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Abstract:

In this paper we treat theoretical aspects of the dynamics of three species food web
models. We consider two independent predators feeding on a single prey species with
defensive switching property and introducing handling time effects. Also we get the
system has stable three species coexisting equilibrium state under the condition .We

study special case when handling time
equal zero .
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Introduction:

In predator-prey environment, there
is variety of ways in which potential
prey attempts to avoid predators. These
anti-predator behaviors include habitat
selection, vigilance and other types of
behaviors [1, 2, 3, 4]. The anti-predator
behavior, when a prey is shared by two
or more predator species, may be
classified as specific or non-specific. It
is known as predator-specific defense
when the prey defense is effective
against only one predator species.
However, if each of the different
behaviors is equally effective against
all predator species then it is perfectly
non-specific defense [5].

Many of the studies in literature have
been focus on the observed patterns in
anti-predator behavior in terms of costs
and benefits of different levels of prey
investment. However, little attention
had been given to the influence of
these anti-predator behaviors on the
population dynamics of predator prey
system [6, 7, 8, 9, 10].

The phenomena of change of habitats
from one to other due to prey guards
itself against the abundant predator, is
called defensive switching. Later on
M.Saleem et. al. (2003) analyzed

simple mathematical model consisting
of two predators and one prey which
has the defensive switching property of
predation avoidance .They assumed
that the prey is growing exponentially
in the absence of predators. It is
observed that, the system s
asymptotically settles to a volterra’s
oscillation in the three dimensional
space when the intensity of defensive
switching equals one and the two
predators have the same mortality
rates.

A three species food web model
consisting of two  independent
predators feeding on a single prey
species is considered. It is assumed
that the prey species growth
logistically in the absence of

predators’, while the predators decay
exponentially in the absence of prey
species. The effect of prey's defensive
switching on the dynamical behavior
of food web and handling time effect is
also discussed. Special case when
handling time equal zero also
discussed.
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In the following, we present some
basic  definitions of  population
dynamics that are needed in our study.
Definition [11]

The equilibrium point X*  of
autonomous system is said to be stable
if for all &£>0 there exists 0 >0
such that

[X@-X"|<5=XT)-X"|<e v T =0,
with X (0) is an initial value, and
X (T) is the solution of autonomous
system at time T . The equilibrium

point X ™ is said to be asymptotically
stable if it is stable and 6 >0 can be
chosen such that

[x©@-x" <5:>|TimHX(T)—X*H=O.
Further more if an equilibrium point

X ™ is not stable, then it is called
unstable.

Remark: If the equilibrium point X"
is asymptotically stable for

all X(0) eR", it is called globally
asymptotically stable.

Also the equilibrium point X ™ will be
locally asymptotically stable if and
only if the real parts of all the
eigenvalues of Vaiational matrix( or
Jacobin matrix) are negative, however,
it is known globally unstable point if
and only if all the eigenvalues of V
have a positive real part, otherwise, the
equilibrium point X" is called
unstable saddle point .

Definition: [12]

Let U be a neighborhood of an

equilibrium point X *. Then the local
stable manifoldW (X ™,U), and the
local unstable manifold W" (X ™*,U)

of X "are defined, respectively, to be
the following subsets ofU :
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WE(X",U)={X(0) eU : X(T,X(0)eU forT >0,
and X(T,X(0)) > X" asT — 4w},

WY(X",U)={X(0)eU : X(T,X(0)) eU forT <0,
and X (T, X(0)) » X asT — —w}.

Lyapunov functions: [13]

In general, Lyapunov function is an
energy function associated with a
dynamical system that decreases over
time. The theory of Lyapunov function
gives us a global approach  toward
determining asymptotic behavior of
solutions. Further, Lyapunov functions
can tell us that initial values from a
long region converge to equilibrium. In
addition, they can sometimes be used
to determine stability of a non-
hyperbolic equilibrium point.
Theorem:  (Lyapunov
Theorem)

Let X* be an equilibrium point of
system of non linear equation and

Stability

QcR" a region containing X . If
L:Q — R isaC! function such that
L(X")=0

L(X)>0:;¥ X e Q\{X }(ie.
L'(X)<OVX eQ .
positive definite function)

Lis a

Then X is stable. Furthermore, if
X ™ is stable and L'(X)<0,vX e Q\{X"}

then X ™ is asymptotically stable. Not
that a function L that satisfies the
above three assumptions for stability is
called a Lyapunov function.

2-The mathematical model:-

A mathematical model consisting of a
prey species interacting with two
kind’s predator species living in two
different habitats is considered. It is
assumed that, the prey species growth
logistically in the absence of predators,
while the predators decay
exponentially in the absence of prey
species. Also the prey species exhibits
group defense and handling time
effect.
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The food web model with this type of
interaction can be represented in the
following set of differential equations:

dR

dT
dF, _

dT

RP] 1
(R +P)(L+Cahk" +C,bhR") "
b RR' 1
“(P"+P")(+CahR" +C,bhR")™
dR _ R[a3(175)— . naFiF’z"+bP2nF’1” 1.
dT K* (R"+PR")+CahR" +C,bhR")
Where P,(0), P, (0),R(0) is positive real
number, n>O0is the intensity of prey
defensive switching. P,(0), P(0),,R(0)
initial point denote ,respectively,
Predator's species and a prey species.
of the population densities of two kinds

R[-a,+Ca

P[-a,+C

where

(D

a.(i=123), K,C,(j=12), a,b

are positive constants

while h = 0,
The parameters C,,C, are the
conversion rates of a prey R to

predators Pjand P,.
The parameters C,,C, While a,b are

the positive constants that stand for the
predation coefficients of the first and
second predator respectively, finally h
is the handling time parameter.

Clearly, system of first order of
equations (1) has a characteristic
property of a prey defensive switching
and handling time effects. Clearly
when the population of predator
becomes large and handling time
become small the prey defends itself
against it and switches to another
predator species habitat with a
relatively smaller population in order
to avoid too much predation of
individuate.

In the case of n=1

For this case the system of handling

time take the simple form :-

dp RP, :
(P+P,)(L+CahR +Chk)™

Pl-o,+Ca
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I pfa,+Ch RR e
dT (R +PR)@+C,ahF, +C,bhR)

R Rl - SRR
dT K” (R +PR)@+CahR +C,bhR)

The following dimensionless variable

and parameters are used

x=C8p v -G8, 7.C8p 4 0T Hoah,
o a, a

lec—zb,szﬂ,Wsz ) ’WAZB’WEZ&.

Ca o CaK a o

Accordingly, the dimensionless system
is

We)

LR al 1 )

dT (X +Y)(@L+ HY +W, HX)
dy W.ZX
2T oviw 1 , ...(4
dT [ 2+(x +Y)(A+HY +W1HX)] > @
dz o (L+W,)XY
ﬁ_ZM5(1 We) C,(X +Y)(@L+HY +W1HX)]

_/

If H=0 the system becomes

& oxpae 2,

dT (X +Y)

dy W, ZX

—=Y[-W 1 , ...(5

dT [FW, + (X +Y)] ®)

dz (1+W,)XY

—=7 1-W.Z2)———22"1.

dT W, (L-W.2) C,(X +Y)]

It is easy to show that the system (5)
has at most three nonnegative
equilibrium points, namely (0,0,0),
1
ana_ )
( W3) (
and Z >0,since only this point

represents the solution to the equation
ax _d¥ _ 22 _ 5
dT dT  dT )

The boundary points (0,0,0) and

X,Y,Z)with X>0,Y>0

(O,O,Wi) are always exist, however
3

the  positive  equilibrium  points

(X,Y,Z) is exists if and only if there

is a positive solution to the following

set of algebraic equations.

X+Y =2Y (6a)

W,(X +Y)=W.ZX  (6b)
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CW,(L-W,Z)(X +Y) = XY +W,XY (6c)
Clearly, if we do that -W; (6a) + (6b)
we get

W .-
Y =(-1)X 7

(Wz) (7)
Substituting equation (7) in (6a) yields
= . W,
Z —1+—W1 .. (8)

Using equation (7) and (8) in equation
(6¢) we get

. W, W,
X = 1+ 3L -\\ . (@
(1 )( W )W ( +W1))
- c ) W,
Y = +DA-W, 0@+ 5)
(\N W, W,

...(9)
Obwously, Z>=0 whileX=0and¥?
if and only if the following condition
hold

...(10)

Wq < =
Wy z

Now, in order to study the stability at
the above equilibrium points, the

variation matrix G of system (5) at
point (X,Y,Z) is computed.

by by b3
G=|by; byy bog
b3y b3y Dbsg
Where
XYZ X 27 XY
b11:F1_ AZ ,blz— A2 ;blg_T,
WY 2Z W, XYZ W, XY
b21 = 1Az ) b22 = Fz 1Az ) b23 lA
YZ(X -W,Y — A)
31 = ClA2 J
b, = JEEX W D) oy E oz,
C,A
Where A= X +Y.
Let G;(1=0,1,2) denotes the

variational matrix G at the points
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(0,0,0), (O,O,Wi), and

3

(X, )respectlvely Then
-1 O
0 —W2
0O O W5
0 —W2 :
a3
G, = a21 a22 a3
azs
where
_Wz \NZ2
a11: 1 alzz—’
W, +W, W, (W, +W,)
WX
s W, +W, '
W,? -WW,
By = vy 8 =
W, +W,) W, +W,)
W, X
83 = v
(W, +W,)
__W1(1+W4)
oW W)
a _(VV22W4 +W12)
O CW W, +W,)
W
A, =-WW. (1+—2).
33 3 5( Wl)
Accordingly, the following

observations are made.

The eigenvalues of G are
Hor=-1<0 . iy =—W, <0

and Ho3z = W5 >0

Thus the point(0,0,0) is unstable

saddle point with locally stable
manifold in the X —Y plane and with
locally unstable manifold in the Z
direction.

The eigenvalues of G, are
,Ull:—l<0 v 2 =—W2 <0 and
thz=—Ws <0.
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Therefore (0,0,i) is locally
W3

asymptotically stable point.

In the following, the local stability

analysis of the positive equilibrium

point (X,Y,Z) is investigated.

Theorem: [14]

The positive equilibrium  point
(X,Y,Z) is a locally asymptotically
stable with respect to all solutions

initiate in the interior of Rf :

3-The Existence and_Stability
Aanalysis  of  Equilibrium
points If. H + 0;-

System (4) has at most three
nonnegative  equilibrium  points,
resulting from solving the following
algebraic equations

(X+Y)A+HY +W.HX)=YZ .. (l1a)
W, (X +Y)(L+HY +W,HX) =W,ZX ... (11b)

CW, (L-W,Z)(X +Y){@L+ HY +W,HX) =1+ W,)XY....(L1c)

It is easy to wverify that
(0,0,0), (O,O,Wi)and

3
(X7, Y, Z)with X" =0,Y " =0andZ” =0
resent the equilibrium points of the
system (4).

The boundary points
(0,0,0) and (0,0, 1

3
always exist, however the positive
equilibrium points (X",Y",Z") is
exists if and only if there is a positive
solution to the set of algebraic
equations(11 a),(11 b)and(11 c).
Clearly, equation (11 a) and equation
(11 b) gives
Z = A+ BHX where

) are

A=y B= A 1w,
Wl W2

And Y :%X.
W.

2

From equation (11 c)

% - CW.Z(@-W,Z)
a+w,)

L

O<Z<i
W

3
By substitute Z in X we obtain
Ao XP+AX+A=0 ...(12)

Where A4, = C,W,W,B*H?
A= CWAWA - 1)
A;=(14+W,)+ C,W.BH(2W,A — 1)

Clearly that

A >0,4,>0since A > % according the condaction 0<Z < %
E B

The solution of the second order
algebraic equation (12) is

—A:i.\!'.eli -24,4,

X= By — provided that 4, = 2,/4,4,.

The dynamical behavior of system (4)
can be investigated locally through
computing the variational matrices
corresponding to each equilibrium
point and then using Lyapunov
function. The variational matrix Vat
the point (X, Y, Z) is

b11 b12 b13
V= b21 b22 b23
b31 b32 b33

Where
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Where
b = —YXZ (o + W, H) b XZ8c —YZX(o + 6H) XY
11 [5-0_]2 ! 12 (ﬁﬂj: r =13 (l‘jﬂ':]
. Se—X(o+EHW, . —(o+EH)ZXYW, _ KYW,
by = Wy Z¥Y —— b= G+ = by =T
b = (1+W, J¥Z[fo—-X (g +6HW,) b = Z(14+W, )X [Eo- Yo +HE)]
31 [ ’ 3z — c, (82 ’
by; =R—ZW,W, The eigenvalues of Vv,
Where are
§=X+Y , o=1+HY+Ww,
-1+ (X+Yj(1+yiy+w ik Thus the point(0,0,0) is unstable
G=—w,+ WXz saddle point with locally stable
SRR SR manifold in the X —Y plane and with
R=W (- WD)~ a+mv+wax locally unstable manifold in the Z
LetV, (i =0,1,2) denotes the direction. _
variational matrix V' at the The eigenvalues of
1 V,are

points (0,0,0), (o,o,W),

3

and (X*, y*, *) respectively. Then

-1 O 0]
Vo= 0 —w, O
0O 0 w,
-1 0 O
V=] 0 —w, O :
O 0 —w
Qi Qp A

V2: a,; Qay ay;
a;; Qg a3

Where
_ —X'Y'I*o+ 6W H) _X'I'[§o-Y*(o+dH)] _ Xy
T oy G B (60)
oy ey D0-X (gt BHIW,, _ —lot8H)EYIW,
a’:l le z I:éﬂ}z ! a’ﬂ (5:7:1"“
XYW,
» 23 = o
(1+W,)¥*Z*[6c — X* (o + SHW,)
gy = (80)2 » gy
_ X Z*(1+wW,)[6o— Y (a+ HS)]
- C,(8a)?
Accordingly, the following

observations are made.
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(O,O,Wi) IS

3
asymptotically stable point.
In the following, the locally stability
analysis of the positive equilibrium

point (X*,Y",Z")is investigated.

Therefore locally

Theorem(3.1):-
Suppose that the positive equilibrium

(X",Y",Z7) of system (4) exists. Then
it is locally asymptotically stable if

X}# ard 65, .
I\E+HG|:-V._:I ot+dH

Proof:-

Consider the following positive

definite function:-

L(X,Y,Z) = M,U* + M,V + M;W*
WhereM,, M, andM; are positive
constants to be determined.
Differentiating L with respect to time
Talong the solution of system (4), we

get
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dTl

L
=2M,U(a, U+ a,V +a W)+ 2M,V(a, U+ anV 4 a, W)

T 2M;W(ag, U + ag,V + ag; W)
= 2M,a,U* 4+ 2M,a,,V? + 2Mza3;,W? + 2(Mya,, + Mya,, )JUV
+ 2(Mya,5 + Myag, JUW + 2(M,a,5 + Myags, )JVW.

Choosing the arbitrary positive non-
zero constants such that
M Y 0 yistds M. —lgq vields —lgq M

a yy =0 ——=—7"-—> =

113 331 M3 g 1 g 3

yields Mz —lgy vields —gsy

Mya,; + Myag, =0 —}E = . — = -, My
Obtain that By choosing M;=1
M, =% a7 = Zm

1 Gyg e Gog
Clearly that
M >0and My >0 since ayy < 0anday, <0
according the condition
X = # i M,

|\E+Hﬂ‘|:'1r?._:l c+dH

Then:-
dL 2 2 2 —as A3z
T 2Mya., U + 2Mya,,V" + 2a,; W +2( s a,, —Ean) uv.

. 1+W, _1+wWy —
Since agy == "3 ,83; =~ 3,03 = a3

& WMya, U4 2,0,V 4 2ag, WY zwauan(Hm)
== a,U* 2l V' + 20, W — —

dr 111 4 B 0y lel

Clearly %<O.So, L is a Lyapunov

function with respect to (x*,y",z")

and hence (x*,y",z")is a locally
asymptotically stable.

Accordingly, it is concluded that
adding the defensive  switching
behavior and handling time effect to
the food web system under
consideration may have a stabilizing
effect on the dynamical behavior.
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