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ABSTRACT:

The study of properties of space of entire functions of several complex
variables was initiated by Kamthan [4] using the topological properties of the space.
We have introduced in this paper the sub-space of space of entire functions of several
complex variables which is studied by Kamthan.
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INTRODUCTION:

The space of entire functions
over the complex field C was
introduced by V.G. lyer [3] who
defined a metric on this space by
introducing a real-valued map on it.
Spaces of entire functions of several
complex variables occupy an important
position in view of their vast
applications in various branches of
mathematics, for instance, the classical
analysis, theory of approximation,
theory of topological bases etc.
Kamthan [4] studied the properties of
space of entire functions of several
complex variables. Many of eminent
mathematician such as Devendra [1],
Hazem [2], Kumar [5], Mushtag [6],
Sirivastava [7], and others have
contributed richly to space of entire
functions of several complex variables.
Let C denote the complex plane, and
I be the set of non-negative integers.
We write for ne |

c" ={(z1 ,22,...,zn); z; C, 1§i§n}

.I” :{(pl,pz,...,pn); piel, 1sisn}

C" and 1" are respectively Banach
and metric spaces under the functions

H(zl 2,00 )= 2] +|z ]+ + 7

H(pl 3 pzl---l pn) = p]_ + p2 +...+ pn
We are concerned here with the space

of all entire functions from C" to C
under the usual pointwise addition and
scalar multiplication. For the sake of
simplicity we consider the case when
n =2, though my results can be easily
extended to any positive integer n.

Let therefore, X be the space of

all entire functions f :C? —C,
where
f(21,2) =D D amn 225",

n=0m=0
amneC for mn=0,
and assume that X is equipped with
the topology T of  uniform
convergence on compact in C". For
more details see Kamthan [4].

1. In this paper X denotes the
space of all entire functions as in
Kamthan [4]; S denotes the space of

all double complex sequences, 1" is
the set of all positive integers, and

| ={0}u1". Let
X(2)={f eX:dofeX}
where ﬂ:{lm’n, mn=0, m+n¢0}

is a fixed element of S such that no
coordinate element of A is zero, and

Aof=>">lnnamn 21 25 .

n=0 m=0
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where

21,22

ZZamnz1 2y .

n=0 m=0
Clearly, X (1) # ¢ since every

polynomial in z with complex
coefficients is in X (A1) .
It is easy to see that X(A) is a linear

sub-space of X .

We now state two theorems, the proofs
of which are left to the reader.
Theorem 1.1. X(A4)= X if, and only

if,
) 1/(m+n)
limsup ‘loo‘;‘lm,n‘ , mn>0, m+n#0p<w

\m,n\—m

Theorem 1.2. If
/Izﬂlm,n‘, m,nzo} ,
U= {‘ Koo |- m,nzo} are any two

fixed elements of S, and
1/(m+n)
k k
200 | 1 2mn , mn=0, m+n=0
I0,0 Im,n

is bounded, then X (1) < X (u).

Remark. The condition stated in
Theorem 1.2 is not necessary. For,
let 4, u be such that

1
m!n!
ko’o :1, km‘n :1

Both {[1ao] [tna [/ | and

{‘ kOlO ‘ ,‘ kmln ‘l/(m+n) }

bounded sequences, so that, using
Theorem 1.1, we note that both X(A)

and X (u)equal X .
Thus X (1) < X(w) is trivially true.
But

I0,0 =1, Im,n =

are

K |1/ ey _ (mint) Y/ (MM _5 o as

Im,n
m,n — oo, SO that

661

K K 1/(m+n)
00 4. Zmn . mn>0, m+n=0
I0,0 Im,n

is bounded.

Theorem 1.3. If either ‘Im,n ‘1/(”“”)

K |2/ ™™ tends to infinity,
then a necessary and sufficient
condition for the relation
X(4) < X (u) to hold is that

1/(m+n)
k k
00 . Zmn ., mn>0, m+n=0
I0,0 Im,n
is bounded.

Proof. The sufficiency follows from
Theorem 1.2 even without the extra
hypothesis. To prove necessity with the
extra hypothesis, suppose that

K K 1/(m+n)
00 | Zma . mn>0, m+n=0
I0,0 Im,n

is bounded.

Then this sequences has a sub-
sequences, say

" 1/ (myty) " 1/ (my+ny) A 1/ (mgt)
My M,y Mg
Imlvnl lmzﬂz |m3,n3
, Which tends to infinity.
Define
o0 o0 m
(21’22) Z Z am,n 4 22 by
n=0 m=0
1
amp,nq=7,(p,qe|) am.n =0
|mp,nq + kmp,nq
otherwise.
Then, with the extra hypothesis,
Y(my+nq)
f e X . Since |a ‘ mpng| | cannot
exceed, either
1 1
]/(mp+nq) ]/(mp+nq)
‘Imp,nq ‘ Mp,Ng
, and one of these tends to zero as
My, Ng — .
Now
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(mp +ng) 1 1
= <
my.ng my.ng |: km ) :|1/(mp+nq) km . 1Y(my +ng)
14|t =
Imp,nu Imv‘”a
so that
lim ‘Imp,nq am =
My, Ng—0
Thus f e X(1). But
y(mpmq)_ 1 5 1
my.ng &my g = | 1/(my+ng) | 1(my+ng)
Mg,Ng i Mp My +1
kmpw”q mP'nq
so that
) Y(mp+ng)
lim ‘km Can o >1,
Mp,Ng—e0l P74 TP
since the sequence
L e 1/ (M) | | 1/ (mg+ng)
my,ny _Many Mgl
kmlvnl kmzﬂz km3’“3

converge to zero. Hence f ¢ X(u).
This show that the condition stated in
the theorem is necessary.

2. X(A) is endowed with two
topologies. One is the metric topology
T inherited from X (vide [ Kamthan]
), its metric d being

1/(m+n)
d(fvg)ZSUpUao,o_bO,O‘-‘am,n —bmn o

(D)

where

f(21’22): Z Z Amn 41 22 )
n=0 m=0

9(21122)—2 Z bm,n 4 Zg are
n=0 m=0

any two elements of X(A) . The other
is the metric topology T, whose
metric d; is given by

"o,o‘ ‘ao,o ‘bo,o‘ [,

1/(m+n)

1/(m+n)
d (f.g)=sup }

‘am,n*bm,n‘ , mn=0, m+n=0

.......... ()

It is known that X is a complete
metric space under its usual topology
(vide [4] ). We now prove that
(X(1),T;) is complete under a
condition to be stated in the following
theorem.

, mn=>0, m+n¢0}

Theorem 2.1. (X(4),T;) is a
complete metric space if, and only if

liminf {UO,O\,\lm,n\”(m”’} >0

Proof (i) Sufficient. Let (fp,q)oo

p.g=1
be a Cauchy sequence in (X(1),T,),
where

pq 21’22 Z Z Pm:An Zl 22
n=0 m=0
(Since each foq€X(A),

AofpqeX forall pel™).We then
have d, (f, 4, fjj) >0 as pi—>x
and ¢, j —> . Hence givenan ¢ >0,
we can find a pggel™ such that
d; (foq fi,j)<e forall pjizpg,

d, j>dp-
Now
d; (fpq fij)
| | 1/ (m+n) 1/(m+n)
=Sup ‘ 0,0‘ ‘apo:% _aicvjo"‘ mn apqun _aimvjn
so that
‘IO,O‘ ‘apoﬂo _ai0x10‘<g’
| 1/ (m+n) 1/(m+n)
‘m,n‘ ‘ Pmn — Y. Jn <€

forall p,i=py,q,j=0qq.
Let L be the infimum of the double
sequence in the statement of the

theorem. Then
L ‘apoﬂo ~ iy, jy ‘ <&,
1/(m+n)

L‘a for all

pqun _aim|jn
P,i=py,qj=0g. -..3).
Thus each of the double sequences

>0 -
(apm,qn )m,n:O is a Cauchy sequence of

complex number, so that each of these
sequences tends to a limit as
p.g—>w. Let a, , —ay, for
each m,ne . Using this fact in (3) ,
we have
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&
‘apolqo —aolo‘ <Ia

‘apmiqn a am,n‘l/(m+n) <E (m, nel +) ,
forall p>py, g=>qq....(4)

Now for each fixed
pP,gqe | +,‘apmyqn ‘1/ (m-+n) as

m,n — oo, since each fp,q e X.

Taking p=py, q=0qq in the second
inequality in (4), we have

Y(m+n) ¢
‘apoquOn _am!”‘ <E !
(mnel™)
Upon simplification, we get
1/(m+n) Y(m+n) ¢
8| <‘ Pom:0o, ~ 2m.n T
(mnel™)
This proves that
lim [ an,|" ™™ =0 . This leads us
m,n—0
to the fact that
o0 e} m
f(21,2)=>. > apn 7 25 eX.
n=0 m=0

We now show that f e(X(4),T,).
For this Ao f must be shown to be in

X And for this
lim [ 1n amn| " ™™ must be shown
m,n—0

to be zero.

We have already seen that f,, — f
as p,q—>oo, so that d,(f

forall p>py,0q2qp .
So d,(f ,P)<e.

1/ (m+n)

0. f)<e
Hence

1/ (m+n)
<&

Po. %o

[Ton | Po oy ~ @

i.e.
< &

1/ (m+n) 1/(m+n)
0] ]

|amn| — ‘apom,%n

(mnel™).
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Simplification yields
1/ (m+n) 1/(m+n)
[l | a1 <
1/ (m+n) 1/ (m+n)
o | . te.
This proves that
lim |1 ama| ™ ™™ =0, so that the
m,n—0

condition is sufficient for (X(1),T;)

to be complete.
i) Necessary.

liminf {‘IO,O‘,‘Im’n‘l/(mm)

Let
,(m,ne I*}:O

So
{‘IO’O‘,‘Im,n‘l/(mm) ,(m,ne |+} contain

s a sub-sequence, say,
| 1/ (my+ny) | 1/ (my+ny)
b ,

‘1/("13“‘3)

mz,nz m3,n3

which is steadily decreasing and tends
to zero.
Consider now the

polynomials (fh,r):’r

sequence of

L where

m, _n
f1,1221 125

m m
— 1,M 2 7,
foo=20 120 +20 225
m n m n m n
— 1 1 2 2 3 3
fag=20 12, +79 2272 +177 325

m m m m
—7 17N 2 4™ 3 4™ ho M
fhr=1 A R A AR A A

Of course, each f, . € X(4)

This sequence is a Cauchy sequence in
(X(A),T,) , for , let hh',r,r'el”,
suchthat h">h and r'>r.Then
dy(fhvrs fe) =

1/ (my+ny) ‘17” i ‘Imz,nz ‘1/('“2*"2) ‘17:u

sup Ulmwl‘

L/ (M1 g

-0,

1/ (Mhy2nr2) ‘1_ 0"‘|mh”nly ‘1/mhunr') ‘1_ 0@

Mh41Mr41 Mh2,Mr+2

1/ (Mpiq,nr10)

_‘ My, 41

o/ g
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Now
lim d; (fyrr, frr) =
h,r—o

1/ (Mpyg+ny4q) _

lim =0,

Mh11, Ny =

so that (fh,r)ﬁr:l is a Cauchy

‘ Mpi1s Nry

sequence in (X(4),T;). But
lim f, ., if it exists, must be
hroo

> zlmh z;f , which is clearly
h=1 r=1
not in X . Thus the Cauchy sequence

(fh,r)?,r:l fails to converge to a point

of (X(4),T;), so that , in this case
(X(A4),T;) is in complete. Hence the
condition is necessary.

3. We have already seen that X (A)

can be endowed with two different
topologies, viz., T and T,. We now

state and prove a theorem relating to
the comparability of T and T .
Theorem 3.1. T is finer than T, if,
and only if,

limsup {'o,o H ()

,(m,ne|+)}<oo

Im,n‘

Proof i) Sufficiency. Let U <o be
the supremum in the statement of the
theorem. To prove that the above
condition is sufficient, it is enough to

prove that, if (fp«q)p, IS a sequence

g=1
in (X(4),T) converging to f in
(X(4),T), then this sequence

convergesto f in (X(4),T,).

Consider now the identity mapping
vif > f from (X(4),T) to

(X(1),T;) . Since it is evidently linear
, it is enough that we take f =6,

where @ is the zero-element of X .
Let
B o0 o0 m n
fp-q_ Z Z apvan Zl ZZ )
n=0 m=0

664

Since (fp,q)p q COnverges to 6 in

(X(4),T), given an ¢ >0, there is a
Py, 0o €17 suchthat d,(f,,,0)<e

forall p>py, g=qq
(i.e)

sup Uapo.qo ‘ ’ ‘apm.qn

forall p>py, g=qp.

p.q’

1/ (m+n)

,(m,nel*)}<g

Now
d;(fpq.0)=
500 0| g ol fap [ (mme 1) |
1/ (m+n)
<U sup[‘apquo‘, ‘apqun ,(m,ne|+)}

<Ue¢ forall p>py, g=qp.
This shows
(fp,q )p e COnverges

(X(1),T;), so that the condition is
sufficient.

i) Necessity. Let the sequence in the
statement of the theorem be unbounded

that

to 6 in

.Then this sequence has a sub-
sequence, say,

‘I ‘l/(mﬁnl)l ‘1/(m2+”z) ‘1/(”‘3”‘3)
m,m M,y BT e

which is strictly increasing and tends to
infinity. So the sequence

| =1/ (my+ny) -1/ (my+ny) =1/ (mg+ng)
‘mlvfh‘ ! mzlnz‘ ! m3,n3‘ e
converges to zero.
Now consider the sequence
(foq) . of polynomial
p.a)p g of polynomials
1 m _n
- - 7 1 z 1
fl’l | 1/ (my+ny) L 2
‘ mb”l‘
1 m, _n
= 2y 22,2
f22 | 1/(my+ny) 1 2
‘ mzﬁz‘
foq= 1 P zna
P.q ‘ 1/(my+ng) 1 2
mp,nq
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Each of these polynomials is an

element of X(A4).
Now d,(f L

1/(mp+ng)

pa0)=

‘ Mp,Ng

Hence
I|m dl(f

l J—
1/(mp+nq) -

converges to @ in
hand,
that
Thus

g=1
(X(4),T;). On
d,(fpq.0)=1,

lim d,(f

p.g—»

(f p.q )o:,qzl

(X(4),T;). This shows that v is
discontinuous at € in (X(41),T;), so
that the condition is necessary.

4. Lastly we determine the form of a
continuous linear functional on the
complete metric space (X(1),T,).

Theorem 4.1. Every continuous linear
functional ¢ on the complete metric

space (X(A) T,) is of the form

¢(f)= Z

where

the other

SO

pa @) =1.

fails to converge to @ in

mni

) f(z.2,)= ZZamnzl zy s

n=0 m=0
any one element of X(4);

i) (G ) oo

is a chosen sequence of

complex number such that
c c 1/(m+n)
00 1o mn>0,m+n=0,mnel*)
I0,0 Im,n

is bounded.

Before we proceed with the proof of
this theorem, we shall state and prove a
lemma.

Lemma 4.2. A necessary and
sufficient condition that the series

665

[e0] [ee]
> > @mnCmn should converge for

m=0n=0

every sequence f =(f,,)”  inthe

n=0
complete metric space (X(4),T;) is
that

1/(m+n)

c
e mn>0,m+n=0,(mnel*)

00| Cmn
H
Im,n

I0,0

...(5)
should be bounded.
Proof i) Sufficiency. Let (5) be
bounded . Then we can findan M >0
such that

c 1(m+n)
00 e, [ <M.
I0,0 Im,n
Let f e X(1).
Since lim I, , amn‘l/(mm) =0, we
m,n—0' "’ '
can findan m,n, e 1" such that
1 (m+n)
ln@mnl<| — for all
mn 2ol <[
m>m,,n>n,.
Hence
Cm,n 1
‘am,n Cm,n‘ :‘am,nHIm,n ‘ |m N < 2(m+n)
forall m>m_,, n>n,.
Hence > > amnCmn,  converges
m=0 n=0
for the f chosen.
i) Necessity. Now let (5) be

unbounded. We shall show that there is
a sequence in X(4) the corresponding

series Y Y. @pnCmp Of which does
n=0 m=0

not converge.

Since (5) is unbounded, we can find a

steadily increasing sequence
00 - +

(mp nq)p’q:1 in 17, such that

C p q m +n
>P P (Pel)

Imp,nq
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Consider such that

0
(am,n)mm:o
amp=01if m=m_ , nzn
1 1

m,+ng

.PPq

q ]

any

g ‘l
Mp+Ng

Clearly ‘am,n‘zo, ‘Im,nam,n‘zo for

= =0

all m=m_, n=n,. Let
inf{l o m,n‘l/(mm) mn>0,m+n0,(mne |+)}=L>0
(That L>0 exists follows from
Theorem (2.1)). Then
1/(mp,ng)
‘m g > L, so that
‘I =1/(mp+ng) S L71 .
Thus
. 1/ (my+ng) _ R 1 1 1
i, e el @ P e L

My, Ng—>% mp,nqaw‘l

1/(mp+nq) B 1

Also ‘I a
Mp.Ng “mp,n

pelg P
so that
lim [l o 2 Hprta)
My, Ng—0 Mp:fg ~Mp. Mg B
Thus  (ay,). . represents  an
MmN /m n=0
element of X(A). However,
am, i, Cmyng |21 50 that

> > agnCmn fails to converges.
n=0 m=0

Hence the condition is necessary .
Proof of Theorem 4.1. Let
f e X(1)and ¢ a continuous linear

functional on (X (1),T,). Let

m
=7 Lzn ) ¢(fm,n):Cm,n-

fm,n

Then

#(fnn)= lim [¢(ao,o foo+as fur+.-+amn fm,n)J
m, N—o0

- ||m |_(a0’0 C0|0 +a1’1 C1’1+...+am’n Cm’nJ
m,nN—o

;I'hus for every feX(1),
Z Z Cmn COnverges , and
n=0 m=0

¢(f) = z Z am,n Cm,n . Since

m=0 n=0
f e X(1), we use Lemma (4.2) to
note that

¢ ¢ 1/ (m+n)

00 \oma mn>0,m+n=0,(mnel™)
I0,0 Im,n

is bounded

Conversely, let this sequence be

bounded. Then by Lemma (4.2)

> > agnCmn converges for every
n=0 m=0

f e X(1).So
#(f)= Z Z m,n Cmyn » f e X(4)
m=0 n=0

is functional on X(A1). It is clearly
linear on X (1). We now show that it
is continuous on (X (A),T,). For this it
is enough to show that , if
(fp,q)o;,q:1 is a double sequence in

(X(1),T;) converging to & , then

[¢( pq)] 41 Converges to zero. Let

o0 o0
ZZ P Z1
0 m=

Since

Co0
I0,0 ’
is bounded,

then there exists an M >0 such that

Cm.n <M (m+n)

m,n

1/(m+n)
Cm,n

Im,n

m,nzo,m+n¢0,(m,nel*)}

C
0,0 <M,

IOO

= 1im [ago #(foo)+ayy #(f2)+...+apy ffyy)  MNZ0m+N=0,(Mnel™).

m,N—w
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1 .
Let &<—= be given. Let n:i_
2 M
Since dl(fp,q,e)—m as p,q— o,
we can find a p,,q, 1" such that
d,(fpq.0)<n for all  p>pg,
g >dg. Now
d;(fpq.0)=
SUpUIO’OHapo,qo‘"'m-”‘l/(mm) Pm:Gn v (mnel +)}
So, for all P>py, 0>0g,
‘IO'OHavaqO‘<n’
1/ (m+n) 1/ (m+n)
L Y TN DY
So
‘¢(fp,q)‘: 2. 2 p,.q, Cmn
n=0 m=0
< ‘ Pm:0n mn‘
n=0 m=0
:‘apo:% C0.0‘+Z Z ‘apqun Cm,n"
n=1l m=1

Thus, for p> py, 9>0g
B (e < LMoo+ 33

"o,o‘ =1 m=1

m+n
L/

m,n‘

SN =g[1+i.i}
l-¢

proves that

4 converges to zero.

m+n
M
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