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Abstract

Thispaperdealswithcomparingfourestimatorsofscaleparameter(0),forMaxwell

distribution. The first is Pitman estimator which is denoted by (0r)' the second is

moment estimator (0r), ttre third is maximum likelihood estimator (03)' anu fourth is

proposedBayesestimator'where(0)consideredrandomvariablehavingprior

distribution t g(0)1, this Bayes estimator denoted bY(p+)' these estimators compared

using the statistical measure mean square error (MSE), taking initial values of (0 = 3'0 =

5,c = 1,2\,

Keywords:MaxwellDistribution,scaleParameter,PitmanEstimator'MomentEstimator'

Maximum Likelihood Estimator' Bayes Estimator'

1. lntroduction

The Maxwell distribution, named for James Clerk Maxwell1869, is the distribution of

themagnitudeofathree_dimensionalrandomvectorwhosecoordinatesare
independent,identicallydistributed,mean0normalvariables.Thedistributionhasa

numberofapplicationsinsettingswheremagnitudesofnormalvariablesareimportant'

particularlyinphysics.ltisalsocalledtheMaxwell-Boltzmanndistributioninhonoralso

ofLudwigBoltzmann.TheMaxwelldistributioniscloselyrelatedtotheRayleigh
distribution,whichgovernsthemagnitudeofatwo-dimensionalrandomvectorwhose

coordinates are independent, identically distributed' mean 0 normal variables' Maxwell-

Boltzmann statistics describes the average distribution of non-interacting material

particles over various energy states in thermal equilibrium' and is applicable when the

temperatureishighenoughortheparticledensityislowenoughtorenderquantum

effects negligible.

ln(2012),Al-Baldawi,TasnimH.K.comparetreedifferentBayesestimatorofthe
scaleparameterofMaxweeldistribution.AlsoAl-obedy,Nadia,J.(2012),introducea

comparison of the scale parameter for Maxweel using different prior estimators' (i'e) she

compare Bayes estimator with maximum likelihood using simulation procedure' Because
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this distribution pray an important rore in physics, 
"t 

eii"try, engineering, genetics,hydrology, and medicine, so we work on estimating the scate parameter of thisdistributing using maximum likelihood method and proposed Bayes estimator, arsoproposed estimator depending on minimum variance unbiased estimator.
2. The model

Maxwell faiture model is;

Let y=; -) t=!0

f(t;o)=#*t'r-(i)' r>o
E(t) : #a ff alr,,- (i)' a,
dt = ?dy

E(t) = # t; cttlz e- r ed.y

E(t) = #At* ff, f "-t,ay
dy =# a,

tr(t) = #u t;a>; e-, fr a,
E(t) =#*tf , e-z dz
E(t)=?rel=2

\ttt t/t

E(tz) = If, t, f (t, ila,
s(tz) =*- r- ,n"-(*)'a,\ ) 

^/iesJo

Lel 2-nz -!=^lZ

(r)

(2)

Also we can find f (tz);

Let y=! -+

Therefore;

Let 7-nz -7i=y

t = y0 dt:9dy
E(tz) = #A t; frry+e-r, od.y

r(tz)=#ffr-"-yz dy

dy: # a,
r(tz):#fffri:-e-,fi az

E(tz) =# t; zX e- z dz

r(tz) =#rG) =#::,n =y
u(t)="?:E(tz)_tE(Dlz

=Y-(#)',

(3)

(4)

(s)
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3. Estimation Method for Scale Parameter (9)

3.1 Pitman Estimator for (0)

Let (t1, tz,...,tn) be a random sample from density f (t;0)'

parameter, the estimatorl

t(xyx2,...,x,) ='ffi###

(6)

where 0>O is a scale

(7)

ls called Pitman estimator of scale parameter'

Now we tna r (fi);

fI r,,,,, = (h) #l=1 t7 "- 
zT='(E)'

,(,#): (#)" 17,,t f **, 2':='(E)' ae

= (h) I-l* J.- (;)'.'" "-fitT="? 
ae

Let v - i ' 
:i 

,(r, -- r# a't f* o)'*'^"-vz L'i--,? io'

'6)= (#)"[l'r f* rn"-" zT="? dY

Let z=!2 -fi=y ay=fidz

,(#)= (#)" y1't [* 'T "-zzi="? 
]=o'

,(#)= (#)" tU* f* 'T-i"-zLT--"? 
dz

,(#) =H4#'(4',1, ) (8)

SimilarlY;

L *rg'(xi'o)do
(e)
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(#)"J=,-l ,7 I, (;)'.'" ,-izi=,,?ae

Lety-i t=) do=-ion

Gf U'? lo* '=*" 
e-Y'zl'="'# o,

Gf a'f [o*r'*=n e-Yz zT=lt? dv

LetZ=!2 -:"fZ=! dy=#a,

(#) fi,r l,* r+e-zLi=,,r J=az

Gf ;nt? [,* z* e-zz?="? dz

(L\" t nn n2_\tfil zrri=t"t rff*r)
(r,T=rr71*.'

.'. The formula of pitman estimator for the parameter (0) is;

(10)

t(x1, x2, ... , xr) = (l:7,r71T*'

G) *nr=,r?r(+4

$','=rili,r(+)
r(i+r)

Which is a function ol (t1,t2,.,.,tn)
3.2 Moment Estimator
Since the p.d.f in equation (l) has only one parameter
moment method from solving;

(O), this can be estimated by

At. = (l l)

(#)" tnr=,r?, (tu#)

rr. -1-.Yl":l 5J,rrYt ;r+.



putting

mt=Y samPle mean' then;

(l 3)

Thethirdestimatorof(0)isobtainednowbyusinglikelihoodfunction[r(0)],andfinding

(0; wtrictr maximize llogL(0)1' as follows; 
4 L . _i

f (t;0) = G#ti e e'

L(o) =f|r,,,,r,
i=l

L(e)=(#)' u-"fit!"

' 
n) - 3ntogo ni,t'n'7 ry (14)

log t(0) = ,r log (Gz fr
d loe r(e) - -1' * ,Li .t*aeo

:t*:6Y1e

c*$1

ryr j,T

al+-.jl
Jliit

(12\

= ZO uott
L_ llt

i^li
2

A *o*

0logr(0) - ^
ae +.

-3n02*zLti=o
i=rn

3n02 =rZ'?
i=l

n2 _ ?L,l=rt?
U- 3n

Az = At'tLe: W
Which is the maximum likelihood estimator of (0)'

3.4 BaYes Estimator

lnthismethodtheparameter(0)isconsideredasrandomvariablehavingprior
distribution as; 

c

g(0)=e-e e>O

Then the Bayes estimator is the @roy"r) minimizing the risk function tR(e'0)l which is

the expected loss. First of allwe must find th(Olt)]'

The Bayes estimator of tz(O)l is denoting by;

(1s)

mr = E(t)



Lety:!

with respect to the loss functio n fu(a,g)J and prior distribution [g(g)], it is defined asthe estimator with smarest Bayes risk (i.e) it is the estimator that minimizes;

n lru Lft(x1,x2,...,xn)q) f @tt)de

il,u,, il s@) = (#)"(#)"fl,i,-W 
"- 
;

f(t): (#) fl,r I,- (;f':-!,-#ho,
t'=1, e : fi= r-) do = _i fi ay

f (t) = (#) il4 lo* 
rr1+,-y(c+zi=,,?t! y-* ay

According to Gamma lT]:,(f 
f U+ Io* 

"f 
"-v(c+zT='lt?) 

dt

f (t) = (h)" n" +

,.*rn,ffit(.#)
Therefore, h@lt) has been obtained.

r?t=(#f U+ l,* ,T-i ,-t (c+L!="?) dv

1 e 1'r,r, rfr(t)=#ffi,-(=) 
(17)

h(elD - ili=tfGt'o)g@)
f (t)

h(9lt) =
(+,)" ili: 1 r? (*)* "- 

s:#b

h(o I t) -,v -zi'=,,r l"?l(#)T ; e#&
{9-

(r6)

(l 8)

we can show that;

rLsiS),b iJrryt

ti = ti(x1,xz, ... , x,.)



h(Olt) d0 = L

This indicates that h@lt) is p.d'f ' To find the Bayes estimator of (0)' under square

error loss function, the risk is;

n(A,Q=r(A-o)z

= hr(C - qz h@lt)de

Then the Bayes estimator of (0) is (06ov") which represent the conditional mean

lE(Olt)], or which so called posterior mean E(0lt):

E@lt) : trr9 h@lt)do

2(c+L,!=rtl,+) Jr-, (i)+ "-'#0,:--eJ--
Lety=! o'--; o:h=Y-; do=-it-'uat

E(olt) : k ff ,-i g1T"-Y1c+x?=t '?ti Y-'z aY

E@lt):iff Y'# "-Y1c+ri'-r 
4t dY

E(0lr) =\---L wlf fvr'+IiLr t?>f# '-ilc+Li-rti')(c+Li=tt?) 
dv

'lc+LT=17)T

n(ott):i-:! e,(ry)
z{c+L'il=..rt?,tT'(Y*) a;-zE@lt) = --fiH- a*y,.. ,7,!_

. 3n-t-3n+2 .(-)
E(llt): (c * LT=rti) ' W

- 1 '(1#)
0 q = E(?lt) = (c * Li=t ti)' 6

4. Simulation Procedure

(le)
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or,n: scailE ram eter or Maxwe r distri bution, we appryq,JPIYsimulation procedure which depend, first on the cumulative distribution function, whichis;

Fx@) - pr(x S r) = {i f ftlat
F7Q) : I; # * ,, ,-G)' at

According to integral of incomplete Gamma;

Where;
y(5,X) =//6s-r e-t dt

y(s,x)=! . xse-xxt
2s(s + 1) ...... ru1)...... (s + /,

(20)

(21)

k=O

= xs r(s)e-rXLo-#, (22)

After generating values of Maxweel distribution, Monte - carlo simulation is performedto compare the four estimators of (0), by using mean square error (MSE), where;

R

MSE(o)=Y(oi-A)2/-R
Taking initial vatues for (0), (0 = 3,S), J; "rro," size (n = ZS,SO,7S,L0O), takingvalues of constant (c = 1,2), as foltows.

imators of scate parameter with

(23)

n e
mean square error.

a,
2.3748

a. an

25

3

I 2.316s 2.34t6 2.7864
0.3712 0.3051 0.3026

2.5449

0. I 801
2 2.4267 2.4669 2. I 855

0.3326 0.3021 0.2044 0.1730

5

I 4.4678 2.4593 2.4396 2.1544
0.33201 0.3005 0.2330 0. I 730

2 4.2517 2.546 2.5771 2.1774
0.3206 0.2972 0.2259 o.1696

50

3

I 2.3619 2.4396 2.4950 2.1337
0.3093 0.2362 0.2002 0.1675

2 2.1456 2.5463 2.6028 2.752
0.639 0.3004 0. I 833 0. I 380

c
1
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2.6038 2.3255 2.752

5

I 2.2886

o.2304 0.4030 0. I 534 0.1380

,, 2.2246 2.4299 2.8236 2.1957

o.2044 0. I 534 0.1997 0.1335

2.0125 1.7668 2.0993

75

3

I 2.3177

0.1 908 0.1104 0.2404 0.1038

I .8693 7.8796
2 2.0769 2.0076

0.1 658 0.1102 0.2403 0.1102

2.3158 z.sse I z.rct 2.1364

5

I
0.3051 0.1 1 40 0.2018 0.1029

2 2.4467 2.996 2.030 2.4806

0-4702 0.1014 0.2240 lo'zott
2.1479 2.6028 2.60s2 | z.tzsz

100

J

I
0.2396 0.1 833 0.1 585 o.ll44

, 2.0209 2.4299 2.1044 2.4201

0.1946 0.1 534 0.1454 0. I 433

2.r957 2. I 500

5

I 2.0786 2.4299

0. I 804 0.1534 0. I 335 0.1 343

2.0993 2.O994) 2.0076 2.0125

0.1846 0.1104 0.1035 0. I 025

ffirepresentsth",,","g"""ti,"tes,secondfigureisMSE
Conclusions

l.Theestimationofscaleparameter(0)isnecessarytocomputethemeantimeto
failureforthisdistribution,alsotofindtheefficiencyofestimatorfromcomparing
variance of different estimators'

2.Forlargesamplesize(n=100),thebestestimatorsare,maximumlikelihood,and
proposedBayesestimatorssinceitgivessmallestMsE,asindicatedbytable(1)for

(n = 100), tMsE(e3) = 0'1035'MsE(e4) = 0'1025 l for0 =S'c =2'
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