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Exponential Reliability Estimation of (3+1) Cascade Model
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Abstract: In this paper presents the R reliability mathematical formula of the (3 + 1) Exponential cascade model. The

reliability of the model is expressed by exponential random variables, which are stress and strength distributions. The

reliability model was estimated by three dissimilar methods (ML, Pr and LS) and simulation was performed using

MATLAB 2016 program to compare the results of the reliability model estimates using the MSE criterion, the results

indicated that the best estimator among the three estimators was ML.
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1.

Introduction

Many researches have been performed
on reliability estimation R = pr(X >Y)
in the field of strength and stress models.
The cascade is a special kind of stress-
strength model. Cascade redundancy is a
hierarchical standby redundancy in
which a standby unit with different stress
substitutes for a system. When a system
unit fails, it is replaced by a standby unit
and the stress changed XK times the
previous stress [1]. In a previous study,
Karam and Khaleel (2019) presented a
study of (2+1) cascade model, which the

model consists of two main components
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and one redundancy

paper,
cascade model consists four components

standby .In this

we assumed that the (3+1)

( three basic components and one
standby).
(3+1) of

cascade with (U;, U,, Uz and U,) units,

component redundancy

Consider a special model
in which three units U;,U, and U5 are
work and the unit U, is a standby unit.
Assume that X, X,, X3X, denote the unit
strengths(U,, U,, U3 and U,) respectively
and Y, Y, Y3, Y, indicated the
enforcement of stress. Here, if the active
unit U; is a failure then the standby
component U, is

X, =MX; and Y, = XY; , if the active

activated, where

unit U, is a failure then the standby
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component U, is activated, where
X, =MX, and Y, = KY, and if the
active unit U; is a failure then the
standby component U, is activated,
where X, = MX; and Y, = KY; where
"X " and " M" denote the stress and
strength attenuation factors respectively,

suchthat0 < M < 1land X > 1.

Reddy (2016) [2] presents of R =
pr(X >Y) by discussing model stress-
strength of a cascade, assuming all the
parameters are  independent  and

following exponential stress-strength
distributions in one parameter and
calculating first four cascade reliability
for different stress- strength values.
Mutkekar and Munoli (2016) [3], (1 + 1)
exponential distribution cascade model is
derived with the common effect of the
force and stress reduction factors. Kumar
and Vaish (2017) [4], discussed that
Gompertz distribution is stress and that
strength is power distribution parameters.
Karam and Khaleel (2018) [1] derived a
special (2 + 1) stress- strength reliability
Cascade model for the distribution of
Weibull. Khaleel and karam (2019) [5]
discussed the reliability of the (2 + 1)
Cascade inverse distribution Weibull
model, reliability can be found when

reverse Weibull random variables with
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unknown parameters scale and known
shape parameter are distributed with
strength-stress and used six different
estimations mothed to  estimate
reliability. Karam and Khaleel (2019)
[6], expression for model confidence is
found when strength and  stress
distribution are generalized in reversed
Rayleigh random variable Rayleigh,
derived from mathematical formulas for

Reliability to Special (2+ 1).

2. The mathematical formula

Suppose, for the four units (three basic
and one redundant standby), the random
strength-stress variables of the four units
7=12,3,4 each

identically distributed exponential of the

independently  and

parameter scale a;;< =1,2,3,4 and scale
b;; 7=1,23,4.

The Cumulative distribution function of
Exp(a) is:
Fx)=1—-¢e** x>0;a>0 ...(1)
and

The Cumulative distribution function of
Exp(b) is:

Gy)=1—e 4>0b>0 ...(2)
The reliability function for (3+1) cascade

model is:

R =prlx; = y1,%2 = Y2, %3 = Y3]
+prixg <Y1, %2 = Yo, X3 = Y3, X4 = Y4l

+pri{xg = Y1, 22 < Yo, X3 = Y3, X4 = Y4l
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+pr(xy = Y1, X = Yo, X3 < Y3, X4 = Yoy

R=S5+S,+5;+8, ..(3)

Sy =prie; =y, %, >y, %3 > 4,
=prixs =2 y1] plx2 = 42l p[x3 2 y3]

=17 (Fa, (1)) 9w,

Iy (Feu(9,)) 9w )dws, |

Iy (Fey(95)) 9 (w5

Where F(x) = 1 — F(x)

S, = [fom(e"alyl)ble"bly”ldyl]
. [fooo(e"aWZ)bze"bzy”z dy.,|
: [fooo(e"a3@3)b3e"b3%3 dy.]

Sy = [y bre~@tbvidy, |
S bpem(@2tbvaqy, |

_ UO°° bye (@b, dy3]

Now, will get S;:

[a1+b1] [a2+b2] [a3+b3] (4)

To derive S, will start

Sy = prlxy <91, %, = Yo, X3 = Y3,
X4 = Yal
=prlx, <y %, >y, 23 >y,
Mxy > Ky, |
S, = pr[xl <y, Mx = .‘Ky,l]

plxy = y,] plxs = ys3]

S = [fooo(Fxl (’%1)) (Fxl (%’!%1)) 9(y,)

ay ][Iy (Fr,(,)) 9wy a,)
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1557 (Fas(9,)) 9wy, |

s, = [ [0 - o) (e—al(%)%)
bie"Widy, [ [ (e72¥2)
bre~P2b2dy, |[ [ " (e7%%3)
b3e‘b3y’3d@,f N

S = [ (e

—Jy ey (e

[y (e72%2)bye~P2v2dy, |[ 7 (e 70%3)
bse~b3¥s dy3]

@1)b e hitdy,

(ﬁ)%) bye 1% d’%]

Sy = [fooo ble_(al(%)wl)yldyj
_ fooo ble—(a1+a1(;(—,[)+b1)’y’1d,y)1]
_ UO“’ bze—(az+bz)y2 d’y’z]

. [fooo b3e—(a+b3)y3dy3]

Then
B aihy b
S et ) L
) [a:fbg] - 6)

In a similarly way for S3 :
S3 = Pr[xl 2 Y X2 <Yy X3 2 Yo
Xy 2 9’4]
=pr(x; >y, 2, < 4, 23 >y,
Mz, = Ky, |
= pr[x1 > yl]pr[xz < Y, Mx, 2

:Ky’z] pr[x3 = y‘g]
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_ by azb;
$ = el et @)

. [a:be ...(6)
Also for S,

Sy =pr(x; >y, 2 >y, 23 <y,
X4 = ya4]
=prlx, =y, 2, > 4,23 <y,
Mzx, = Ky,l
= prlx; = g Jprix, = 4,
prixs < y3, Mxs = Kys]

Sa= [a1+b1] [a2+b2]

.[(ag(%)+b3)(2361+(%))+b3)] .7

Now, replacement equations (4),(5), (6)

and (7) in equation (3) :

R= [a1+b1] [a:sz] [a:fbj

+ _(al(%)wl)(;ﬁu(%))H,l)] s | v

[ by ] azb, [ bz ]

() +02) (14 ) +02)

[ by ] b, azbs

_a2+b2] [(a3 (%)+b3)(a3(1+(%))+b3)_

3. Parameters Estimation of Exponential
distribution

3.1 Maximum likelihood function (ML):
Suppose x4, x5 ..., X, random strength
sample for an Exp(a) distribution
sample size r. The general form of the
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maximum probability function L will be
as:

X, Q) = a’e~*Li=1%i ..(9)

Taking the natural logarithm of (9) :

L(xq, 25, ...

InL =rlna—al_ x; ...(10)
By deriving equation (10), then will get :
alnlL

a’; _2— A ..(12)
Equating the equation (11) to zero :
Ay = Z:m ..(12)

and suppose that X150 =121

XZiZ;/LZ = 1, 2, ...,rz,X34:3;/i,3 = ...’r3

and Xyt =1,2,..,ryare strength

random samples from Exp(a;), Exp(a,),
Exp(a3) and Exp(a,),with samples size

r;,ry rsandr, respectively :

Qo = T(“ (=1234 ..(13)
z:/L{—l (/LZ

The maximum likelihood estimator for
unknown parameters b;, b, ,b; and b, is

as follows, for stress random variables:

v
bor, = w——,{ =1,234 ..(14)
Zig=1%2

Now, replacement equations (13) and
(14) in equation (8) :

o= [ttt

Aimr+bimid Lazyp+bamrd Lasyp+bsmr

+

AimibimL ]

(o) o) () )

[ bamL ][ bamL ]-l-[ bimy ]
AamL+bomid Laspyr+bsmr AimLtbimr

-Lam(«)WZMfZ)“{Zf;“ZfH(%)>+52ML)]



[ bsmL ]+[ bimr ][ bamL ]
AsmL+bamL Aimrtbimid Laamr+bamL
AsmLbsmL

| (CEPRES TN N R Cs) Ry

...(15)

3.2 Percentile Estimation Method (Pr):

This method was discovered by Kao
in (1958 - 1959). In this method we
will start by function CDF [7]:
Flx;,))=1—e %%

ln(l — F(xi)) = —ax

X, = (M) .(16)

a
usingP; ;4 =1,2,...,r ,weget:
—In(1-P;)
x, = (=254 .(17)
The minimizing following equation :
=1l — F(x)]? ..(18)

Substitution (17) in (18), will get as :
_ _p. 2
Sialro - (7)) 09

a

By derivative partial of equation (19)

with respect to a, and equating the value

to zero, we get :

Yi_12[xgy —a (= In(1 - P,))]
(a)(-In(1-P))=0

The Percentile estimator of a; say dcpy)

becomes :

A _ Yi_1(-ln(1-P;))?
G I e mu—m)] +(20)

By using the same way of obtaining
equations (13) (14) we get :
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Ag(pr) = :5_1<x5(i€)><_zn(1—mz)>
0 =1,234 1)
and
I TETER)
Pr) —
g 2"( <y€( )>(—ln(1—Pi<)>
0 =1234 ..(22)

Now, replacement equations (21) and
(22) in equation (8) :

[ blPr ] [ BzPr ] [ B3Pr ]
d1pr+biprd Lazpr+bopr Laspr+bspr

+ dyprbipr ]

Core ) bree) e (1) 1)

[ EZPr ] [ B3Pr ] _|_ [ BlPr ]
L 4ypr+Dbopr] Laspr+bspr d1pr+bipr

. _(ﬁzpr(%)”;zpr)(dzpr(l'i'(%))"'ﬁzpr)]
[ B3Pr ] + [ ElPr ] [ EzPr ]
| -dSPr"'BSPr ler"'BlPr dZPr"'BZPr

' _(amc“>+b3pr>7;55(3+<%>)+53pr>]

.(23)

3.3 Least Square Method (LS):

In this method, used the minimize

equation to reduce the non-parametric
(F) and parametric (F) distribution

functions :

S(@) = Sy (Fx) — F@)
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-~ 2
=31, (Fle) - (1 —e™%9)) .(29)
Now, get a linear form to CDF of

Exponential distribution by using the

following :
F(x;)=1—e %
—ln(l — F(xi)) =ax; ...(25)

Since F(x;) is unknown, we will use :
F(x(i)) = ﬁ ;’i = 1,2, e, I
The equation S(a) becomes :
2
S(a) = ZE=1(Z(¢) - ax(i)) (26)
Where Zy) = —In (1 - F(x(i)))
= —ln(l - P’L)
and P; is the plotting position.
By partially deriving equation (26) for

the parameter a, we get :

OS(a)
7a = Zi=12(z) — ax) 2y = 0

Yie1 Z@x@) — A Ni=1 %5y =0

Thenwe get 3 g :

~ Zi Z/Lx’l,
as = “5—5 2 (x) - ..(27)
1—1 (@)
Will get as
Sieea2z, (¥
~ =1 3 i
Ggis =~ (;2) () ¢ 1234
7 k)
..(28)
and
X =128, \Y¢
r G G,
s =, {=1234
1)
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Where G(y(;)) =
and Z(j) = —In (1 - G(Y(;)))

= —ln(l — P;’)

Now, replacement equations (28) and
(29) in equation (8) :

? =[ birs ][ baLs ][ bsLs ]
Ls Ay1s+bipsl Lazps+bapsl LAz s+bzrs

dipsbiLs ]

(alLS(K)+b1LS)(a1LS<1+(%))+51LS)

[ bars ][ bsLs ]+[ biLs ]
Azrs+bars) Lasps+bsrs Aimr+bimeL

7—12

+

'[(aus( 5 )42 (LB s(1+(3e ))“hw)]

AZ
[ bsLs ]+[ biLs ][ baLs ]
dzps+bsrs A1ps+bars) Lazps+bars

dsLsbaLs
. [(aus(%)+B3LS)(63L$(1+(%))+33L$)]
...(30)

4. The experimental study
We simulate the outputs of all three
estimating methods by using MSE.
Study of simulation is replicated several
times (10000) so that the samples of
three sizes (small, moderate and large)
are independently collected.

4.1 Algorithm of Simulation:

The simulation algorithms are written for
estimating R using MATLAB program,
according to the following steps:

1-The random samples (x;4, %15, ...,
x1r1)' (-”Czp X225+ ,erZ), (231, %32, -on)
x3r3)' and (’%11'%12» /y*wl)» (%21,

Y225 ) yZVZ)’ (’9*31; Y325 ) ’%3v3)
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of sizes (ry, 1y, 13,4, V,,v3) = (15,15,15 2- Selected the values of parameters for 6
15,15), (40,40,40,40,40)and (90,90,90, experiments (aq, a, as, by, by, b3) in the
90,90) are generated from exponential table (1):

distribution.
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Table(1): Values of parameters and Reliability

Experiment | X M a; | a, as b4 b, b R
1 15 | 05 2 2 2 2 2 2 0.1625
2 15 | 05 2 2 2 18 | 1.8 | 1.8 | 0.1380
3 15 | 05 1 1 1 4 4 4 0.6491
4 18 | 04 2 2 2 2 2 2 0.1460
5 1.1 | 095 | 2 2 2 2 2 2 0.2351
6 1.1 | 0.99 1 1 1 4 4 4 0.7579

3- Parameters a4, a,, as, b,, b,, b; were estimated (ML, Pr, and LS) in equations: (13),(14),
(21),(22),(28) and (29) respectively.

4- R was estimated in equations: (15),(23) and (30).

5- Calculate the mean by Mean =

Siz1 R

6- The last stage is to use the "Mean square Error” to assess the results of the three estimation

methods.: MSE(R) = %22-:1(5]?4 — R)?

4.3 Simulation Results

After applying the previous steps of R for sample size (r,7,,73,V,, V3, v3) & (15,15,
15,15,15,15), (40,40,40,40,40,40) and (90,90,90,90,90,90) :
Table(2): Values MSE for 6 experiments

EXp Simple size ML Pr LS Best
(15,15, 15,15,15,15) | 0.0027 | 0.0029 | 0.0031 ML

1 (40,40,40,40,40,40) | 0.0010 | 0.0011 | 0.0012 ML
(90,90,90,90,90,90) | 0.0002 | 0.007 | 0.009 ML

(15,15, 15,15,15,15) | 0.0017 | 0.0019 | 0.0020 ML

2 (40,40,40,40,40,40) | 0.0008 | 0.0009 | 0.0010 ML
(90,90,90,90,90,90) | 0.0002 | 0.003 | 0.005 ML

(15,15, 15,15,15,15) | 0.0061 | 0.0068 | 0.0074 ML

3 (40,40,40,40,40,40) | 0.0022 | 0.0025 | 0.0027 ML
(90,90,90,90,90,90) | 0.0009 | 0.0011 | 0.0012 ML

(15,15, 15,15,15,15) | 0.0022 | 0.0024 | 0.0026 ML

4 (40,40,40,40,40,40) | 0.0008 | 0.0009 | 0.0010 ML
(90,90,90,90,90,90) | 0.0001 | 0.003 | 0.006 ML

(15,15, 15,15,15,15) | 0.0044 | 0.0049 | 0.0052 ML

5 (40,40,40,40,40,40) | 0.0017 | 0.0020 | 0.0021 ML
(90,90,90,90,90,90) | 0.0004 | 0.009 | 0.0012 ML

6 (15,15, 15,15,15,15) | 0.0049 | 0.0055 | 0.0060 ML
(40,40,40,40,40,40) | 0.0016 | 0.0019 | 0.0021 ML
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| | (90,90,90,90,90,90) | 0.0006 | 0.008 | 0.0010 ML

5. Conclusions

This conclusion according to the simulation
study results:

1. We concluded from the table (1)

I-With increasing value of parameter a,
reliability is decreasing.

I1-With the increasing value of parameter b,

reliability is increased.
I1I- With the increasing value of %

reliability is decreasing.

2. We concluded from the table (2) the best
estimator for Ris ML for 6 experiments and
different sample sizes
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