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Abstract:

In this work we used numerical method for solving the initial value problem that
consists of the multi-dimensional hyperbolic equation with (2m) nonlocal non-linear integral
boundary conditions. This method depends on Crank-Niklson finite difference scheme and
Taylor’s expansion.In this method the (2m) integrals in the (2m) nonlocal non-linear
boundary conditions are approximated by using the composite Simpson 1/3 rule. Some
examples are presented to illustrate the applicability of this method.
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1-Introduction:

The nonlocal conditions appear when values of the function on the boundary are connected to
values inside the domain, such boundary value problems are known as nonlocal problems. Nonlocal
problems have been a major research area in modern physics, biology, chemistry, and engineering
when it is impossible to determine the boundary values of the unknown function. Many complex
physical phenomena are frequently described and modeled by partial differential equations with the
nonlinear boundary conditions. Theoretical studies on the existence and uniqueness and the
behaviors of solutions for problems governed by wave equation with nonlocal conditions have
received considerable attention in the literature ([5], [7] and [8]), [1] used finite difference scheme
for solving multi-dimensional hyperbolic equation with one nonlocal linear integral boundary
condition, [2] used finite difference scheme to solve the one-dimensional heat equation with two
nonlocal non-linear integral boundary conditions, [3] used the shifted Legendre tau technique for
solving the one-dimensional wave equation with one nonlocal linear integral boundary condition,
[6], [11] used the variational iteration method and the homotopy analysis method  for
approximating solutions of the one-dimensional wave equation with one nonlocal linear integral
condition respectively, [9] gave a numerical method which depends on the properties of Chebyshev
polynomials of the second kind for solving the one-dimensional wave equation subject to one
nonlocal linear integral boundary condition and [10] described a numerical technique based on an
integro-differential equation and local interpolating functions for solving the one-dimensional wave
equation with one nonlocal linear integral boundary condition. In this paper we concerned with the
numerical solution of the multi-dimensional hyperbolic equation:

0?2 u(xl,xz, v X t) 26 [a X1 X o) au(xl,xg, ey X t)] — F e s X )
Xi
x; € (a;,by),i=12,..,m, tel[o,T] .. (1.1)
together with the initial conditions
U(X1, Xg, ey X, 0) = d (X1, X2, ey X)), x; € (a;, by), i=12,..,m (1.2)
U (X1, Xgy eoey X, 0) = 7(Xq, Xg) vee s X)) x; € (a;, b)), i=12,..,m (1.3)
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and the 2m nonlocal non-linear integral ll:))oundary conditions:
U(X1, Xgy ey Xj1y Qjy Xjg1y oo Xy ) = f Lwo,i (X1, X, weey X)) UPE(X1, X9,y veny X, ) dX;
Y g O, i=12.,mte[0T] . (14)
b
U(xy, X2, ooy Xim1, By X1y oons X,y £) = f Lwl,i (%1, %5, eeey X)) UTE(X1, X, vony Xy, ) dX;
+Z1,i(t), i=12,..mte[0,T] .. (15)

where p; > 1,q; = 1 are known constants, m is a positive integer,wo;, Wy, 0oi ,» i, =1,2,...,m,f,d
and r are known functions that must satisfy the compatibility conditions:

b;
Pi
(1) d(Xq, X3, e, Xj—1y Aty Xjp1s oo Xy) = f wo,i (%1, Xz, oo, %) (d(1, X2, o, X)) dX; + go,:(0)
a;

b .
(2) d(X1, X3 ooy Xi1, biy Xj 41y woes X)) = j wy; (%1, X, e, %) (d (g, 22, ...,xm))ql dx; + g1:(0)
a;

(3) (1, X0y veey Xj—1) Ay X1y veer X)) =

' pi—1 dgo,
wo ; (X1, X2, ..., xm)pi(d(xl, X3, ...,xm)) (%1, X5, ey X )dx; + it
a; t=0
(4) r(xq, Xg, ey Xi—1, biy Xjp gy ey X)) =
¢ qi—1 dgl,i
Wl,i (leXZJ ---;xm)qi(d(xll X2, ;xm)) r(xl'xZJ ---'xm)dxi + dt
a; t=0

2- Solutions of nonlocal problem (1.1)-(1.5):
In this section, we used Crank-Niklson finite difference scheme for finding the solutions of the
nonlocal problem given by equations (1.1)-(1.5). To do this, we divide the domain [a; b;] X

[az, b2] X ... X [am,bm] X [0,T] into N; X N, X .. X N, XM mesh with spatial step size h; =
—bil\;ai in xi-direction and the time step size k =% respectively, where M and N; are positive

integer. The grid points are given by
x'=a; +sh, s;=01,.,N, i=12..,m,
t = jk, j=01,..,M.
We define the following difference operators:

Sm —
Oy u(xl 'xz yer X tj) = Usy 59,05+ 1,Si41,05md ~ Ws1,52,08muJ ?
S; = 0,1,...,Ni,j = 0,1,...,M,

2 m = —_ . .
6 u(xl :xz yer Xm tj) - usl,sz,...,si—1,si+1,...,sm,j Zusl,sz,...,sm,] + usl,sz,...,si+1,si+1,...,sm,];
s;=12,...,N;,j=01,..., M,

Sm _
5t u(xl ;xz ) Xy 'tj) - usl,sz,...,sm,j+1 - Zusl,sz,...,sm,j + usl,sz,...,sm,j—lr
s;=01,....N;,j= 12,...,M,

where ug_ s, s is the numerical solution of the I.V.P (1.1)-(1.5) at the point (x3*,x32, ..., xp™, t; ).

2
We replaced a—“ > by the mean of its finite difference representation on the (j+1) and jth time rows:

%u(xSt, 32, o, x0™ t 1
b azx,z ) T (BZu(xst, 252, o, g ) + S2u(], %52, o, X i)
L

S; = 1,2,...,Nl',j: 1,2,...,M.

Then we approximate equation (1.1) by
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d s
m m
ax; a; (xl ,x2 ey X )
ié‘zu . = 6 u .
K2 t 51,82,Sm,J h, Xi 7*81,S2,»Sm,]
. l
=1

L
Sm
(xl,xz,...,xm) S
+ Z [ 2h2 6-31 (usl'SZ' 'Smr]+1 + uSI'SZ! 'Sm']) + f(xl 'x2 ’ ""xmm’ t])'
i

j=12,..,M.
After simple computations, one can have

SmY..2
E al(xl rxz yey X, )ri Us,,52,.08i= 1,541, enSnj+1
i=1

SmY..2
+2|1 +Z (7,352, e, X )12 s s, s

m

SmY,.2 — L
Z al(xl rxz v Xip )ri usl,sz,...,si+1,si+1,...,sm,j+1 - Msl,sz,...,sm,j ] = 1,2,...M .. (2-1)
i=1

_ Sm
where M, s, s = Die1 i (x1 'xz s X )r Us1,59,008i= 1,141, SmoJ

da;(x1, %52, ., Sm)\]
dx; |
hi |Jusl 452, e0SmuJ

m

—

S S S 2 2
ai(xll,xzz, ...,xmm)ri + k

e~

INGERS

1]
oy

S
[ aa; (x1 ,x2 s X

+

S1 .52 SmY,.2 2
ai(xl X"y s X )ri +2k h. Us,,52,..,5i+ 1,514 1, 0Sm]
i l
S . .
—2ug s, s -1+ 2K2F (%0002, a0 ), s = 1,2, 0, N i =12, ,mj = 1,2,...,M

and 7; =§, i=1,2,....m

By substituting j=0 in equation (1.2), we obtain

S .
Us,sysm0 = AT 252, o, X), si=12,.,N;,i=12,..,m

then we approximate equation (2.3) by using forward finite difference formula to get

S .
U, 5905l kr(x1 X, ,...,xmm) + Us 5y 5m0 0 s;=12,...,N;,i=12,...m .. (2.2)
Now, by using Taylor’s expansion for the nonlinear functions upi(xil,xgz,... om t]+1) and
udi(xj!, 5%, ..., Xp™, tj41) about the point (x3?,x3%, ..., xpr, t;), one can get
ou
Di — Di pi—1 51,5258 2
usl,sz,...,sm,j+1 - usl,sz, WS + kpl 51,52,...,sm,j ot +O(k )
and
Ju
ai — 4 -1 S1,52)- 2
Uy s+l — UsrSzsmd T kqqug S—— Ot - o(k%)

respectively, where o(k?) denotes terms second and higher powers of k . But
ou

51,52,4SmJ (usl,sz,...,sm,j+1 - usl,sz,...,sm,j)

Jt k

Therefore, one can get
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pPi .
51,52, SmaJ+1 ( pl)uspsz. “SmuJ T qu SlrSZ; “Sm Ju 51,52,SmJ+1 (2 3)
qi QL .

51,52, S j+1 (1 ql)usl S90S +qu 51,52, ,sm,] 51,82, Sm,j+1

the integrals in equations (1.4)-(1.5) can be approximated by using quadrature rules say Simpson
1/3 rule, to obtain

Usy,52,008i-1,80Six 1S +1 = [WOl(xl 'xz ’ e x xls-:-+11’ ""xfnm fli,sz,...,si_l,ai,siﬂ,...,sm,j+1 +
4 Wo l(xl 'xZ ’ ""xf +1'xf-|l-+11’ ""xfnm .Ie)ll,sz,...,si_l,sﬁ1,si+1,...,sm,j+1 +
2WO.i(xl 'xz ’ ""xi5i+2 xisrrll’ e Sm)usl,sz, WSi—1,Si+2,5i4+ 1S +1 ot
Wo l(xl ’x2 ’ ""xl{Vi’xfj-*-ll' e sm)usl,sz, WSi—1,N{,Sit1,-- ,sm,]+1 +g0.i(j+1 )’
j=12,..M,i=12,..,m (2.4)
and
Usy,59,0Si—1,00Sit1,uSmj+1 = [Wll(xl VX5 x xlsﬁl""'xrsnm gli,sz,...,si_l,ai,sm,...,sm,j+1 +
4 Wy, l(xl ’ xZ yoree ’xiSL+1’xiS-L++11' ’x:nm gll,sz,...,si_l,si+1,si+1,...,sm,j+1 +
2Wl l(xl ’xz ’ '"'xiSi+2' is-ik+11' e Sm)usl,sz, wSi—1,Si+2,Si41,Sm,J+1 Tt

Ni _Siy1 Sm\.,di
Wy, l(xl ’x2 v X S X e Xy sl,sz,...,si_l,Ni,siH,...,sm,j+1] + gl.l(t]"‘l)

j=01,.,M,i=12,..,m (2.5).
By substituting equations (2.3) in equations (2.4) and (2.5), we obtain
asl,sz,...,si_l,ai,siﬂ,...,sm,jusl,sz,...,si_l,ai,siﬂ,...,sm,j+1
+ asl,sz,...,si_l,si+1,si+1,...,sm,j usl,sz,...,si_1,si+1,si+1,...,sm,j+1

+-+ As.,59,08i—1,N1Sig1renSmnd WS1,5200Si— 1N Si 1S +1) — le,sz,...,si_l,Ni,siH,...,sm,j

j=12.,Mi=12,..,m (2.6)
and
sl,sz,...,si_l,ai,siﬂ,...,sm,jusl,sz,...,si_1,ai,si+1,...,sm,j+1
+ bsl,sz,...,si_l,si+1,si+1,...,sm,j usl,sz,...,si_l,si+1,si+1,...,sm,j+1
+-+ bsl,sz,...,si_l,Ni,siH,...,sm,j Us1,50,000Si— 1N Sig1renSaj+1) — Qsl,sz,...,si_l,Ni,siH,...,sm,j
j=12,...M,i=1.2,..,m, (2.7)
where
ai ,.Si+1 SmY,,Pi—1 _
aSl;SZJ---;Si—lyai;Si+1r---rsmr] plh Wo, l(xl ’ x2 yen X 5 Xy e Xy 51,52,408i=1,A1,Si41,SmJ 3,

j=12,..,Mi=12,..,m

_ 51 ai . Si+1 smY,,qi—1
b51;52;---;Si—1jairsi+1r--'rsmr] - thl Wl,l(xl Xy ey Xy Xy g0 e X 51,52,-48i—1,0{,Si+1,-SmJ’

j=12,..Mi=1.2,..,m,

— 51 .S 2ri+1 | Si4q SmY,,Pi—1
s, 5,511,271+ 1Si41,05m,) = ADiM wo,i (%11, %57, Xy Xy e X JUg o si 1,274 LS 1S
N
l . .
r; =0,1, o T 1, j=12,..Mi=12,..,m

2ri+1 _ Si4q Sm q;i—1
bs, 5,501,214 1,5041005md = AQiNi Wll(x1 X5 e X i+1 0 Xm U s st 1,274 LSig 1S

-1, j=12.,Mi=12..,m,

=

= 0,1, .

_ 2ry Sit1 SmY\,,Pi—1
aS1,Sz,---,Si_1,2Ti,5i+1,---,5m,j - Zplh WOl(xl 'xZ yeen Xy X e Xy 51,52,098i—1,2T,Si+1,-+SmrJ’

N
l . .
=12, oo T 1, j=12,..,Mi=1.2,..,m,
— 21 Sit1 smY,,qi—1
bsl,SZ,...,si_l,zri,sHl,.--,SmJ - quh Wll(xl 'xz yer X Xy g e Xm 51,52,408i=1,2T St 1, +Sm) ’

l\.)|F__2
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N;
=12, ST 1, j=12,.,.M,i=1.2,..,m,
Ni _Sit+1 SmY,,Pi—1
pih; WOl(x1 'xz v Xy Xy X J U s, Si 1 NSt S

j= 1,2, woMi=12,..,m,
51'52; WSictNpSig1nSmd 3,
j=12,.,M,i=1.2,..,m,
1)h WOl(xl 'x2 ’ ""xlfll'xis-ll-T’ ""xfnm .7:11,52,...,si_l,ai,siﬂ,...,sm,j
+4(p; — 1)h-w0i(x151,x§2, ...,xislﬂ,xisfll, X ufll,SZ,---,si_l,si+1,si+1,---,sm.j

Si+2 _ Sit+1 S
+2(p; — 1)hwol(x1,x2,...,xi‘ J X e x m)u

As1,52,.08i—1.Ni,Sig1renSmd —

Ni _ Sit+1 x5m
L )ult

b = q;h; wll(x1 ,x2 yeen Xy X e X

51,52,-Si-1, NS4 1500Sm]

le,sz,...,si_l,Ni,si_,_l,...,sm,j = —

51,52,8i-1,Si+2,Si41,4Sm.J

Ni _ Sit1 Sm
+ - +(p; — Dhy WOl(x1 ,x2 e Xy Xy g s X )usl,Sz, 2Si—1,NiSit1,-0SmoJ
-3 goi(tj+1 ), j=12.,Mi=12,..,
and
— a; . Sit1 smY,,qi
Qsl:SZJ---:si—l:Ni'5i+1'---:5m:] - ( 1)h Wll(xl 'xZ yea Xy Xy g s Xim 51,52, 0Si—1,Q)Si+ 1S
_ 1y [ S1 452 Sitl | Siyq xSm
+4 (q; — Dh; Wll(x1 VX s e X X e Xy )us1 SprSiotsSH LSt 1S
Sit2 | Sit1 smY,,qi
+2(Ql 1)h W1 l(xl 'x2 e X 1 Xjp1 e Xm usl,sz,...,si_l,si+2,si+1,...,sm,j
Ni  Si+1 SmY,,qi
+et+ (g — Dhy Wll(xl ’x2 e X 0 Xipg e Xme JUs ) st NS 1S
-3 g1i(t41), j=12,..Mi=12,..,m
Therefore equations (2.1), (2.6) and (2.7) can be written in the matrix form:
[Qayspsmi  As14+1,55,005m,) Asi42,55,00Smif an,,spnsmj 0 0 0 0
ay B ay
0 a B
=
0 0 0 !
bal,sz(,)....sm.j bsl+1,56,...,sm,j bsl+2,56,,_,,sm,j by, sy, 5mj 8 0 0 0
0 0 0 As,,55,53 i Xs1,52,0Sm+1,J v Qs sy Sme1,Nm,j
A 0 0
0 m 0 0
0 0 Am
0 0 0 bsl,sz,sg,...,am,j bsl,sz,...,sm+1,j bSpsz.---.Sm—meJ

Ug,,s Sm.J+1 ) ,
152y ] Ly sprsmi

Usi+1,55,.,5m,j+1 Mg i1 s i
. 1+1.52,..5m,

M51+N1—1,52,...,Sm,j

Un,-1,s SmoJ
1—1,52,..5m,J+1 Q .
N1,52,...Sm,J

UN,,85,00Smuj+1
oz otmd = : (2.8)
u ' i Ls S2,e0Nm, J
51,52,53 ,-0m,J +1 Loz
M -
Us, 59, Sm+1,j+1 $1,52,.uSm+1,j

. 51,52, »Sm—1,Nm—1,j
u51r52,---r5m—1er—1J+1 152,-Sm—1Nm = L]

L Usy,s5p,Sm-_1,Nmj+1 4 L Qsiiszlimj
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where, a; = —a; (2%, %32, o,y )12, B = 2[1 + X7, a; (x5, %52, ..., %™ )rZ]. This linear system
can be solved by using any suitable method to find the numerical solutions ug, 5, o i s; =
01,...,N;,i = 1,2,...,m, j= 1,2,..., M, of the nonlocal problem given by equations (1.1)-
(1.5).

3- NUMERIACAL EXAMPLES:
In this section we present two examples that can be solve by using the above method.

Example (1):
Consider the one-dimensional wave equation:
U — Upy = —2, x € (0,1),t €[0,1] 3.1)
together with the initial conditions
u(x,0) = x2, x€[0,1] , (3.2)
u(x,0) =1, x €[0,1] , (3.3)
and the nonlocal non-linear integral boundary conditions
! 6t — (1+1)° + 1t
u(0,t) = j xu?(x,t) dx + ( c ) ) t €[0,1] (3.4)
0
1x 16(1+t)—(1+)*+t*
u(1,t) = f Zw30x,0) du + d+0 1(6 ) te[0d] . (35)
0

This example is constructed such that the exact solution is
u(x,t) = x2 +t.

Let N= M=4, then we get h=k=0.25 and r=1. From equation (3.2) one get the solution at j=0,
Ugo =0, uy g =0.0625, u, o = 0.2500, uzy = 0.5625, uyg = 1.

From equation (2.2) and by using equation (3.3), one can get

Ug; = 0.2500,u,; = 0.3125, u,; = 0.5000, uz; = 0.8125, u,; = 1.2500

In this case, equation (2.8) takes the form

—30.1563 0.2500 1.2188 0.6250 7[Y%0.2 1.0977
-1 4 -1 0 0 l [ul,zl | 1 }
0 -1 4 -1 0 Uz |=| 1.375

0 0 -1 4 -1 Uz 2
0 0.0366 0.0938 0.7427 —2.4141J U2 —2.6331J

This system can be easily solved by using any suitable method to find the numerical solution at j=2,
to get the results that are tabulated down in table (1).

Table (1), represent the solutions of example (1) for h=k=0.25.
Xi U(Xi,to) Uio U(Xi,tl) Ui1 U(Xi,tz) Ui2
0 0 0| 0.2500 | 0.2500 | 0.5000 0.4492
0.25| 0.0625| 0.0625| 0.3125| 0.3125| 0.5625 0.5478
0.5| 0.2500 | 0.2500 | 0.5000| 0.5000 | 0.7500 0.7421
0.75| 0.5625| 0.5625| 0.8125| 0.8125| 1.0625 1.0455
1 1 1] 1.2500| 1.2500| 1.5000 1.4398

Now if we take N=20 and M=40, then we get h=0.05, k=0.025, r=0.5. The results when x€[0,0.5]
that are tabulated down in Table (2).
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Table (2), represents the solutions of example (1) for h=0.05, k=0.025.

Xi u(xi,to) Uio u(x,ty) Ui u(x,t) Ui2
0.0000 0.0000 0.0000 0.0250 0.0250 | 0.0500 0.0497
0.0500 0.0025 0.0025 0.0275 0.0275 | 0.0525 0. 0525
0.1000 0.0100 0.0100 0.0350 0.0350 | 0.0600 0. 0600
0.1500 0.0225 0.0225 0.0475 0.0475| 0.0725 0.0725
0.2000 0.0400 0.0400 0.0650 0.0650 | 0.0900 0.0900
0.2500 0.0625 0.0625 0.0875 0.0875| 0.1125 0.1125
0.3000 0.0900 0.0900 0.1150 0.1150 | 0.1400 0.1400
0.3500 0.1225 0.1225 0.1475 0.1475| 0.1725 0.1725
0.4000 0.1600 0.1600 0.1850 0.1850 | 0.2100 0.2100
0.4500 0.2025 0.2025 0.2275 0.2275| 0.3525 0.3525
0.5000 0.2500 0.2500 0.3275 0.3275 | 0.3000 0.3000

In table (3) the absolute errors at specific points in the domain D={(x,t)|x € (0,1),t € (0,1)} for
different values of h and k are presented

Table (3), represents the absolute errors at specific points for different values for h and k for

example (1)

k h r Xi absolute errors

0.25 0.0147
0.25 0.25 1 0.75 0.017

1 0.0602

0.25 1.1532x 107°
0.05 0.01 5 0.75 9.837x 1077

1 0.0011

0.25 2.4293%x 10~10
0.025 0.005 5 0.75 1.9455x%x 10710

1 2.5739x 10~*

Example (2):

Consider the one-dimensional wave equation

Ut — Uy = 0 ) x € (Oll) L E [011] (36)
together with the initial conditions
u(x,0) = e*, x € [0,1] (3.7)
u:(x,0) = e*, x € [0,1] (3.8)
and the nonlocal non-linear boundary conditions
1 t_ g2t _ p2t+2
u(0,t) = f xu?(x,t) dx + 2 , te€[01] (3.9)
10 4et+1 _ eZt _ eZt+2
u(l,t) = f xu?(x,t) dx + 2 , te[0,1] (3.10)
0

This example is constructed such that the exact solution is
u(x, t) = e*tt

We take N=20 and M=40, then we get h=0.05, k=0.025, r=0.5. The results when x€ [0,0.5] that are
tabulated down in Table (4).
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Table (4), represents the solutions of example (2) for h=0.05, k=0.025.
Xi u(xito) | Uio u(xi,ty) Uix u(xi,to) Ui2

0.0000 |1 1 1.0253 1.0250 1.1052 1.0468
0.0500 | 1.0513 |1.0513 | 1.0779 1.0776 1.1052 1.1041
0.1000 |1.1052 |1.1052 | 1.1331 1.1328 1.1618 1.1611
0.1500 |1.1618 |1.1618 | 1.1912 1.1909 1.2214 1.2207
0.2000 |1.2214 |1.2214 | 1.2523 1.2519 1.2840 1.2833
0.2500 | 1.2840 |1.2840 | 1.3165 1.3161 1.3499 1.3491
0.3000 | 1.3499 | 1.3499 | 1.3840 1.3836 1.4191 1.4182
0.3500 | 1.4191 |1.4191 | 1.4550 1.4545 1.4918 1.4909
0.4000 | 1.4918 |1.4918 | 1.5296 1.5291 1.5683 1.5674
0.4500 | 1.5683 | 1.5683 | 1.6080 1.6075 1.6487 1.6477
0.5000 | 1.6487 |1.6487 | 1.6905 1.6899 1.7333 1.7322

In table (5) the absolute errors at specific points in the domain D={(x,t)|x € (0,1),t € (0,1)} for
different values of h and k are presented

Table (5) represents the absolute errors at specific points for different values for h and k for

example (2)
k h r Xi absolute errors
0.05 0.001
0.025 0.05 0.5 0.50 0.001
1 0.0045
0.05 6.5677x 107°
0.0025 0.01 0.25 0.50 1.0300x 10~°
1 3.9969x 107°
0.05 1.0511x 107°
0.001 0.005 0.2 0.50 1.6484x 10~°
1 6.3386x 107°

Conclusion:

In this paper, we solved the initial value problem that consists of the multi-dimensional
hyperbolic equation with 2m nonlocal non-linear integral boundary conditions. This method is
based on Crank-Niklson finite difference scheme and Taylor’s expansion. It's an easy way for
transforming the nonlinear equations to linear system that can be solved easily by using any suitable
method. Also, this numerical method gives acceptable results, and we found through the numerical
results that the numerical solution was closed to the exact ones.
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