Journal of Kerbala University , VVol. 13 No.2 Scientific . 2015

On fuzzy fractional differential equations using
Riemann-Liouville derivative
O ol -l y Aiiia pladialy 4y ) s Apluida Ll ¥ alas J 5o
Ruaa Hameed Hassan and Amal K.Haydar
Department of Mathematics, Faculty of Education for Girls, Kufa
University

Abstract
The main aim of this paper is to find the formulas of fuzzy fractional derivatives of order
0 < f <2 and the formulas of fuzzy Laplace transforms for fuzzy fractional derivatives of order

1< f <2 using Riemann-Liouville derivative and H-differentiability.
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1. Introduction

Fractional calculus theory is a mathematical analysis tool applied to the study of integrals and
derivatives of arbitrary order which unifies and generalizes the notions of integer of-order
differentiation of n -fold integration [1-3].

There are many works in subject of fractional calculus, recently, Salahshour et al. [4] deal with
the solution of fuzzy fractional differential equations under Riemann-Liouville H-differentiability
by fuzzy Laplace transforms. Ahmad et al. [5] deal with fuzzy power series which is a
generalization to the classical power series. Allahviranloo et al. [6] give the explicit solutions of
uncertain fractional differential equations under Riemann-Liouville and H-differentiability. This
paper is organized as follows: Section 2 contains basic concepts. In section 3, we find the formulas
of fuzzy Riemann-Liouville fractional derivatives of order 0 < <2 and fuzzy Laplace transforms

for fuzzy fractional Riemann-Liouville derivatives of order 1< £ < 2. Also, an example is solved.
Finally conclusions are drawn in section 4.
2.Basic Concepts
Definition 2.1 [1] The Gamma function F(x ) is defined by the integral

_ © Lty x-1
1“(x)_J'0 e 't*'dt, x >0.
Definition 2.2 [7] A fuzzy number u in parametric form is a pair (u,0) of function u(r) and
u‘(r) , 0 <r <1which satisfy the following requirements :
1. u(r) is bounded non — decreasing left continuous function in (0,1], and right continuous at 0,
2. @ (r) is bounded non — increasing left continuous function in (0,1], and right continuous at 0,
3. u(r)<a(r).
Definition 2.3 [7] Let x,y €E . If there exists z € E such that x =y +z , then z is called H-
difference of x and vy, and itis denoted by x &y .

We note that x Oy #x +(—1)y and E be the set of all fuzzy numbers on R
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Definition 2.4 [8] Let f (x) be continuous fuzzy-valued function. Suppose that f (x )e’SX is

improper fuzzy Rimann-integrable on [0,oo), then j:f (x )e ™dx is called fuzzy Laplace
transforms and is denoted as:

L[f (x)] :_[0 f (x)e™dx (s>0 and integer).

We have:

jo f (x)edx :UO f_(x;r)e’sxdx,_[O f_(x;r)esxdx]

also by using the definition of classical Laplace transform:

([EOGr)]=[ "t (xsr)edx and ¢[f (x;r)]= ["f (x;r)e~dx,

then we follow:

L[f (x)]:[f[f_(x;r)],f[f (x;r)ﬂ.

Definition 2.5 [5] A real function f (x ),x >0 is said to be in the space C , € R if there exists a
real number p > g such that f (x )=xPf (x), where f (x) eC[0,%), and it is said to be in the
space Cif f ™ (x)eC,neN.

Definition 2.6 [5] The Riemann-Liouville fractional integral operator of order « >0of function
f (x)eC,,u>-1is defined as :

1ot () TGl =07 @t x5 20050
f(x), a=0.

Definition 2.7 [5] The Riemann-Liouville fractional derivative of order ¢ >00f f €C",neN is
defined as:

dnJ"‘“f (x), n-l<a<n,
D (x)= ddxn
OIan(x), a=n

Now, we denote C" [a,b] as the space of all continuous fuzzy-valued functions on [a,b]. Also we

denote L"[a,b] as the space of all Lebesque integrable fuzzy-valued functions on the bounded
interval [a,b] < R.[4]

Definition 2.8 [4] Let f (x) €C" [a,b] L™ [a,b],xgin(a,b) and ¢(x) = r[ll ﬂ]fx(f (t)to;tﬂ'
— a X —

We say that f (x ) is fuzzy Riemann-Liouville H- differentiable about order 0< /<1 at x, , if

there exists an element ("D/ f ) (x,) €E , such that for h >0, sufficiently small

¢(Xo+h) © ¢(Xo) ¢(Xo) © ¢(X0_h)

O (DL 1)0c) = fig LB < iy P B
or
(“) (RLD£_ f )(XO) = JLT+¢(XO) e_ﬁ(xo'i'h) - hILrp+¢(Xo—h)_f ¢(XO)
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i) (DL 1)(xo) = lim P00t M) © #) iy, 416 =1) © P(xo)

h—0+ h h—0+ _h
or
iv) (DL f)(x,) = hILrgl¢(X°) e_i(xﬁh) _ JL*E‘+¢(X°) © f(xo_h)

For the sake of simplicity , we say that the fuzzy-valued function f is " [(i)-p] -differentiable

if it is differentiable as in the definition 2.8 case (i), and f is " [(ii )—,B] -differentiable if it is

differentiable as in the definition 2.8 case (ii) and so on for the other cases.
Theorem 2.9[4] Let f (x)eC"[a,b]NL"[ab], X, in (a,b) and 0<p <1. Then:

(i)  Letus consider f is [(i)- ] - differentiable fuzzy-valued function, then:
(D2 )(xo) = [("DLE)(Xeir) , (*DLF)(Xir) ], 0<r <1

(i) Let us consider f is [( —,B] - differentiable fuzzy -valued function, then:

(DT )(xo) = [(*DLT) (x0ir) . (“DLE)(xpir) ], 0<r <1
where _
tf(
RLDﬂf r
("D (xoir) = (1ﬂ) l( )}
and _
RLyA £ . = 1 d Xf_(t;r)dt
("D ) (xpir) | T(1-5) dx I(X -t)’ }

Theorem 2.10 [4] [Derivative theorem ] suppose that f (x) €C " [0,00) " L"[0,0). Then :
L[("DZ £ )(x)]=s"LT (x)J("DL* 1 )(0).

if f is RL[ — B] -differentiable, and

L[(*02 1)) ]=~(*D2* 1 JOR(-s"L[f (x)])

if fis [ (ii )— 3] -differentiable, provided the mentioned Hukuhara difference exist.

3. Riemann-Liouville H-differentiability
In this section, we introduce definition of fuzzy Riemann-Liouville derivatives of order
0< f <2 under H-differentiability and find fuzzy Laplace transforms for fuzzy fractional

derivatives of order 1< < 2.
Ix f (t)dt
TR

and ¢, (X, ) are the limits defined in a; and a, respectively. f (X )is the Riemann-Liouville type

Definition 3.1 Let f (x)eC"[0,b]AL7[0,b],4(x)= where ¢, (X,)
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fuzzy fractional differentiable function of order 0< g8 <2,8=1 at X, e(O,b), if there exists an

element (RLDﬂf )(xo) eC " such that for all 0<r <1 and for h >0 sufficiently near zero either:

ay. (RLDﬁf )(Xo):hllrgl ¢(X0+h)he ¢(X0) :h“rg1 ¢(XO) 9h¢(xo—h) or
(o L)y ]t

for 0 < 8 <1 and either:
¢1(Xo) S ¢1(Xo_h)

bll(RLDﬂf )(XO):JirR¢1(Xo+h)he ¢1(X0):h|in(;1 : or
by, (RLDﬂf )(XO):JL@@(XO) 9_:1(X0+h) :h"j}} ¢1(Xo_hzh9 ¢1(Xo) or
bs . (RLDﬂf )(XO):JLT ¢2(X0+h)h9 ¢2(X°)=hli_)n01+ ¢ (X,) 9h¢z(xo_h) or
b, . (RLDﬂf )(Xo):h"_)n; ¢2(X0) 9_:?2 (X0+h) :h"_g)l ¢2 (XO_hEhe ¢2 (XO)

forl<p<2.

If the fuzzy valued function f (X) is differentiable as in definition 3.1 cases (aj, b1, bg) it is the
Riemann-Liouville type differentiable in the first form and denoted by (RLDlﬂ f )(xo) ,
(RLDf1 f )(xo) and (RLDfl f )(xo) respectively. If the fuzzy valued function f (X) is
differentiable as in definition 3.1 cases (az, by, bs) it is the Riemann-Liouville type differentiable in
the second form and denoted by (*“D/ f )(x,).("D/; f )(x,)and(" D7, f )(x,) respectively.
Theorem 32 Let f(x)eC"[0b]nL"[0b] be a fuzzy-valued function and
f (x):[f_(x;r),f_(x;r)] for r€[0,1],0< g<2and x,€(0,b). Then:

a. If f (X) is Riemann-Liouville type fuzzy fractional differentiable function in the first form,
then for 0< B <1

(RLDf f )(xo)z[(RLDﬂ f_)(xo;r),(RLDﬁ f_)(xo;r)]
a,. If f (x) is Riemann-Liouville type fuzzy fractional differentiable function in the second form,
thenfor 0< g <1
("'DJ f )(xo):[(RLDﬁ f)(xpir), ("D’ f_)(xo;r)]
b;. If (RLfo )(x) is Riemann-Liouville type fuzzy fractional differentiable function in the first
form, then for 1< g <2
("D f )(xo):[(RLDﬁ f)(xoir),(*D” f_)(xo;r)]
b,. If (RLfo )(x) is Riemann-Liouville type fuzzy fractional differentiable function in the
second form, then for 1< g <2
("“D/, f )(xo):[(RLDﬂ f)(xpir), (D’ f_)(xo;r)]
bs . If (RLfo )(x) is Riemann-Liouville type fuzzy fractional differentiable function in the first
form, then for 1< g <2
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("D f )(xo):[(RLDﬁ f)(xpir), ("D’ f_)(xo;r)J

bs. If (RLfo )(x) is Riemann-Liouville type fuzzy fractional differentiable function in the

second form, then for 1< <2

(RLszf)(xo):[(RLDﬁf )(Xoi1), (D7 £)(x, r)}

where

.y L 1 d Y21« f_(t;r)
o | e(a) L

[£] (1
_ 1 d X f (t ; r)
D7 f ) (x4ir)= —(—j —————(t
( )( 0 ) [F(LB—IIB) dx Io (X —t )1—fﬂ1+ﬁ
Proof We shall prove b; as follows: Since (RLDlﬁf )(x ),1<B<2 is the Riemann-Liouville type
fuzzy fractional differentiable function in the first form, then from by, of definition 3.1, we have:

¢1(x0+h)e¢l(xo):[@(xo+h;r)—zﬁl(xo;r),51(x0+h;r)—¢71(x0;r)],
¢1(x0)9¢1(x0—h):[zﬁl(xo;r)—ﬁ(xo—h;r),&l(xo;r)—ﬁl(xo—h;r)].
Multiplying both sides by 1 h >0, we get:

x=x,

=X =Xq

h(xo+n)Od (%) _[ ¢ (x i) A (%oi) & (Xothir) = (Xoir)
h i h h _'
#(%,)94 (X, —h) :_ﬁ(xo;r)_ﬁ(xo_h;r) A (XoiT) = (X, —hir) |
h i h ' h _'
By taking h — 0" on both sides of the above relation, we get:
(RLDﬂf )(xo):{:—X@(xo;r),dd—xgzl(xo;r)} (3.1)

Now, since ¢ (X, ) is equal to the limits defined in &; of definition 3.1, then we have:
#(x,+h)S¢ (x0)=[g(xo+h;r)—g(x0;r),5(xo+h;r)—¢7(x0;r)],
B(x0)08(xo—h)=[#(Xoir)=4(Xo—hir). 8 (XgiT) =& (X, —hir) .

Multiplying both sides by % ,h >0, we obtain

§xo+n)OB(,) _[#0o+hir)-g(xsir) §(xo+hir)=F(x, )}
h I h ’ h '
$(xo)OB(x 1) _[ B(xeir)~$(xo—hir) a(xo:m—a(xo—h:r)}
h i h ’ h '

By taking h — 0" on both sides of the above relation ,we get:

4 (x0)=| ¢ (x6i7).8 " (xoir) |,
Then

ﬁ(xo;r):?,(xo;r) ' (Zl(xo;r):%(xo;r) (3.2)
Substituting (3.2) in (3.1) yields:
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(RLDﬁ f )(xo):{ddx—zzg (xo;r),i(—za(xo;r)}
Z[(RLDﬁ f_)(Xo:r),(RLDﬁf_)(xo;r)].

The other proofs are similar .
Theorem 3.3 Suppose that f €C 7 [0,00)L" [0,0) and, 1< <2 then:

L If (**D/f )(x) is " [(i )~ p]-differentiable fuzzy-valued function, then

L[(*Df f)(x ] s’L[f (x)] © s(*D”?f)(0)e ("D f)(0)

2. 1f ("“D/f )(x) is " [(ii ) - p]-differentiable fuzzy-valued function, then

L[("DL F)(x)]=—s("D"2 1 )(0)(=s")L[f (x)]-("D"*f)(0)

3. If ("“Dff )(x) is " [(i )~ p]-differentiable fuzzy-valued function, then

LI("DZ ) (x)]=- RLD’* *E)©)(=s")LLF (x)]e("D"* 1 )(0)

4, (RLDﬁf )(x) is [ (ii )— ] -differentiable fuzzy-valued function, then
L("DZ )(x ] sLLF ()] es (D" 1 )(0)—("D" 1 )(0)

Proof To prove 3, let us consider (RL D/f )(x) is RL[ ,B] -differentiable, then by theorem 3.2
we get:

L[(02 1 ))] =L [(07 1 xir) (FB7T i)

~[e[(o F)xin e[t £)xin)]] (33)
We know that Laplace transform of Riemann-Liouville fractional derivative of order 1< g < 21s:
(DALY (xsr) =s7e[f (x;r) ] ("D ) (0;r) s ("D )(0;r) (3.9)
(D) (xir) =s”e[f (x;r) |- ("D )(0r) —s (D7 )(0;r) (3.5)
Since 0< B —-1<1,then we have:
(D73 )(0ir) =(T D7 )(@r), (“D)(0r) = ("D )(0ir). (3.6)

Using the equations (3.4)-(3.6), then equation (3.3) becomes:

L[(RLDﬁ f )(x )]:[sﬂz[f_(x;r)J—(RLDﬁ‘Lf )(O;r)—s(RLDﬂ‘Zf_)(O;r),sﬁE[f_(x;r)]—

(W)(O;r)—s(RLD“f_)(O;r)}
-s(*-D”7% )(0)o(-s”)L[f (x)]o(™ D" )(0).

The other proofs are similar .

Example 3.4 Consider the following FFIVP:

(*D’y)(x)=4y (x) . Ae(0,0),1< B <2 (3.7)
("D )(0)="y) " <E,

(RLDﬂ—Zy )(O) — RLyO(ﬂ—Z) cE.
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We note that:

(RLDﬂ—ly)(O;r):RLyo(ﬁ—l)(r)1(RLDﬂ1 )(0 I’) ﬁl)( ),

(D7) (@) ="y (1), (“D ) (0r) = 7 (),

By taking fuzzy Laplace transform for both sides of equation (3.7) we get:
L[(“D?y)(x)]= ALy (<))

Now, we have 2% =4 cases as follows:

Case 1 Let us consider ("'D/y )(x ) be "“[i — ] -differentiable fuzzy-valued function, then

equation (3.8) can be written as follows:
sLly(x)] © s(*D”?y)(0)e ("D y)(0)=AL[y (x)]-

Then, we get :
s#i[y (xir)]-s (D7 y ) (@) ~(“D y )(oir) =2y (xir)].

s?[y(x;r)]-s(*"D”? 37)(O;r)—(RLDﬁ’1 y)(O;r)zM[V(x )]

Therefore we have :

Consequently , applying inverse of Laplace transform on the both sides we have:

)= Ry (52 () gt | S (50 ()| L
Y (in) ="y e s [ 0 5

ST R (50 () 1| L

7 (xir)= "y (r)elLﬁ_JﬂL ( (r)ﬁlLﬂ_/J.

Finally, we determine the solution of FFIVP (3.7) as follows :

y(x;r)= yé ?(r)x ﬂ_zEﬂ,/f—l(}“X ) yé (r)x ﬁ_lEﬂ,ﬁ(’lxﬂ)’
V(1) =5 (1)) 7By (X )+ 7 ()X E ,, (ax ),

where E_ ,(z) denotes the Mittag-Leffler function .

Case 2 Let us consider ( "D’y )(x ) be ™ [ii - j]-differentiable fuzzy-valued functions, then

equation (3.8) can be written as follows:
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s (RLDﬁ’2 y )(O)@(—sﬁ)L [y (x )]—(RLD’H y )(O) =AL[y (x)].

Then, we get :

—s("D"? )T)(O;r)jtsﬁf[y(x;r)]—(RLD/H y)(O;r)=M[x(x;r)],

("D y)(oir)+s”e[y (x;r)]-(*D” y )(0;r) = e[y (x:r)].
Then we get the system:

s e[y (x;r) ]—/w[ X'I’)} YA (r)s+
sy (n) J= e[y () J= "y (s + ™y

The solution of the above system is:

-
\_/
+
3
-

RL,, (8-2) A+, RL,, (B-1) +(5-2) RL o (8-1)
_ y (r)s”*+"y (r )s +4 "y (r)s+4 "y (r)
(ytxin]=—= ——r —

RL (8-2) A+l | RL (8- RL,, (8-2) RL,, (8-1)
_ y r);s”~+"y SP+A4 Ty r)s+4 7y r
[y (] -2 0 o ()Mz v (r)s+4 "y (r)

Consequently, applying inverse of Laplace transform on the both sides we have :

y (X'r)= RLy(ﬂZ)(r)£—1|: }r RLy(ﬂl)(r)£—1|: s’ }Lﬂ RLy(ﬁZ)(r)g—l[ S }
Z ! 70 SZﬁ _/12 J0 sZﬂ _12 0

s?F - Q7

Finally, we determine the solution of FFIVP (3.7) as follows :

y(x;r)= RLxéﬂ“")(r)xﬂ‘zEzﬁﬁ_l(ﬂ.zx 2/3)+ RLxéﬂ‘l)(r)x /“Ezﬂﬁ(ﬂ,zx Zﬁ)
+A RL)T(()'B_Z)(I’)XZﬂszzﬁvzﬁfl(izx 2ﬁ)+/1 RL)Téﬂ_l)(I’)X 2ﬁflEzﬂ’Zﬂ (ﬂZX Zﬂ),

)T(x;r):RLVéﬂ‘Z)(r)xﬂ‘zEzﬂﬁ1(2,2 #)4 Lyl ( )X “Ezw(ﬂ,zxzﬂ)
) RLX(()ﬂ—z)(r)XZﬁszzﬁvzﬁl(/lz 2,8) y ZﬁflEzﬁ’Zﬁ(/ﬁiZX 2/5).

Case 3 Let us consider that "D/ )(x )be"" [i — 3] -differentiable fuzzy-valued function then
equation (3.8) can be written as follows:

—s(*D”?y)(0)e(-s”)L[y (x)Je(* D"y )(0)=AL[y (x)].
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Then, we get :
("D y)(r)+s”e[y (x;r)|]-(" Dy (o) =aely (xir)],

—s(RLDHx)(O;r)HﬂE[ (x; r)] (RLD'Bl )(O;r)z/w[y(x;r)}.

Then we get the system:

sﬁﬂ[y(x;r)]—}w[x(x ; r)] =Ry
70y (x;r)|-a[y (x;r)]="y
The solution of the above system is

RLyéﬂ—z)(r)sﬂ+1+RLyé/}—l)(r)sﬂ+/1 RLyéﬁ—z)(r)S+/1 RLxéﬁ—l)(r)

K[x(x;r)]: B s28 _ )2
RL +(8-2) p+1 RL (1) b RL (8-2) RL 7 (5-1)
L y (r)s + "ty (r)s?+2a ™y (r)s+4 "ty (r)
(y(xir)]=— = s2h _ )2 = :

Consequently, applying inverse of Laplace transform on the both sides we have :

y (X'I’)= RLy(ﬂ—Z)(r)g_]_ g At LR _(/Ll)(l’)ﬁ_l s’ ) RLY(ﬂ—z)(r)g—l S
AGY Yo $20 _ )2 0 s _ )2 0 $2 _ )2

s?F - Q7

— (v v\ _ RL(8-2) I s7 RL ., (5-1) e s’ 2 RLy (52 I S
yr) ="y () oz |+ Y () Sz A Y (D) s
) S A
1

Finally, we determine the solution of FFIVP (3.7) as follows :

y (x;r)= RLy((,ﬂ‘z)(r)xﬁ’zEzﬂﬁfl(/izx #)+F Ly (r)x PRE . (2% )

1 gD (D)X B 0, (X 7) 44 Ty PO ()X, (15X7),

¥ (x;r)="y¢" (r)x ﬁ_zEzﬁﬁ—l(ﬂ‘zx Zﬂ)+RLX((Jﬂ_l)(r)Xﬂ_lEzﬂﬁ(’lZXZﬂ)

+A RLXO B (r)xzﬂ’zE (ﬂzx 2ﬂ)+i RL)Téﬂ_l)(r)Xzﬂ’lE (/IZX 2ﬂ).

2p,245-1 2B.2p8

Case 4 Let us consider that (RLDﬁy )( )be " [ii — B]-differentiable fuzzy-valued function then
equation (3.8) can be written as follows:

"Ly ()] © s("D"*y)(0)-("D"*y)(0)=2L[y (x)]

Then, we get :
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[y ()]s (07 y )(oir)-(D 7y (@) =aely (xir)],

s?e[y (x;r)]-s(*D*?y)(0r)—("D "y )(0;r) = Ac[y (x:r) ]

Therefore we have :

(s7=2) e[y (ir) ="y (r)s + ™y (),
(ﬁ }L)ﬁ[y (x;r) ="y 82 (r)s + oy P2 (r).

Consequently, applying inverse of Laplace transform on the both sides we have :

y () ="y A () et S [+ Ry () e

7 (x;r)="yP A (r) et o |+ Ry P () e

Finally, we determine the solution of FFIVP (3.7) as follows :
y (x;r) ="y (n)x B, (A7) + FgE Y (n)x UE (A7),

y(x;r)=" _éﬁ‘z)(r)xﬂ’zEﬂﬁfl(ixﬂ) (- )( )xﬂ’lEﬁ’ﬁ(ﬂxﬁ).

|<

4. Conclusions
In this paper the Riemann-Liouville fractional derivatives of order 0 < g <2 for fuzzy-valued

function f are studied. Also the fuzzy Laplace transforms for the Riemann-Liouville fractional
derivatives of order 1< £ < 2under H-differentiability are discussed. Also an fuzzy fractional initial

value problem of order 1< £ <2 is solved.
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