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LINEAR PARTIAL DIFFERENTIAL EQUATIONS

Assis.Lect.Noor Ali Hussein
AL_Qadesseya University. College of Education,Department of Mathematics.

ABSTRACT

Our aim in this search is to find the values of separation constant (1) for the complete
solution without using any conditions for some classified of the linear second order partial

: : : : : A’° ’
differential equations for all cases which contains the case A, :TZ or A, :AlT or

B’ . . . . . .
B, = Tl since that is not easy to find the values (A) without using any conditions for an

application homogenous linear partial differential equations (L.P.D.Es) which is solving by
separation of variable method.
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1- INTRODUCTION

One of the power full methods of generating asset of solutions for a given homogeneous linear
partial differential equations is the method of separation variables.

The dependent variable in separation variable is assumed to be a product of functions and by
finding the partial derivatives in the original partial differential equations by this method we obtain
ordinary differential equations are independent of each other, and each ordinary differential
equation must be affixed to constant (separation of constant) which is supposed to be( 1) and by
substituting initial and boundary conditions we obtain the values of separation constant (A1) .

We could find in  the complete solution order linear partial differential equations by using the
assumptions [2]:

U0 [v(y)d u(xxe [ Doy
z(x,y) = eI v Coz(x,y) = eI I Y and

I@dHILyY)dy

z(x,y)=e :

179



Journal of Kerbala University , VVol. 9 No.3 Scientific . 2011

which are converted linear partial differential equations of second order to linear ordinary

differential equations of first order, and classified linear partial differential equations to many cases.
) ) ) A 2 2 B 2

In this search we take all cases which is concerned the case A, = TZ or A = AlT or B,= Tl

for finding (A ) without using any conditions.

2- Basic Definitions [1]

2-1 Definition
A partial differential equation is an equation that contains partial derivatives.

2-2 Definition
The equation whose derivatives of the first degree are not multiplied together , is called linear
partial differential equation.

2-3 Definition

The equation whose partial derivatives are equal in the order , is called with homogeneous terms
linear partial differential equation.

3-Extension of Linear Second Order Partial Differential Equations

The linear second order partial differential equations, which have the general form

A(x,Y)z, +B(x,Y)z,, +C(x,y)z,, + D(X,y)z, + E(X,¥)z, + F(X,y)z=0...(1),

where some of A(X, Y),B(X,¥),C(x,¥),D(x,¥),E(x,y) and F(x,y) are functions of x or y or
both x and vy .

In order to find the complete solution of the equation(1), in[2] search function u(X)

and v(y) such that the assumptions

0%y [v(y)ay u(xxe [ Doy
0oy = T =TT

f@dﬂ I Lyy)dy

z(x,y)=e :

represent the complete solution of the equation (1).

4- Classified and Complete Solution of Second Order Linear Partial Differential Equations

Case 1:
Alxzzxx + D, xz, +CZyy + Ezy +Fz=0---(2),
(ieB=0)

>A,D,,CE and F are constants and not identically zero.
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dex+jv(y)dy
The assumption  Z(X,y) =¢e" X ..(3),

represents the complete solution of equation (2),
this assumption will transform the equation(2), to first ordinary differential equation by finding

Z,,Z,,Z, and z, from the equation (3), and substitution the above partial derivatives in
equation(2), we get

A (xu'(X) +u?(x) —u(x))+ Du(x) + C(v'(y) +Vv3(y)) + Ev(y) + F =0...(4)
the equation (4), is of the first order ordinary differential equation and contains two independent
functions u(x) and v(y), then the complete solution of equation(2),is given by :

il / - _i_
i) Z(x,y)=x?¢e 2 a, X +a X Ed cos,/B ——y+d sm,/B ——y]hc

2 2

A, B
2 and B, #
4 A 274

iil /’L,% ,/L
2e? | axX +a,X

i) z(x,y)=x (y—c,)

e By B’ : B’
iy z(x,y)=x 2e2 |d,cos Bz—le+dzsm BZ—le (In(c,x)) , (c,x)>0

A’ B,
f —= and B,  —
4 A 274

iz i
iv z(x,y)=kx 2 e ? (y—cz)ln(c4x) , (€,x)>0

2 2

If ATZ:A3 and B, =

Y. 2
Whefe%=%—l&=%,82:¥ and Blzg

and 4,a,,d.,(i=12),k, =e%,c, and c,are arbitrary constants
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Case 2:

Az, +Dz, +Cy’z, +Eyz, +Fz=0---(5),
(ieB =0)

> A/B,C,E, and F are constants and not identically zero.

_[u(x)dx+_|‘wdy
The assumption Z(X, Y) =€ y ...(6),
represents the complete solution of equation (5),
this assumption will transform the equation(5), to first ordinary differential equation
then the complete solution of equation (5) is given by :

Z(x,y) = _TBle_7 F+a y_ﬁ [d cos,/A2 x+d sm,/A }

i)

B2

(Tl_Bz)zo

2 BZ
Az;tAlT and TliBz
B A A12 Alz
iy zZ(xy)=y?e? |dcos A2—7x+dzsin AZ—TX (Incy);(cy) >0
2 BZ

If Az;tAlT and Tl_BZ

iii) 2(x,y)=y *e? (X Cy)lay'’ 2y =
2 BZ
IfA2=A1T and Tl;th
jilx
2 2

iv) Z2(X,Y)=ky (x—¢;)(Incy);(cy) >0

2 2
If AZ:AlT and B—lsz
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2 92
where A1=2,A2=/%,BZ=FC/1 and Blzg—l

1 1
and A,a,,d;,(i=12),k, =e®,c, and care arbitrary constants

Case 3:

AXx’z, +Dxz, +Cy*z,, +Eyz, + Fz=0---(7),
(ieB=0)
> A,B,,C,,E,;,andF are constants and not identically zero.

.[de+jwdy

The assumption Z(x,y)=e X Y ...(8),

represents the complete solution of equation (7),

this assumption will transform the equation(7), to first order ordinary differential equation,
then the complete solution of equation (7) is given by:

i)
B Bl{ ﬁ+a X ﬁ](dlyﬂjtdzyﬂ}

Z2(x,y)=x?

2 2

(ATZ— A)> Oand(BTl— B,)>0

2 2

A B
If A, —2 and ——«B
A, A A 2

i) z(x,y)—xgzysl[a x“if +a,X 7“47 J(Incy) (——A3)>Oand(cy)>0

A B B’ g, BE B2
ii) z(x,y)—xzyZ[aiy ¢ Tray e }('n(czx));(Tl_Bz)>0;(C2X)>0
2

s

iv) z(x,y)=kx 2 y 2 (In(c,x))(In(cy));(c,x) > Oand(cy) > 0

A’ B/’
If AngZ and —=B,.
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D 2 — A E
WhereAzz—l—l,A3:/l—,BZ=F A andB =—-1
A A C, C,

and A,a,,d;,(i=12),k =e%,c, and c are arbitrary constants

Case 4:
AX’z, +Dxz, +Cy’z,, +Eyz, +Bxyz, +Fz=0,(B=0) ...(9)
> A,D,,C,,E,, B, and F are constants and not identically zero.

J.Mdmjwdy

The assumption Z(x,y)=e X Y ...(8),

represents the complete solution of equation (9),

this assumption will transform the equation(9), to first order ordinary differential equation,then the
complete solution of equation (9) is given by:

-A A’ A’ 2
VA VA
[alx - }(ATZ—AS)ZO

i) z(x,y)=x 2 y*

D, + B4 C,(-2)+EA+F

A

and A,a,,(i=12),k =e® and c, are arbitrary constants .

Where A, =

—landA =

5- How to Find The Separation of Constant( A1) For Linear Partial Differential Equation
Case 1:

Ax’z, +Dxz,+Cz,, +Ez,+Fz=0,(ieB=0)

N A’ B,

i) If — =« and B, =—

) If A 2=
2

When BZ:FJ”1 andBl=%

Proof :

B 2
Since B, :Tl hence
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F+ A2 E?
= =
C 4C?
E2
“ac
then the complete solution becomes

A]Z

2_ 2_
a0 5 [ EEE o
z(x,y)=x>" ex’| ax +a,X (y—-c,)

2

A’ B,
i) If — = and B, = —

) I 2= A 2 *
.y

When A, =%—1and% =

Proof :

2
Since AQT=AS hence

1,D - X
(2212 =

4(A1 ) A
2 _~A Dy
A= Z (Al 1)

then the complete solution becomes

2(x, y)=x_2(4‘”ez5y[dlcosJ4AlF . y+d2sinJ4AlF (B -A) B J(In(c4x))

=

4AC 4AC ac?’
Case 2:
Az, +Dz,+Cy’z, +Eyz,+Fz =0,
(ieB = 0)

2 2
i) If A2¢AlT and — =B,

4
F
When B, = c and B, =—-1

Proof:
2

. B
Since —— =B, hence

_ 72
F-2 _1E o
cC, 4¢C
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_ (El — C1)2
4C,
then the complete solution becomes

2 =F

D2

;1(5—1) -D, _ _ 2 2 _ ~ 2
2(xy) =y 2o e | d cos [T EZC) Dy g [AFG (B =G

4C, A 4A? 4C, A
2 BZ
i) If A=— and — =B
i) If A, 4 A # B,
D 2
Wh =—and A, =—
en A Aan 2 = A
Proof:

2
Since A, =A1T hence

D> X

4N2 A

D2
TaA
then the complete solution becomes

N N
_1(%_1) 2)( %(?_1)2_43';;) _\ %(%_1)2_42';;)
1 2A _ 1 1 1 1

et (x—c3) ay

2(x,y)=y? ra,y

12

Case 3:
x’z_ +Dxz, +C,y*z, +Eyz, +Fz=0,(i.eB=0)
XX 1% ly vy 17 %y

N A’ B,’
mifA+—— ad B,=——
) If A2 =2 .=~
_ 12
F-4 and Bl=5—1
C

1 1

When B, =

Proof:

B 2
Since — =B, hence
4

2
- E
F-22 _LE e
C, 4¢

Pt E i
4 °C,

then the complete solution becomes
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20y Hag[ [P GEEGE e dGFEG)
Z(x,y)=x"" y*® ax ' +a,X ' (Incy)
2 2
B
in A= and B PL
) If A== o
D 2
When A, =—t-1and A, _A
A A
Proof:
. A?
Since ABZT2 hence
D 2
1(_1_1)2 = 2’_ —
4 A A
A° = ﬁ(&_l)Z
4 A
then the complete solution becomes
2 S \/j(?—l)z—‘w _ \/i(?‘l)z‘w
1
Z(x,y)=x"" y " o|ay +a,y 1@ (I, X))
Case 4.

Ax*z, +Dxz, +Cy’z, +Eyz, +Bxyz,, + Fz=0,(B = 0)
2

y A
i) If T_A3

2 J—
A A
Proof:
2
Since AZT: A, hence
E(Dl-'_—Blﬂ’_l)Z _Cl(ﬂz -A)+ EA+F 0>
4 A A

A+ pl+y=0 ..(11)

(2DlBl _ZAlBl +4A1C1 _4A1E1)

where = and
B, —4AC,
D, - 2D 2 _4AF
y=— l2A1+A1 A ' B12_401'6‘1;'50
B, —4C A

and by solving the equation(11) we can know the value of (1).
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6- Examples :

Examples 1: To solve the partial differential equation

Xz, +xz, +12,, +4z,+32=0,

by using the (case(1),ii) then A* =1, thus the complete solution has the form

z(x,y) =e (a,x+a,x ") (y—¢,)

Examples 2: To solve the partial differential equation
2 2
X2, +3xz, +y°z,, +3yz, +2=0
by using the (case(3),iii) then A* =1, thus the complete solution has the form
Z(X1 y) = Xﬁlyil(aqy +a, yil) In(czx)

Examples 3: To solve the partial differential equation

X7, +5Xz, +2y°z,, +5yz, +2xyz,, +42=0
by using the (case(4),ii) , we get (A* — 1 =0), thus either 1=0 or A=1.

If 2 =0,then the complete solution has the form
2(x,y) = kx? In(c,X)

If 2 =1, then the complete solution has the form
z2(x,y) =kx*yIn(c,X) .
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