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Abstract:

el [ his work is licensed under a Creative  Commons _Attribution-NonCommercial-

The purpose of this paper is to give some results such as Schwarz-inequality,
Parallelogram law, Parallelogram identity and some other properties by using the
modified definition of probabilistic inner product space.
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Introduction:

Menger [1] has introduced in 1942 the
concept of probabilistic metric space
(PMS) and since then many
researchers have studied this concept
and give modified definition given in
[2]. The basic idea of Menger was to
replace the distance between two
points by using distribution functions
instead of nonnegative real numbers
values as the value of metric between
two points. Such a probabilistic
generalization of fundamental
importance in probabilistic functional
analysis, nonlinear analysis and
applications [4,5,6]. In [5,7] the
authors use the same approach to
define probabilistic normed spaces and
probabilistic inner product spaces. In
1994 S.S.Chang [4] introduced a
definition of the probabilistic inner
product space. In 2001 Yongfu Su [7]
gave modification to the Chang’s
definition. Finally, in 2007 Yongfu Su
[8] presented an explanation the
concept of Probabilistic inner product
space with mathematical expectation.
This paper contains two sections in
section one we give basic definitions
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we need. While in section two we give
the main results.

Preliminaries
This section presents some basic and
fundamental concepts related to this
paper.

Definition (2-1), [1]:

Let f be real function and let c is an
accumulation point of Dom £, then f is
left continuous at c if and only if
fc=)=f(), and f is right
continuous at ¢ if and only if f(c +) =
f(c), and f is continuous at c if
fle+) =flc—-)=f(o).

Definition (2-2), [1]:

A distribution function F:R —
[0,1], that is, non-decreasing and left
continuous on R; moreover, F(—o) =
0 and F(+o) =1, where R =
R U{—o00, 400} represent the set of
extended real number.

Definition (2-3), [2]:
Let R be the set of real numbers,
define the set D to be the set of all left

continuous distributions, such that:
D

= {F:F is left continous distibution function}
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1, t>0
and let H(t) = {0 <0
be distribution function which belongs
to D.
Definition (2-4), [7]:

Let E be a real linear space and let
F:E X E —» D be a function, then the
Probabilistic inner product space is the
triple (E, F,*) where F is assumed to
satisfy the following conditions:
(F.,(t) will represent the value of
E.,att €R)

(MPIP-1)
Fx,x(o) =0,
(MPIP-2)
Foy =Fy
(MPIP-3)
Ex)=H()eox=0,

t
!{ Falz) o a0

Faxy(®) = YH(®) , A1=0
1- Fx,y(t//1 +) , A<0

(MPIP-4)

where 4 is real number, Fx,y(t/)L +)is
the right hand limit of F,,
at =,

(MPIP-5)
if x, y are linearly independent then
Fx+y,z ) = (Fx,z * Fy,z)(t)

Where

(Fey * F,,)(©) = f Fyy(t — wdE, , ()
Note:

If x,y are linearly dependent then let y =

ax ,(a € R), then:
x+y=x+ax=(1+a)x ,nowlet
A =1+ athen
x+y=I>Ax

Fx+y,z(t) = FAx,z(t)

t
F,, (E) , 1>0
= {H() , A=
\1-E.(t,+), 2<0
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which is (MPIP — 4).
Then (E,F,*)is called the modified
probabilistic inner product Space.
Definition:(2-5), [8]:

A PIP — space (g F%

mathematical expectation if:

is called with

f tdF,,(t) < o ,Vx,y EE
Theorem(2-6), [8]:
Let (E,F,*x) be a modified

probabilistic inner product space with
mathematical expectation then

<x,y>=f tdE.,(t) ,Vx,y €EE

then (E, <;
) is called inner product space, (E, |
), is called the normed space where

hxll=<xx>

Note:<x,x >=>0 Vx€E.
Main Results
In this section some of the main results
will be presented.
Proposition (3-1):

Let (E,<.,.>) be an ordinary inner
product space, let F: E X E - D
be a function defined by

E.,(t) = H(t—-<x,y >)

then (E,F,x) is a modified
probabilistic inner product space.

Proof:
(PIP - 1)
E,(0)=HO-<x,x>)=0
(PIP - 2)
FE.,(t) = H(t—<x,y >)
=H(t—-<x,y>)
= Fy,x(t)
(PIP - 3)
E () =H({t—<x,x>)
= H(t)
-><x,x>=0->x=0
if x=0then
Foo(t) = H(t—< 0,0 >) = H(t)
(PIP — 4) > 0, then
Fiey() = Ht—< Ax,y >)
=H({t—-A<xy>

t
= H(A(E_< X,y >)
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=H (§—< X,y >) = Fx,y(i)
1. if A=0,then
Fiy(t) = Ht—< Ax,y >)
=H({t—< 0,y >) = H(t)
2. if A<0,then
Fixy(t) = H(t—< Ax,y >)
=H({t—- (1) <x,y>)

t
= (—A(—/—1+< X,y >)

t
= (‘z+< o >)
= 1—H(tz—< X,y >)
=1 - Fx'y(z+)
(PIP —5)
1. If

x,y are linearly dependent then let y =
ax ,a is scalar (€ R) then
x+y=x+ax
=1+ a)x ,now let
A=axthenx+y=hx
Fx+y,z(t) = Faxz ()

() s
J X,Z A )
=YH(t) , 1=0
L1—Fx,z(t//1+), A<0

which has been shown in (PI — 4)
2. If

x,y are linearly independent then
Friy,() =H({t—<x+y,z>)

(Foy * ) (0) = f Fyy(t — wdE, , ()

= fooH(t —u)—<x,z>)dH(u—

<zy>)

= ffoooH(t —u)—-<x+
v,z >)dH (u)
= Fx+y,z(t)

Theorem (3-2):
Let
(E,F,x) be PIP —

3.<0,y>=<x,0>=0
4. <x—y,z>=<x,z> —<y,z>
Proof:
1.
by(MPIP — 2)

= f tdFy+z,x ()

—00

= J tdF, ,(t)

+f tde,Z(t)
=<x,y>+<x,z>

2.
<x,Az>= J tdF, ,,(t)

= [ B0 =2

<zx
> by (PIP —4)

[ee)

<0,y>= J tdFo, (t)

= f;tdﬁ(t) =0

Similarly for < x,0 >
4,

<xX—y,z>= f tdF_, ,(t)

=.f tdF, ,(t)
- f tdF, (t)
=<xz>—-<Yy,z>
5.
<x,z>=<y,z>

= f tdF, ,(t)

= f tdF,,(t) VZEE

space with Mathematical expectation then :

L<xy+z>=[" tdFey,(0)
2.<xAz>=A<x,z>
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0= f tdF, ,(t)
_ f tdF, , (¢)

= f tde—y,z ()

=0

Fx—y,z(t) =0iffx-y=0->x=
yVz€E by(PI-3) =
Theorem (3-3): (Schwarz- Inequality)

For all x,y € E.where (E,F,x) is
PIP-space with Mathematical
Expectation then:
<xy>)<IxIPlyll?* Vx,y €E
Proof:

Letx#0,y#0[if x=0o0ry
=0then< 0,y >=
<x,0>=0]

For any A,Aisreal number (1€
R),A>0
1. If x,yare linearly dependent
then

<x—=Aly,x =iy >

:f tde—)ly,x—)Ly(t)
= f tdH() = 0

2. If

x,y are linearly independent then x —
Ay # 0 then

<x—Ay,x—Ay>=0
<x—=Ay,x — Ay >=

| tar.©- | tary©

[0e]

— J tdFy 5, (t)

+ j tdFyy 2, () =20
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- |t
-1 J tdFE, ,(t)
-1 J tdFE, ,(t)

+ 22 f tdF, ,(t)

>0

- f tdF, (t)
— 21 J tdFE, ., (t)

— 22 f tdF, ,(t)
>0

<xy> _ fjooo tdFy y(t)
<Yy> [ tdFy ()

Let A =

f tdF, ,(t)

“ tdE,,(t) [
_9 f‘o‘;" alcd J tdF, ,,(t)
J_ tdF,, (1) Jow

[0 tdE, (),
>0
- (J o, tdEy ()
J_oo fiha(t) = I tdE,,(t)
>0

f tdF, . (t) f tdF, , (t)

> ( J : tdF, , (t))*

<xx><yy>>(<xy>)?
(<x,y>)2<lxIlyl?* where

Ixll=+/<x,x>
[]

Theorem (3-4): (Parallelogram Law)

For all x,y € E,where (E,F,x) is
PIP-space with Mathematical
Expectation then:
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lx+yl?+llx—yl?=21xI?+2

Iy I

Proof:

lx+yl?+lx—yl*=
<x+yx+y>+
<x—yx—y>

| Z tdF 1y ey (D)
+ f_o:o tdFe_y x—y(t)
- f ", (O
+ f : tdF, ,(t)
+ f OotdFy,y(t)
+ f ) tdF, . (t)
+ foo tdE, ,, (t)
+ foo tdF . (t)
— f ) tdF ,(t)
— footdFy,x(t)
+ f oo1:dFy,y(1:)
=2 j Ootde,x(t)

+ 2 J tdF,,(t) = 2

<xx>4+2<y,y>
=20xI?+21yl?

Where Ixll=V<x,x>
m.
Note:

The purpose of this theorem is to
give a necessarily condition that a
probabilistic normed space (PN-space )
is (PIP-space ) if it is satisfied the
parallelogram Law.
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Theorem
Identity)

For all x,y € E,where (E,F,x) is
PIP-space with Mathematical
Expectation then:

(3-5): (Parallelogram

1 2
<x,y>= Z{I|x+y|| —

Il x—vy 1%}
Proof:
lx+ylP=<x+yx+y>
= f tde+y,x+y(t)
= f tdF, . (t)
+ f tdF, ,(t)
+ f tdF, ,(t)
+ f tdF, ,(t)
Similar )

lx—ylP=<x—-y,x—y>
=] tde—y,x—y(t)

= f tdF, ,(t)
— f tdF, ,(t)
— f tdF, . (t)

+ f tdF, ,(t)
lx+yll2=llx—yl?
=2 f tdF,, (t)

+ 2 f tdFE, (t)
By (PIP-2) we get -

1 [o0]
<x,y>= Z{4]001:de,y(t) }

= j tdF,,(t) =
< x,y_>
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