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Abstract:

The research aims to find approximate solutions for two dimensions Fredholm linear
integral equation. Using the two-variables of the Bernstein polynomials we find a
solution to the approximate linear integral equation of the type two dimensions. Two

examples have been discussed in detail.
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Introduction:

New methods are always needed to
solve integral equation because no
single method works well for all such

equations. There has been
considerable interest in  solving
differential and integral equations

using techniques which involve new
formal two-variables Bernstein
polynomials method.

Now consider the following linear
two-dimensional Fredholm integral
equations of the second kind [1-3]

u(x,y)= f(x, y)+iik(x, y,t,s,u(t,s)dsdt
()

(x,y)e D=[01]x[0]]

Where k:DxDxR—>R is a

continuous linear  given function,

f:D—R is also continuous given

function and the two-variables
function  u(x,y) is the unknown
function.

In this paper we introduce an

approximate approach to solve two-
dimensional linear Fredholm integral
equations of the second kind given in
(2) using new formal of two-variables
Bernstein polynomials method.

1. Bernstein Polynomials Method
with Two-Variables.

The Bernstein polynomials of two-
variables degree of (n+m) can be
defined[ 4-6]:

Brm@J)=[rITJﬂﬂa_xyia_0m{

.. (2)
where
nymy  nl m!
(i ](J J‘ it(n—i) j'(m - j)
and (n,m) are the degree of
polynomials and i,j are the index of
polynomials
Proposition

The Bernstein polynomials of degree
n+m in the terms of the power basis is
given by the following formula [ 7]

Bir_1+m (x,1) = % E_(—l)k_i (_1)|_j n k m | ¢!
' keil=] kJUi U U

..(3)
2. General Form of the Double
integral Using Two- Variables

Bernstein Polynomials Method

In this section the Bernstein
polynomials of two-variables of
degree (n+m) may be used define, the
general form, of the double integral as
the following lemma
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Lemma

The double integral in the interval
[0,1]x[0,1], Bernstein polynomials of
degree n,m is given by the following

formula
it Brm (o tydxdte ... (4)
00

(n+1)m+1)
Proof

Directs calculating using the definition
of the Bernstein polynomials of two
variables and the binomial theorem, as
follows

By " (xt) = (Inj (TJ tx L-x)" L-t)™!
(e e e

Any Bernstein polynomial of degree n
can be written in terms of the power

basis {1,t,t2,t3,...,t"},
{1,x,x2,x3, ..,x”}

=5 (k- 1)[ j(;")@"j(f‘“jxt
s QI

ct—yp

I B " (x,t)dxdt

[ YERICE W T
j B "™ (x,t)dxdt =

oo

l Zm:( iy ( J{Ut'dt}dx

I=j

3

Il
O ey =

— O —
o

1o

373

11 1
][ B (x,ydxdt =
00 0

n YK W 1
s (L HR

Therefore,
B IE R EE ,( J(kj(mj(l_jxkt'dxdt
0 0 k=il=j k i | ]

B 1

~(n+1)(m+1)

3. Solution of Two-Dimensional
Linear Fredholm integral equation
with  Two-variables Bernstein
Polynomials Method

In this section, Bernstein polynomials
have been wused to find the
approximate solution for the two-
dimensional linear Fredholm integral
equations, as follows.

Recall the Fredholm integral equation
of the second Kkind given in
equation.(1).

u(x,y)=f(x y)+ﬁk(x, y,t,s,u(t,s))dsdt
00
Let u(x, y) :_%0 Eo B (X, Y)
1=U J=
. (5)
where

By (x ) = £ (- (—1)'*@[?] m ('J Xty

And B; control points unknown.
Substitution of the relation in
equation(5) in equation (1)gives rise to
the relation

Zn:i P Bi?ﬂn xy)=f (X’ Y)"'

i=0 j=0
11 n m
”k[x, y.t,8, > > PB (t,s)]dsdt
00 i=0 j=0
P,B5™(t,s) +
K4S RBL T (5) ¢+ s
i=0 Bn+m (t S)

Il'ﬂ im

X y)+ﬁk
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PooBao " (t,8) + P,oBi " (t,8) +++-
+ PnO B:gm (tY s)

o +Py,Bg; " (t,5) + P,B " (t,8) +
:f(x,y)+£!k(x,y,t,s +PmlB,2{m((t,s)) (©.s) dsdt
“+++ Py Boy " (8,8) + Py B " (8,8) +-+-
PinBon (6,5)
..(6)]
now to find all integration in
equation(6).
Then in  order to determine
POO’POl”"POm’PlO’Pll’”'le"”an’
we need n equations;
Now Choose
X,1=123,...n and yj,j=1,2,3,...m

in the interval [0,1x[0,1], which give
(n) equations. Solve the (n) equations
by Gauss elimination to find the values

Poos For 1 Fom: Py P P+ P
4. Numerical Examples:

Example(1)

Consider  the  following  two-

dimensional linear Fredholm integral
equation of the second kind:

uex,y) = x+y+2(x+ y)(l—e1)+} }(x+ y)es*u(s, t)dsdt
00

...(7)
with the exact solution
u(x,y)=x+y

we choose uniform partition with
m=n=1,2,3. Approximated solution for
some values of (Xx,y) by using two-

variables  Bernstein  polynomials
method and exact values
u(x,y)=x+y.

by using equation(5) let n=m, for n=1
we get

u(x,y) = i é Pjj Bi]?

i=0j=0

11 11y . . L i
u(xy)=2x 32 pi,-(i)(JX'y’(l—x) 1=y’
U(X, ¥) = PooBs (X)Bg (¥) + PosBy (X)B; (¥)

+ P1oBo (Y)Br (X) + P18 () By (y)

U(X, y) = Poo—x)A—-Yy) +

...(8)
p01(1_ X)y+ plo(l_ y)X+ P11 XY

374

Substitution of the relation in
equation(8) in equation (7)gives rise to
the relation

poo(]-* X)(J-* y) + p01(17 X)y + p10(17 y)x + PuXy
=X+y+2(x+ y)(l—e1)+

e y)em{ Pao(@S)(A-1) + Py,(1- )t

dsdt
+ plo(:l-ft)sJr pllst

Where The control points p;; , i=0,1

j=0,1 are found as follows:

Find all integration in equation. Then
in order to determine control points
p; ., i=0,1 , j=0,1 we need n

equations; now choose X; =01 and
y; =01 in the interval [0,1]x[0,1],

which gives (n)equations . solve the
(n) equations by Gauss elimination to

find the values p;;, i=0,1, j=0,1. we
obtain the approximate solution as

u(x y)=00-x)(1-y)+1(1-x)y +1(1- y)x+2xy
when n=m=2 in equation (5)

2 2
u(x,y)=x 3 p; Bi?
i=0j=0

2 2 2Y2) . . : )
u(x,y) = EOEO p”(i j(jjxlyj(l_ )2 (L— y)2 )

U(X, ) = PooB3 (X) B¢ () +2poiBe (X)BZ(Y) + 2B () Bg (y)
+ P28 (X)BS (¥) + PooBS () B (y) +4p,,BY (X)BE(Y)
+2,,B7 (X)B? (y) +2p,,B (X)BF (Y) + P,,B; (X)B; (y)

U(X,Y) = Poo L= X)* (L= )% + 2Py Y(L— )AL —X)? + 2o X(L— X)(1— y)?
+ DX (L= Y)% + Por Y2 (1=)7 + 4y xy(L—X)(L-Y)
+2PX2Y(L=y) + 2P X(A-X) Y + PaoX7y?

...(9)

Substitution of the relation in

equation(9) in equation (7) gives rise

to the relation

PooL= %)% (L= )7 + 2pget(L- Y)(L-X)? + 2o X(L-X)(L- )’
+PX (L= Y)2+ Py P (L= %) +4py(L-X)(L-Y)
+ 2P X Y- Y) + 2ppX(L- )Y + Xy
=X+ y+2(x+ y)(l—e1)+
Do (1=5)2 (1= 1)? + 2Pyt (1-t)(1-5)* + 2pypS(1-s)(L-1)*
T+ Y| + PrstL-t)? + pot?(L—s)? +4p,st—s)1L-1)
’ +2D, St (L-1) + 2P, S(L- )t + ppsit’

dsdt

o

Where The control points p; , i=0,1,2

j=0,1,2 are found as follows:
Find all integration in equation. Then
in order to determine control points
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p; . i=0,1,2 j=0,12 we need n

equations; now choose x; =0,1,2 and
y; =012 in the interval [0.1]x[0.1],
which gives (n)equations . solve the
(n) equations by Gauss elimination to
find the values p;;, i=0,1,2, j=0,1,2.
we obtain the approximate solution as
u(x,y)=0*(1-x)*L-y)*

+2*%0.5%y(1-y)A—x)2 +2*0.5*x(1- x)(1-y)?

+1*x*(L-y)® +1%y* (1- %)% +4*1*xy(L- X)L~ y)

+2*1.5*x2y(1—y) + 2*1.5*x(1- x)y* + 2* x?y?
when n=m=3 in equation(5) we get

33
u(x,y)=x 3 p; Bi?
i=0j=0

u(x,y) = éoéo Pi [?JGJXI yi—x)* - y)*

u(x,y) = Poo B3 (¥)Bg (¥) +3posB5 (X)B7 () + 3P, B5 (X)B3 (¥)
+ PosBy (X)B3 (y) + 3Py By (X)Bg () +9py, B (x)BF (y)
+9p,,B7 (X)B3 (y) +3p13B7 (x)B3 (¥) +3pB;3 (x)B3 (¥)

+9,,B5 (X)B(Y) + 95, B3 (X)B3 (¥) +3pB3 (X)B5 (¥)

+ P3oB3 ()B; (¥) +3p5; B3 (¥)B (¥) +3p5, B3 (X)B3 (¥)
+ PysBS (¥)B3 (y)

U(X, y) = Poo (1_ X)B(l_ Y)a +3p01)’(1_ y)z(l_ X)3 +3p02 yz (1_ Y)(l_ X)3
+ Py’ (13" +3pipX(L-X)* (L= y)° +9py xy(L-X)* (L= Y)?
+9P, Xy (LX) (L= ) +3pyexy (1= X)2 +3ppX* (- X)(1- )

+9p, Y- Y)* (L= %)+ 9, X P2 (L= Y)(1-X) +3p,x°y* (1-X)

+ DX (1= 1) +3p Xy (- ¥)* +3p, X yP (1= y) + pX’y’
..(10)

Substitution of the relation in
equation(10) in equation (7)gives rise
to the relation

U(%,Y) = Poo =X)L Y)* +3pg,y(L- ¥)* (1= X)° +3pgy* (L~ V)L~ X)°
+ Py (L= %)% +3pox(L-X)* (L~ ¥)° +9py,xy(L - x)* (L~ y)?
+9py2 (1= )2 (L= ¥) + 3Py’ (LX) +3p,x* (L= X)(L- )?
+9P, XYL Y)P (L= %)+ 9pX° YA (L= Y)(L- %)+ 3P X°y* (L~ X)
+ x> (1= ) +3p Py (L ) + 3Py Xy 2 (L- ) + Xy’

=X+y+2x+ y)(l—e1)+

Poo (L= 8)°(L—1)° +3pgtL—t)2 (L) +3pe,t* (L -t)(L - 5)°
+ Poat®(L-5)° +3pyps(L-5)° (L-t)° +9p,st(L-5)*(L-1)?
} [(x+y)e™| +9p,st2(L-8) (L -t) +3pyst* (L 8) +3p,s” (L -s)(L-1)° |dsdt
’ +9PpS(L—1)?(L-5) +9p,st2 (L -t)(L—5) +3pyst*(L-9)
+ DS (L -1)° + 3PS t(L—1)% + 3PS P (L-t) + st

Where The control points p;

i=0,1,2,3 j=0,1,2,3 are found as
follows:

Find all integration in equation above.
Then in order to determine control
points p;, i=0,1,2,3, j=0,1,2,3 we
need n equations; now choose
x; =012,3 and Y; =0,12,3 in the
interval  [0,1]x[0,1], which gives
(n)equations . solve the (n) equations
by Gauss elimination to find the values
P;j. 1=0,1,2,3,j=0,1,2,3.

The results depending on the least

square error (L.S.E) is presented in
Table(1) .

Table (1) The results of Example(1)

i X y Exact Approximation Approximation Approximation error
u(x,y) u(x,y)n=m=1 u(x,y)n=m=2 u(x,y)n=m=3
1 0 0 0 0 0 0 0
2 0 0.25 0.2500 0.2500 0.2500 0.2500 0
3 0 0.5 0.5000 0.5000 0.5000 0.5000 0
4 0 0.75 0.75 0.75 0.75 0.75 0
5 0 1 1 1 1 1 0
6 0.25 0 0.25 0.25 0.25 0.25 0
7 0.25 | 0.25 0.5 0.5 0.5 0.5 0
8 0.25 0.5 0.75 0.75 0.75 0.75 0
9 0.25 | 0.75 1 1 1 1 0
10 | 0.25 1 1.25 1.25 1.25 1.25 0
11 0.5 0 0.5 0.5 0.5 0.5 0
12 0.5 0.25 0.75 0.75 0.75 0.75 0
13 0.5 0.5 1 1 1 1 0
14 0.5 0.75 1.25 1.25 1.25 1.25 0
15 0.5 1 1.50 1.50 1.50 1.50 0
16 | 0.75 0 0.75 0.75 0.75 0.75 0
17 |1 075 | 0.25 0.1875 0.1875 0.1875 0.1875 0
18 | 0.75 0.5 1 1 1 1 0
19 | 075 | 0.75 15 15 15 15 0
20 | 0.75 1 1.75 1.75 1.75 1.75 0
21 1 0 1 1 1 1 0
22 1 0.25 1.25 1.25 1.25 1.25 0
23 1 0.5 15 15 15 15 0
24 1 0.75 1.75 1.75 1.75 1.75 0
25 1 1 2 2 2 2 0
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Example(2)

Consider  the  following  two-
dimensional linear Fredholm integral
equation of the second kind:

u(x,y):xy—%(x+y)—%+(jlJ i(x+y+s+t)u(s,t)dsdt
...(12)

with the exact solution u(x,y) = xy
we choose uniform partition with
m=n=1,2,3. Approximated solution for
some values of (x,y) by using two-
variables  Bernstein  polynomials
method and exact values u(x, y) = xy
when n=m=3 in equation(5) we get

3 3
u(x,y)= onéo Pij Bi?

3 3 3Y3) . . . )
u(x,y):igojgopij(ij(jjxlyj(l—xyn(l_y)aJ

U0 Y) = PooL-X) (L= Y)° + 3Py, YL Y)* (- %)° +3pgy (L= Y)(L- %)’
+ puaya(:l-‘x)3 +3pr(1—X)2(l— y)? +9p11XY(1‘X)2(1‘ y)?
+9p12Xy2(1‘X)2(1‘ y)+3p13Xy3(1‘X)2 +3p20X2(1—X)(1— y)?
+9p21x2y(1—y)z(l—x)+9pzzx2y2(1—y)(l—x)+3p23x2y3(l—x)
+ paox3(1_ Y)3 +3p31X3Y(1_ Y)Z +3p32x3y2(1— Y)+ p33X3y3

...(12)

Substitution of the relation in

equation(12) in equation (11)gives rise

to the relation

U(%,Y) = Poo (=2 (L= ) +3pe Y- Y) (L= %)° +3pgy* (L= y)(L-%)°
+ Py’ (=% +3pox(L-X)° (L= y)° +9py xy(L-X)* (L~ y)?
+9ppXy (L X)2 (L= y) + 3Py (LX) +3peX* (L= X)Ly
+9p, X Y- y)E (L= %) +9p X7y (L- Y)(1-X) +3pX°y (L~ X)
+ P (L-y) +3py CY(L-Y)P +3pX YA (L) + pX’y’

=xy—1(x+y)—1+
4 3
poo(]-‘s)g(]-‘t)3 "‘3pu1t(:|-‘t)2(]-‘5)3 +3p0212(1—t)(1—s)3
+ Pt (1-5)* +3ps(-5) 2 (L-1)° +9pst(L-5)* (L~ t)?
Tty +5+8) +9p,st2 (L) (L) + 3ot (L-5)? +3ps(L-S)(L-t)° (dsclt
’ +9P,,82t(L-1)2(L-5) + 9P, t (L-t)(L-5) +3p,s°t’ (L-5)
+ S (1-1) +3p,, St (L-1)? + 3PS tP (L-t) + pys™t®

o

Where The control points  p;,
i=0,1,2,3 j=0,1,2,3 are found as
follows:

Find all integration in equation. Then
in order to determine control points

Py i=0,1,2,3, j=0,1,2,3 we need n
equations; now choose x, =0,1,2,3 and
y; =0123 in the interval [01]x[02],
which gives (n)equations . solve the
(n) equations by Gauss elimination to
find the wvalues p;, 1i=0,1,23,
j=0,1,2,3. we obtain the approximate
solution as

u(x,y) =0*(L-x)°(1-y)® +3*0* y(L-y)*(1-x)* +3*0*y* (L- y)(1-%)°
+0*y3(l—x)3+3*O"x(l—><)7(l—y)3J&J"[é}*xy(l—x)z(l—y)2
-¢-!)*[%)"xyz(l—xf(l—y)+3*[%)*)<y3(1—><)24—3’*0*)(2(1—><)(1—y)3
+9*(§)*x2y(1—y)z(l—x)+9*(g]*xzy2(l—y)(l—x)+3*(§]*x2y3(l—x)
+0*x3(1—y)3+3*[%j*x3y(l—y)2+3*{§]*x3yz(l—y)+l*x3y3

The results depending on the least

square error (L.S.E) is presented in
Table(2)

Table (2) The results of Example(2)

i X y Exact u(x.y) Approximation u(x,y)n=m=1 Approximationu(x,y)n=m=2 Approximatio u(x,y)n=m=3 Error
1 0 0 0 0 0 0 0
2 0 0.25 0 0 0 0 0
3 0 05 0 0 0 0 0
4 0 0.75 0 0 0 0 0
5 0 1 0 0 0 0 0
6 0.25 0 0 0 0 0 0
7 0.25 0.25 0.0625 0.0625 0.0625 0.0625 0
8 0.25 05 0.1250 0.1250 0.1250 0.1250 0
9 0.25 0.75 0.1875 0.1875 0.1875 0.1875 0
10 0.25 1 0.25 0.25 0.25 0.25 0
1 05 0 0 0 0 0 0
12 0.5 0.25 0.1250 0.1250 0.1250 0.1250 0
13 05 05 0.2500 0.2500 0.2500 0.2500 0
14 05 0.75 0.3750 0.3750 0.3750 0.3750 0
15 05 1 0.50 0.50 0.50 0.50 0
16 0.75 0 0 0 0 0 0
17 0.75 0.25 0.1875 0.1875 0.1875 0.1875 0
18 0.75 05 0.3750 0.3750 0.3750 0.3750 0
19 0.75 0.75 0.5625 0.5625 0.5625 0.5625 0
20 0.75 1 0.75 0.75 0.75 0.75 0
21 1 0 0 0 0 0 0
22 1 0.25 0.25 0.25 0.25 0.25 0
23 1 05 05 05 05 05 0
24 1 0.75 0.75 0.75 0.75 0.75 0
25 1 1 1 1 1 1 0
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Conclusion:
This paper presents the use of the two-
variables  Bernstein  polynomials

method, for solving linear Fredholm
two-dimensional integral equation of
the second kind. From solving some
numerical examples the following
points have been identified:

1. This method can be used to solve of
linear Fredholm integral equation.

2. It is clear that using the two-
variables Bernstein polynomial basis
function to approximate when the n"
degree of Bernstein  polynomial
increases the error is decreases.
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