Open Access Baghdad Science Journal P-1SSN: 2078-8665
2023, 20(1 Special Issue) ICAAM: 277-282 E-1SSN: 2411-7986

DOI: https://dx.doi.org/10.21123/bsj.2023.8408

Quotient Energy of Zero Divisor Graphs and Identity Graphs

M. Lalitha Kumari *?* L. Pandiselvi ® K.Palani *

'p.G. & Research Department of Mathematics, A.P.C. Mahalaxmi College for Women, Thoothukudi-628002, Tamil
Nadu, India.

“Research Scholar, Reg. No: 20212012092007, Affiliated to Manonmaniam Sundaranar University, Abishekapatti,
Tirunelveli- 627012, Tamil Nadu, India.

®*Department of Mathematics, VV.O. Chidambaram College, Thoothukudi-628008, Tamil Nadu, India.
*Corresponding author: lalithasat32@gmail.com

E-mail addresses: Ipandiselvibala@gmail.com , palani@apcmcollege.ac.in

ICAAM= International Conference on Analysis and Applied Mathematics 2022.

Received 20/1/2023, Revised 18/2/2023, Accepted 19/2/2023, Published 1/3/2023

m This work is licensed under a Creative Commons Attribution 4.0 International License.

Abstract:

Consider the (p,q) simple connected graph G = (V, E). The sum absolute values of the spectrum of quotient
matrix of a graph G make up the graph's quotient energy. The objective of this study is to examine the
quotient energy of identity graphs and zero-divisor graphs I'(R) of commutative rings using group theory,
graph theory, and applications. In this study, the identity graphs 1(Z,) derived from the group (Z,, +) and a
few classes of zero-divisor graphs I'(R) of the commutative ring R are examined.
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Introduction: Vasantha Kandasamy W.B' first proposed the
In this study, connected, finite graphs are taken into concept of groups as graphs. Identity graphs are
consideration. Ivan Gutman provided the first  graphs 7(Z,) associated to group Z, and 7(Z,) is
definition of a graph's energy’. His definition was  defined as (V,E) where V=V(Z,), and two

inspired by a concept that first surfaced much  glements x,y € Z, are adjacent iff x.y = e or
earlier, in 1930, when Erich Huckel put forth the . _ or y = e. In this study, the quotient energy of

WeII—k_nown Hu_ckel Molecular Orbi_tal Th_eory. few zero-divisor graphs of commutative ring I'(R)
Chemists can estimate the enerqy associated With - a4 jqentity graphs of groups are to be examined.
electron orbits using Huckel's technique.

In this article "The Energy of a Graph," Quotient ener -
. S gy of Zero-Divisor graph
Gutman proposed his definition of the energy of 8 pefinjtion 1: Let be a (p, g) graph. The quotient
generic simple graph in relation to the alleged total matrix Q(G) is defined

m-electron energy. As a result, the term “energy" d(v;)

was coined to mean the sum of the absolute values — if vivy €E
of the spectrum of the adjacency matrix of G. Some Q = qij =14

general ideas and graph parameters were taken into 0 otherwise

account®®. A thorough investigation of the use of ~ The characteristic polynomial of Q(G) is f,,(G, 1) =
graph energy was conducted °°. Beck™ first raised  det(Q(G) — AI). The quotient spectrum of the
the possibility of a graph relating to the zero  graph G is the eigenvalues of the matrix Q. Let
divisors of a commutative ring in 1998. The zero  A4,4,,... 4, be the eigenvalues of Q(G). Then the
diE/issor %raph (R]’c) IIT a simple graph with vertedx et quotient energy is defined as QE(G) = X7_, 14l
Z(R)”, the set of all non-zero divisors in R, and any ; N

two different vertices x and y are adjacent if xy=0. TEeorem L .QE(F(ZZ” ) =2yp—1forp>2
It was modulated by Anderson D.F. and Livingson WRETE p 15 a prime.

P.S.M after that. More studies on zero-divisor =~ Proof: For any prime p>2V (F(ZZp)) =
- 12,13
graphs also carried out . {vy, v, ___,vp} ={24,..,2(p—1),p} and
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E(N(Z)) = {vwp/1<i<p—1}. Then the
corresponding quotient matrix Q of I'(Z,,,) is of the

( 0 (»— 1)]1><p—1)
form Q = 1 , Where

(r-1) Op-1
J and O denotes the matrix of ones and zero matrix,
respectively. Thus

f(0(Zzp) 2) = (—DPA72 (A% = (p — 1))
Therefore the quotient spectrum of I'(Z,,,) s,

]p—1><1

0 Jp—-1 —Jp-1
Spec (I‘(Zzp)) = { }
p—2 1
Hence,
QF (F(ZZP)) = O(p-2 times) T+ |w/p - 1|
+|-p—1]

QE (N(Zz)) =2p—1

Theorem 2: QE (F(Z3p)) =2/2(p—1) for
p > 3 where p is a prime.

Proof: For any prime p>3,V (F(Z3p)) =
{ul, Uy, V1, Uy, ...,vp_l}where u; =p,u, =2p and
vy=3ifor1<i<p-1. And E((Zs))=
{wv,upv;, 1 < i < p- 1} Then
|V (r(zsp))| =p+1 and |E(1(25))| =20 -
1). Then the corresponding quotient matrix Q is of

p-1
the form Q= 02 (2 )]2><p—1 ,
(_)]p—lxz

p—1 Op-1
where J and O denotes the, matrix of ones and zero
matrix, respectively. Thus

f(0(Z3p),2) = #7122 = 2(p — 1))
Therefore the quotient spectrum of I'(Z3,, ) is,

Spec (F(Z3p))
Hence, }

0 V20— —20-1)
1
QE (F(Z3p)) = O(p—l times) + |\/ 2(p — 1)|
+|—/2( - D)

QE (I(Zsp)) = 220 - D)
Theorem 3: QFE (F(Zsp)) =2/4(p—1) for
p > 3 where p is a prime.
Proof: For any prime p > 3,V (F(Zsp)) =V, UV,
where V; = {uq,uy,us,us} = {p,2p,3p,4p} and
V, = {v1,vs,...,vp-1} = {5,10,..,5(p — 1)} and

E (F(Z5P)) = {W vy Uy Uz Uy, 1S 0 <

2

1
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p-1}.  Then  |v(r(zs))|=p+3 and

|E (F(ZSp))| =4(p—1). The corresponding

qguotient  matrix Q@ is of the form
p—-1
04 (T)]4—><p—1
Q=1,, : where
(pj)]p—p@ Op-1

J and O denotes the matrix of ones and zero matrix,
respectively. Thus

f(0(Zsp),4) = 277122 = 4(p - 1))
Therefore the quotient spectrum of I'(Zs,,) is,

Spec (F(Zsp))
Hence, }

0 Jap-1 —/4@-1
1
QE (N(Zsp)) = Ope eimes) + [v/4@ — D)
+|-J4@ - 1|
QE (I(Zsp)) = 2/4( — D)
Theorem 4: QE (F(qu)) =2/(p—1)(q — 1) for

p,q > 2 where p, q are distinct primes p < q.
Proof: For any distinct primes p,q > 2, with

P<qV(I(Zyg))=ViuUV,  where  V,
{ul,uz, ...,uq_l} ={p,2p,3p,..p(q — D};

V, = {vy,vs, ., vp1} ={q,2q, ...,q(p — 1)}; and
E(N(Zyq)) = fuvyus € Vv €Vy 1 <0 <
q-1;1 < i <p-1}.Then

|V(F(qu))| =pg—p—q+1land

|E (T(Zpg))| = 20 - D).

The corresponding quotient matrix Q is of the form

’ (E)]p—lxq—l where
(E)]q—lxp—l ,

p—1
q-1 Og-1
J and O denotes the matrix of ones and zero matrix,
respectively. Thus

F(T(Zpg), 2) = 2PT74(22 — ((p — 1)(q — 1)))

Therefore the quotient spectrum of I'(Z,,, ) is,
Spec (F(qu))

1

p—-1

Q

0
pt+tq—4

Hence,
QE (F(qu)) = O(p+q-4 times)
+ W@ -DE-D|
+=J/@® - 1D(q - D)
QE (F(qu)) =2y(p-D@-1

1 1

Jeo-D@-1) —J/@-D(@-1)
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Theorem 5: QF (T(Zz,) +T(Z4)) = 1+ /8p —
for p > 2 where p is a prime.

Proof: For any primep > 2,V (I‘(Zzp) + F(Z4)) =
{ul, Uy, v up_l,up,x}

={24,..,2(p —1),p,x}, where x=2€ Z, and
E (N(Z2p) +T(Z4)) = {wup, ux, upx/ 1 < i <
p—1}. Then |V (I(Zy) +T(Z))|=p+1 and

|E(r(z2p) + T @) | = 20 - 1. The
corresponding quotient matrix Q is of the form

Jo=l (5) Jaxp

. "

_)]p—1><2 p—1

denotes the identity matrix, matrix of ones and zero

matrix, respectively. Thus
=21+ 1)(2?
-1)

Therefore the quotient spectrum of I'(Z,,) + I'(Z,)

is,

Spec (r(zzp) + r(z4))

Q ) where I,] and O

—A-2(p

0 1+.8p— 1-8p—-7
= 2
p—2 1 1 1
Hence,
QE (T (Z2p) + T(Zs))
1+.8p—7
= |_1| + O(p—z times) + ‘f‘
8p —
+ 2

QE (r(zzp) + r(z4)) =1+.8p—7
Theorem 6: QE (F(Zzp) + F(Z6)) =2(1+2,/p)
for p > 2 where p is a prime.

Proof: For any prime p > 2,

V (N(Z2) +T(Zo)) =

{ul,uz, s Up—1, Up, X, Y, z} ={24,..,2(p—
1),p,x,y,z}, where x=2,y=3andz =4 € Z,
and

E(M(Zzp) +T(Ze)) =

{uiup,ul-x, WY, WiZ, UpX, UpY, UpZ, XY, Y2/ 1 < 1 <
p—1}. Then |V (r(Z2p) + F(Z6))| =p+3 and

|E(r(Z2p) +T(Zo))| = 4p + 1. The
corresponding quotient matrix Q is of the form

A B
Q ( ) where
C D

279

s 0 (p+2)]1><p 1> |
(p+2)]p 1x1 Op-1

B= ! (Z:i)hxz )
(1)4?)]191X1( (pg_l)]p 1x2

1 s ]1><p 1
T\ () 1> e
p+2

D = +10 (1o+1)]1><2 Thus

(Z+2)]2X1 0,

f(T(Z2) +T(Z6), 1)
=P 1A+ DA -2 —4pr—6(p — 1))
< APY(A 4+ 1)(23 — 22 — 4pA + 4p)
=211+ 1) —1)(A%2 —4p)
Therefore the quotient spectrum of F(Zzp) +T'(Z)
is,
Spec (r(zzp) + r(z6))

0 -1 1 J4p —J4p
) p—1 1 1 1 1
Hence
QE (T(Zzp) + T(Ze))

=0+ -1+ 1+ |/4p| + |-/4p|
QE (N(Z2) +T(Z6)) = 2(1 + 2/1)
7. QE (r(zzp) + r(zg)) =2+

2,/3p — 2 for p > 2 where p is a prime.
Proof: For any prime p > 2,

1% (F(Zzp) + F(Zg)) = {uy, up, o, Up—g, Uup, X, ¥} =
{24,..,2(p — 1),p,x,y}, where x = 3 and
y=6€Z and E (r(zzp) + r(zg)) =
{uiup,uix, Uy, UpX, Upy,Xy/ 1 < 1 < p— 1}.

Then |V (1(Z) +T(Z9))|=p+2  and
|E (r(zzp) + r(zg))| = 3p. Then the
corresponding quotient matrix Q is of the form

(o)
),

(()
Joe e (20

Jix2
B =
(pil)]p Ix1
and D =], — I,. Thus,
f(T(Z) +T(Zy), 1)
= -2+ 1?22 -22-3(p - 1))

Theorem

(B2) Jasps

]p 1x1 Op—l



Open Access
2023, 20(1 Special Issue) ICAAM: 277-282

Baghdad Science Journal

P-1SSN: 2078-8665
E-ISSN: 2411-7986

Therefore the quotient spectrum of T'(Z,,) + I'(Zy)
is,

spec (I(Zzp) +T(Z5))

0 -1 1+3p-2 1-,3p-2
p—2 2 1 1
Hence,
QE (I(Z2p) +T(Z5))

= O(p—2 times) T+ |_1|(2 times)
+]1+3p—2|+|1—/3p-2]
QE (r(zzp) + r(zg)) =2+2/3p-2
Theorem 8: QE (F(sz)) =2(p—2) for p>2
where p is a prime.
Proof: Since TI(Z,2) = K,—, QE(T(Z,))=
QE(Ky-1) =2(p — 2).
Theorem 9: QE (F(Z_pz) + F(Z4)) =2,/p—1 for
p > 2 where p is a prime.
Proof: Since the resulting graph of F(Z_pz) +

[(Z,) =T(Zy),

QE (N(Zy2) +T(24)) = QE (T(Z3p)) = 2/p — 1
Theorem  10:  QE (I(Zz) + r(z6)) =1+
J12p — 7 for p > 2 where p is a prime.

Proof: For any prime> 2, V (F(Z_pz) + F(Z6)) =

{ul, Up, ey Up—1,X, Y, Z} ={24,..,p(p —
1),x,y,z}, where x=2,y=3and z=4E€Z,.

And E (F(Z_pz) + F(Z6)) = {w;x, u;y, u;z,xy, yz/
1<i<p-1} Then |V(F(Z—pz) +r(zﬁ))| =
p+2 and |E(T(Z,) + r(z6))| =3p—1. And
the corresponding quotient matrix Q is of the form

) e )

((’?)hxpﬂ)

() J2xp1

C= ((ﬁ)]p—lxl (S)]p—lxz) and D= Op—l
Thus

Q

F(T(Zy2) +T(Z6), 1)
= -2 -GBp-DA-4(p-1)
< P13 — 3p— DA - (3p — 2))
AP1A+ 1A% -21-Bp—2))
Therefore the quotient spectrum of I'(Z,2) + I'(Zg)
is,

280

Spec (F(Z_pz) + F(Z6))

1+/12p—7 1-J12p—7

2 2
1 1

0

p—1 1

Hence,
QE (I(Zp2) +T(Zs))
1+ /12p—7
= - [

1—,/12p—7‘
2

. 2(J12p —7
QE (F(sz) +r(26)) =1 +¥

— QE (F(Z_pz) + r(z(,)) =1+.12p—7
Theorem  11:  QE (F(Z_pz) + F(Zg)) =1+

\/8p — 7 for p > 2 where p is a prime.

Proof: For any prime p > 2,

1% (F(Z—pz) + F(Zg)) = {ul,uz, o Up_1, X, y} =
{24,..,p(p —1),x,y}, where x=3 and z=6 €
Zgy. And

E (F(Z—pz) + F(Zg)) ={ux,uy,xy/1 <i
p—1}. Then |V (r(z_pz) + r(zg))| =p+1 and
|E(r(Z2) +T@Z))|=2p 1. Then  the
corresponding quotient matrix Q is of the form
A B

o~
) C D

C = ;]p—le and D=—0p_1 . ThUS
f(T(Zp2) +T(Zy), 2)

=2+ 1DA2-21-2(p—1))

Therefore the quotient spectrum of T'(Z,2) + I'(Zy)
is,

Spec (F(Z_pz) + r(zg))

14+/8p—7 1-./8p—7

+ ‘

<

>, where A=J,—1,, B= g]zxp—l’

0

_ 2 2
p—2 1 1 1

Hence,

QE (r(z_pz) + r(zg))

= 0(p—2 times) + |-1]

1+,/8p—7‘+|1—,/8p—7‘
2 2

QE (N(Zy2) +T(Z5)) = 1+ \[Bp = 7

+ ‘

Quotient energy of ldentity graph J(Z,) of the
group (Z,, +)
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Theorem 12: For even p > 2, QE(9(Z,,+))) =

p—2+2yp—1

Proof: For the Identity graph 7(Z,) of the group

(Zp, +),
V(3(Zy,H)) ={01,....p — 1} = {ug, uy, ..., up}.
Then the quotient matrix of 7(Z,, +) is of the form

/ 0 () hp-z p—1 \
Q= | (L)]p—2><1 D

p—1
1
\ p—1 01><p—2 0

where D is a diagonal matrix with diagonal entry
Jo —1,. Then the characteristic polynomial of
I(Zp, +) s,

F(I(Zy,+),0) = (A + DI @A — DE2@ - 22

0p—2><1 |1

—-(p—-DA+1)
p_, p_,
<A+D2A-D2* B -22—-(p—-1DA+p
— 1)
= A+ D7 A- DT R - (p - 1)
Spec(j (Zp, +))
-1 1 Jp—-1 —p-—-1
=1D 14
S-1 -1 1 1
Now,
QE(1(Z,+)) = |_1|%—1 + |1|§—1 ++|y/p -1
+]-/p=1]

QE(1(Z,, 1)) =2—’— 1 +g— 14+2/p—1
QE(1(Z,,+))=p—-2+2/p-1
Theorem 13: For odd p > 2, QE(3(Z,,+)) =p —

2+ /4p - 3.
Proof: For the Identity graph J7(Z,, +) of the group
(Z,,+), V(I(Zp,+)) ={01,..,p— 1} =
{uy,uy, ..., up}. the unique quotient matrix of
I(Zp, +) is of the form

-1

0 (5w
Q=1 /.
(E)]p—lxl D

Jox> repeated along the diagonal.
characteristic polynomial of 7(Z,, +) is,

f(9Z,+),2) =-(A- DI+ )Pl 22

, In which the

Then the

—A+(@-1)
Spec(f](Zp, +))
1+/4p—-3 1-J4p-3
_ 1 -1 > >
Plol=1 [P/ 1 1

Now,
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QE(j(Zp' +)) = 1([p/z]—l times) + |—1|(p/2 times)

‘1+,/4p—3‘ |1+,/4p—3‘
+ 2 * 2
QE(3(Zy,H))=p—2+/4p—3

Conclusion:

Quotient energy of certain zero divisor graphs of
ring and identity graphs of groups are evaluated in
this present article. This method can be extended to
any kind of graphs as well.
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