s*-
open cover of X. Because (X,r) is s*-compact, then
{f*WU,)},.. has a finite subcover of X, that is

xgof-l(uai). Hence f(X)gLnJf(f_l(Uai))ELnJUc«:>

{U, }. is a finite subcover of {U,}
setin.

Thus f(X)is a compact

ael *
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(if)Let f:X —Y be an s*-irresolute function from an s*-compact
space (X,r)into a topological space(Y,z’). To prove that
f(X)is s*-compact. Let{U_} _, be any cover of f(X) by s*-
open subsets of Y= f(X) < JU, , where U, is s*-open in Y

aeA

for each@ €A, Hence X < Uf*l(ua). Since fis s*-irresolute

OEN

andU_ is s*-open in Y for eacha e A, then by definition
((1.9),(i))) f*U,) is s*-open in X for each a <A, hence
{f*U,)},., is an s*-open cover of X. Because X is s*-
compact, then {f *(U_)},., has a finite subcover of X, that is

aelA

XQLanfl(Uai). Hence f(X)gLan(f*l(Uai))gLnJUai. So,

{U, }. is a finite subcover of {U,}
compact setin'Y.

Thus f(X) is an s*-

ael *

Corollary (2.14):
If X xY is s*-compact space, then each of X and Y are s*-compact
space.

Proof:
By corollary (1.10) the projection functions =, : XxY — X and
m, - XxY —>Y are s*-irresolute functions and by theorem
((2.13),(ii)) X and Y are s*-compact spaces.

Theorem (2.15):
The union of two s*-compact subsets of a topological space
(X, 7) is s*-compact.

Proof:
Let A and B be s*-compact sets. To prove that AUB is s*-
compact. Let {U_},_, be any cover of AUB by s*-open subsets of

aeA
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X = AUBc | JU, . Since Ac AUB andB< AUB, then {U,}

ael

aeA

Is an s*-open cover of Aand B respectively. Since Aand B are s*-
compact sets, then there exist finitely members of A say

Ay ey, SUCH thatAgUUai , and finitely members of A say
i=1

n+m

),y poeeney 1, SUCH that B < JU,, . It follows that AUB < [ JU,, -
j=1 k=1

Thus AUB is s*-compact.

Corollary (2.16):
The union of any finite collection of s*-compact subsets of a
topological space (X, ) is s*-compact.

Proof:
It is obvious.
Now, we need the following theorem.

Theorem (2.17):
A net (x,)4.p In a topological space (X,z) has x as an s*-cluster
point iff it has a subnet which s*-converges to x.

Proof:

Let x be an s*-cluster point of (x,). Define M ={(d,U): d e D, U is
an s*-nhood of x such that x,eU}. Order M as follows:
(d,,U,)<(d,,U,) iff d, <d, andU, cU,. It is clear that M is a
directed set. Define ¢:M —>D by.p(d,U)=d. Then ¢ is
increasing and cofinal in D, so ¢ defines a subnet of (x,). Let U,
be an s*-nhood of x. Since x is an s*-cluster point of (x,), then
3d eD such thatx, €U,. Hence (d,,U,)eM and moreover
(d,U)>(d,,U,) implies UcU,, so that (xo¢)d,U)=x(d)=
X, €U cU,. It follows that the subnet defined by ¢ s*-converges
to X.
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Conversely, suppose ¢:M — D defines a subnet of (x,)

which s*-converges to X. To prove that x is an s*-cluster point
of (x,). Let U be any s*-nhood of x andd, € D. Since ¢ is cofinal

in D, then there is some m, e M such thate(m,) >d,. Since the
subnet (x,,,) of (x,)is s*-converges to x, then there is also some
m, € M such that m>m, impliesx , €U . Since M is a directed
set, then there is m" e M such that m* >m, andm® >m,. Since ¢ is
increasing andm® >m,, thengp(m*) > @(m,), hence p(m*)=d" >d,

thED’

and X,. = eU . Thus for each s*-nhood U of x and eac

X
p(m")
there is some d” >d, such thatx . eU . It follows that X is an s*-

cluster point of (x,).

Theorem (2.18):
A topological space (X,z)is s*-compact if and only if every net in
X has an s*-cluster point.

Proof:
Let (X,7)be an s*-compact space and let (x,) be a net in X. For

each d in D, letM, ={x, :d, >d}. Since D is directed by = , then
the collection {M, :d e D}has the finite intersection property.
Hence {s*—cl(M,):d e D}also has the finite intersection property.
It follows from theorem (2.7) that N{s*—cl(M,):d eD}#¢
Letxe({s*—cl(M,):d e D}, thenxes*—cl(M,)VvdeD . Hence
by the theorem (1.15) x is an s*-cluster point of (x,).

Conversely, suppose that every net in X has an s*-cluster
point and let €2 be a collection of s*-closed subsets of X with the
finite intersection property. Let Q'={D: D is the intersection of a

finite subcollection of2}. Since the intersection of every two
members of Q' is a member of Q', then (Q',<) is a directed set by

inclusion. Since each D is non-empty, then there is a point x, in D.

Journal of Al Rafidain University College 231 ISSN (1681-6870)



On Pair-Wise s*-Compactness

.o . Sabiha I. Mahmood Issue No. 36/2015
in Bitopological Spaces

Now define the function x:Q'— X by: x(D)=x, V DeQ'. Then
(X5) oy 1S @ Net in X. By hypothesis, (x;)p.y Must has an s*-
cluster point say x, and by theorem (2.17) there is a subnet (x,,)
of (Xp)pee Which s*-converges tox,. Let E be an arbitrary member
ofQ', then for each D>E inQ’, we havex(D)=x, e DcE.
Hence (x,)p. IS eventually in the s*-closed set E. Since (x,,) is a
subnet of (x;)p.. then (xp,) is also eventually in E and by
theorem (1.16), we getx, es*—cl(E)=E. Since E is an arbitrary
andQ c Q', then we havex, e[|’ =()Q. Hence Q= ¢ and by
theorem (2.7) (X,7) is an s*-compact space.

3. Pair-Wise s*-Compactness

In this section we study a new type of compactness (to the
best of our knowledge), namely pair-wise s*-compactness. We will
introduce new definitions, theorems, corollaries, remarks and
examples.

Definition (3.1)[4]:
A triple (X,7,,7,) consists of a non-empty set X with two
topologies 7, and 7, on X is said to be bitopological space.

Definition (3.2)[11]:
A subset A of a bitopological space (X,z,,z,) is said to be pair-wise
clopen set if A is r,-open and z,-closed or A is z,-closed and r,-
open, thatis (Aer, A A°ez,)0r(A° ez, A Aer,).

Definition (3.3)[12]:
Let (X,r,7,) and (Y,z/,z;) be  two bitopological spaces,
then the topology W, whose base IS
E, ={UxV:UerandV ez} and the topology W, whose base is
E,={U'xV':U’'er,and V'er,} are called the product topologies

Journal of Al Rafidain University College 232 ISSN (1681-6870)



On Pair-Wise s*-Compactness

.o . Sabiha I. Mahmood Issue No. 36/2015
in Bitopological Spaces

for XxY and (X xY,W,_,W,) is called the product bitopological
space of two bitopological spaces X and Y.

Definition (3.4)[4]:
A Dbitopological space (X,z;,7,) is called a pair-wise T,-space if
for any two distinct points x and y of X, there are a r,-open set U
and a r,-open set V such thatxeU,yeV andUNV =¢.

Definition (3.5)[5]:
Let (X,z,,7,) be a bitopological space and A be a subset of X. By a
pair-wise open cover of A, we mean a subcollection of the family
7, Uz, which contains at least one non-empty element of 7, and at

least one non-empty element of z,and it covers A.

Definition (3.6)[5]:
A bitopological space (X,z;,7,) Is said to be pair-wise compact
space if every pair-wise open cover of X has a finite subcover.

Definition (3.7):
Let (X,z,,7,) be a bitopological space and A be a subset of X. By a
pair-wise s*-open cover of A, we mean a subcollection of the
family 7, - S*O(X)Ur, —S*0O(X) which contains at least one non
-empty element of 7z, —S*O(X) and at least one non-empty
element of z, —S*O(X) and it covers A.

Definition (3.8):
A bitopological space (X,z,,7,)is said to be pair-wise s*-compact
space if every pair-wise s*-open cover of X has a finite subcover.

Theorem (3.9):
Every pair-wise s*-compact space is a pair-wise compact space.

The converse of theorem (3.9) is not true in general as
shown by the following example:
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Example (3.10):
The bitopological space (N,I,D) (where N is the set of all natural

numbers, and I, D are the indiscrete and discrete topologies on N
respectively) is a pair-wise compact space, but is not pair-wise s*-
compact, since {{x}: x  N}is a pair-wise s*-open cover of N which
has no finite subcover.

Remark (3.11):
Let (X,z,,7,) be a bitopological space. If (X,z;) and (X,z,) are
s*-compact spaces, then (X,z,,z,) need not be a pair-wise s*-
compact space. As in the following example:

Example (3.12):
Let X =R and 7, ={U cR:02¢UIU{R} and
7, ={U c R:1e UFU{NR}. It is clear that {{x}: x e W} is a pair-wise
s*-open cover of R (since {{x}:x e N}is a pair-wise open cover
of ®) which has no finite subcover. Therefore (R,z,,7,)is not a
pair-wise s*-compact space, while (R,z;) and (R,z,) are s*-
compact spaces.

Proposition (3.13):
Let (X,r,7,) be a bitopological space. If 7;,—-S*O(X)is a
subfamily of z, —-S*O(X) and (X,z,) IS an s*-compact space or
7, —S*O(X) is a subfamily of z;, —S*O(X) and (X,z,) is an s*-
compact space, then (X,z,,7,) IS a pair-wise s*-compact space.

Proof:
Suppose that 7, —S*O(X) is a subfamily of z,-S*O(X) and
(X,7,)is an s*-compact space.

Thenz, -S*O(X)Ur, -S*O(X) =7, —S*O(X), that is every pair-
wise s*-open cover of X is an s*-open cover with respect to z,. But
every s*-open cover of X with respect to z, has a finite subcover, it

Journal of Al Rafidain University College 234 ISSN (1681-6870)



On Pair-Wise s*-Compactness

.o . Sabiha I. Mahmood Issue No. 36/2015
in Bitopological Spaces

follows that every pair-wise s*-open cover of X has a finite
subcover. Hence (X,r,,7,)iS a pair-wise s*-compact space.
Similarly we can prove the second case.

Definition(3.14):
A subset A of a bitopological space (X,z,,7,)is said to be pair-
wise s*-clopen set if (Aer,—S*O(X)A A® ez, —S*0O(X))
or(A° €7, —S*O(X)A Aer, —S*O(X)).

Remark(3.15):
If (X,z;,7,)Is a bitopological space. Then every pair-wise clopen
subset of X is a pair-wise s*-clopen set. But the converse is not true
by the following example:

Example(3.16):
Let X ={a,b,c}, 7, ={X,¢,{a}} andz, =1 ={X, ¢}, then
7, -S*0(X)={X,¢{a}} and <z, -S*O(X)={X, ¢ {a}{b}{c}.
{a,b},{a,c}.{b,c}}.{a} is a pair-wise s*-clopen subset of X, since
{a}er, —S*O(X) and{a}* ={b,c}er, —S*O(X). But{a}is not a
pair -wise clopen set, since{a} ez, , but{a}* ={b,c} ¢ 7,.

Proposition (3.17):
A pair-wise s*-clopen subset of a pair-wise s*-compact space is a
pair-wise s*-compact set.

Proof:
Let A be a pair-wise s*-clopen subset of a pair-wise s*-compact
space (X,z;,7,) and {U_},., be any pair-wise s*-open cover of A.
It follows by definition (3.14) that A° is a member of the
familyz, - S*O(X)Uz, —S*O(X). Then {{U_},..,A}is a pair-
wise s*-open cover of X which is a pair-wise s*-compact space,
then there exist finitely many elements «,,o,,....,a, such
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thatx =(JU,)UA".  Since  AUA'=X  &ANA° =g,
i=1

thenAc| U, . Therefore {U, 3}, is a finite subcover of{U },., .
i=1

Thus Ais a pair-wise s*-compact subspace of X.

Corollary (3.18):
A pair-wise clopen subset of a pair-wise s*-compact space is a pair-
wise s*-compact set.

Corollary (3.19):
A pair-wise s*-clopen (resp. pair-wise clopen) subset of a pair-wise
s*-compact space is a pair-wise compact set.

Definition (3.20):
Let (X,z,,7,) and (Y,z;,7,) be two bitopological spaces. Then a
function f : X —Y s said to be:
(i) Pair-wise  s*-irresolute if f*U)er,—S*O(X) for
each Uer;-S*O(Y) and f*'(V)er,-S*O(X) for
each V ez, —S*O(Y).
(i) Pair-wise s*-continuous if f*(U)er, —S*O(X) for each
Uer and f*(V)er,-S*O(X) foreachV e 7).
(i) Pair-wise  s*-open if fU)ez;—-S*O(Y) for
each U ez, —S*O(X) and f(V)ezr,—S*O(Y) for
eachV ez, —S*O(X).

Proposition (3.21):
Let (XxY,W,W,) be the product bitopological space of
bitopological spaces (X,z,,7,) and(Y,z;,z,). Then the biprojection
functions 7, : XxY > X and 7z, :XxY —>Y are pair-wise s*-
irresolute.

Journal of Al Rafidain University College 236 ISSN (1681-6870)



On Pair-Wise s*-Compactness

.o . Sabiha I. Mahmood Issue No. 36/2015
in Bitopological Spaces

Proof:

Let Uer,—S*O(X) andV ez, —-S*O(X), then 7, *(U)=U xY
and 7, '(V)=V xY. Since U is 7, ~S*O(X) and Y isz] - S*O(Y),
then by proposition ((1.7),(i)) U*Y is W, -S*O(X xY). Again
since Vis 7, -S*O(X) and Y is 7, —S*O(Y), then by proposition
((1.7),())) V*Y is W, -S*O(X xY). Thus 7z, is a pair-wise s*-
irresolute function. Similarly =, is also a pair-wise s*-irresolute
function.

Theorem (3.22):
1) The pair-wise s*-irresolute image of a pair-wise s*-compact
space is a pair-wise s*-compact.
i) The pair-wise s*-continuous image of a pair-wise s*-
compact space is a pair-wise compact.

Proof:
i) Let f:(X,7z,7,)—>(Y,7,7,) be a pair-wise s*-irresolute
function and X is a pair-wise s*-compact space. To prove
that f(X)is pair-wise s*-compact. Let {U_},., be any

pair-wise s*-open cover of f(X), thatis f(X)c UUa :
aelA

Since f is pair-wise s*-irresolute, so {f *(U,)},., is a

pair-wise s*-open cover of X which is a pair-wise s*-
compact space, then there exist finitely many elements

&, 0y,....a, such that Xc|Jf*(U,). Hence
i=1

f(X)c UUai , thus f(X)is a pair-wise s*-compact set.

i=1

i) The prove is similar to part (i) hence is omitted.
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Corollary (3.23):
Let (XxY,W_,W,)be the product bitopological space of

bitopological spaces (X,z;,7,)and(Y,z;,z;). If X xY is a pair-wise
s*-compact space, then each of the spaces X and Y is a pair-wise
s*-compact space.

Proof:
By proposition  (3.21) the  biprojection functions
7y i XxY > X and 7z, : X xY —Y are pair-wise s*-irresolute and

by theorem ((3.22),(i)), we get X and Y are pair-wise s*-compact
spaces.

Definition (3.24):
A bitopological space (X,z,,7,)Iis called a pair-wise s*- T,-space if
for any two distinct points x and y of X, there are a r, - s*-open set
U and a r,-s*-open set V such thatxeU ,y eV andU NV =4.

Remark (3.25):
Every pair-wise T,-space is a pair-wise s*-T,- space, but the
converse is not true in general. As in the following example.

Example (3.26):
Let X ={a,b}and 7, =1,=1 ={X,4}. Then
7,—-S*O(X)=7,-S*O(X) ={X,¢{a},{b}}.It is clear that
(X,7,,7,)IS a pair-wise s*-T,-space, but is not a pair-wise T,-
space.

Remark (3.27):
A pair-wise s*-compact subset of a pair-wise s*-T,-space need not

to be pair-wise s*-clopen set. As in the following example.

Example (3.28):
Let X ={a,b,c} and 7, ={X,¢,{a,b}} and letz, ={X,4,{b,c}}. Then

7, = S*O(X) ={X {a},{b}.{a, b}, g}and z, -S*O(X) =
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{X.{b}.{c}.{b,c},¢}. It is clear that (X,z,,z,)Iis a pair-wise s*-T,-

space. But A =12:C}s a pair-wise s*-compact subset of X, but it is
not a pair-wise s*-clopen set.

To define a pair-wise s*-regular space we introduce the
following definition.

Definition (3.29):
Let (X,z,,7,) be a bitopological space. Then r, (i=212) is called
s*-regular with respect to z; (j =12,i # j) if for each point x in X
and each r;-closed set F such thatx ¢ F, there exist a z,-s*-open
set Uand a 7;-s*-open set V suchthatxeU, F cV andUV =¢.

Definition (3.30):
A Dbitopological space (X,z,,z,) is called a pair-wise s*-regular
space if and only if 7, is s*-regular with respect to z, and z, Is s*-
regular with respect toz, .

Remark (3.31):
A pair-wise s*-compact pair-wise s*-T,-space need not to be pair-
wise s*-regular space. As in the following example.

Example (3.32):
Let X ={a,b,c} and 7, ={X,¢.{b,c}} and

letz, ={X,4.{b,c}.{a}}. Then z,—S*O(X) ={X,¢{b}{c}{o.c}}
and 7, —S*O(X) = {X, ¢,{a}.{b}.{c}.{a,b}.{a,c}.{b,c}}. It is
clear that (X,z,,z,) IS a pair-wise s*-compact pair-wise s*-T,-
space, but is not pair-wise s*-regular, since {a} is a *2-closed set in
X andb ¢ {a}, but for each *2-s*-open set U withb €U , there is no
7,-S*-0pen set containing {a} whose intersection with U is empty.
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Theorem (3.33):
A bitopological space (X,z,,7,)is pair-wise s*-regular iff for each
x e X and each z,-open set U of x, there exists a z,-s*-open set W
of x such that xeW cs*—cl, (W) cU and for each z,-open set V
of x, there exists a r,-s*-open set H of Xx such that
xeHcs*—cl, (H)cV.

Proof:
Suppose that (X,z,,7,) is pair-wise s*-regular and let xe X and U

be a 7, -open set such thatx eU , it follows that x ¢U° where U° is
a r,-closed set. But 7, is s*-regular with respect to z,, then there
exists a r,-s*-open set W and a r,-s*-open set V such that
xeWand U°cV and VNW =¢. Hence, we get V°cU and
W V¢ which is a 7,-s*-closed set. ThusxeW cs*—cl_ (W) cU.
Similarly, we can prove that for each r,-open set V of x, there
exists a z,-s*-open set H of x such thatxe H < s*—cl_(H)cV.
Conversely, to prove that(X,z,,z,)Iis pair-wise s*-regular
i.e. 7, Is s*-regular with respect to r, and z, is s*-regular with
respect toz, .
Let xe Xand F be a r,-closed set in X such thatxe F, it
follows that x e F© which is a z,-open set. By hypotheses there
exist a z,-s*-open set W of x such thatxeW < s*—cl, (W) c Fe.

Hence xeW and F c[s*—cl_(W)]® which is a T2 -s*-open set and

WA [s*—cl, (W)]°=¢. Thus ¢, is s*-regular with respect tor,.
Similarly, we can prove that 7, is s*-regular with respect toz, .

Definition (3.34):
Let (X,7,,7,) be a bitopological space. Then Ti (i=12)is called
s*-normal with respect to z; (j =12,i = j)if for each r,-closed set
F, and each r;-closed set F, suchthat F,NF, =¢, there exista r, -
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s*-open set U and a r;-s*-open set V such that F, cU ,F, <V and
UNV =4.

Definition(3.35):
A bitopological space (X,rz,,z,)is called a pair-wise s*-normal
space iff 7, is s*-normal with respect to z, and z, is s*-normal
with respect toz, .

Theorem (3.36):
A bitopological space (X,z,,z,) is pair-wise s*-normal iff for each
7,-open set U and each z,-closed set F, such thatF, c U, there
exists a r,-s*-open set W such that F, cW cs*—cl_(W)cU and
for each z,-open set V and each z,-closed set F, such thatF, <V,
there exists a r,-s*-open set Hsuch that F, cH cs*—cl_(H)cV.

Proof:
Suppose that(X,z,,7z,)is pair-wise s*-normal and let U be a z,-

open set and F, be a r,-closed set such that F, c U, it follows that
U°NF =¢, where U° isa r,-closed set. But z, is s*-normal
with respect tor,, then there exists a z,-s*-open set W and z,-5*-
open set V such that F, cW and U°cV and WV =¢. Hence,
we get V- cU and WcVe which is a 7,-S*-
closed set. Thus F,cW ¢ s*—cl, W)cU. Similarly, we can
prove that for each z,-open set V and eachr,-closed set F, such
thatF, <V, there exists a r,-s*-open set H such that
F,cH gs*—clrl(H) cV.

Conversely, to prove that (X,z,,z,) is pair-wise s*-normal
i.e. r; is s*-normal with respect to r, and 7, is s*-normal with
respect tor,. Let F, be a r,-closed set and F, be a z,-closed set
such that F, N F, = ¢, it follows that F,  F,° which is a r,-open set.
By hypotheses there exist a r,-s*-open set W such
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thatF, cW cs*—cl, W) c F°. Hence F, cWand

F c[s*—cl, (W) which is a r,-s*-open set and

W A[s*~cl, W)]°=¢. Thus 7, is s*-normal with respect to

Ty
Similary, we can prove that z, is s*-normal with respect to z,.
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