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Abstract: 
In this paper we treat theoretical aspects of the dynamics of three species food web 

models. We consider two independent predators feeding on a single prey species with 

defensive switching property and introducing handling time effects. Also we get the 

system has stable three species coexisting equilibrium state under the condition .We 

study special case when handling time  

equal zero . 

 

Key word: food web-variational matrix-Lyapunov function. 

 

Introduction: 
      In predator-prey environment, there 

is variety of ways in which potential 

prey attempts to avoid predators. These 

anti-predator behaviors include habitat 

selection, vigilance and other types of 

behaviors [1, 2, 3, 4]. The anti-predator 

behavior, when a prey is shared by two 

or more predator species, may be 

classified as specific or non-specific. It 

is known as predator-specific defense 

when the prey defense is effective 

against only one predator species. 

However, if each of the different 

behaviors is equally effective against 

all predator species then it is perfectly 

non-specific defense [5].    

 Many of the studies in literature have 

been focus on the observed patterns in 

anti-predator behavior in terms of costs 

and benefits of different levels of prey 

investment. However, little attention 

had been given to the influence of 

these anti-predator behaviors on the 

population dynamics of predator prey 

system [6, 7, 8, 9, 10]. 

The phenomena of change of habitats 

from one to other due to prey guards 

itself against the abundant predator, is 

called defensive switching.  Later on 

M.Saleem et. al. (2003) analyzed 

simple mathematical model consisting 

of two predators and one prey which 

has the defensive switching property of 

predation avoidance .They assumed 

that the prey is growing exponentially 

in the absence of predators. It is 

observed that, the system is 

asymptotically settles to a volterra`s 

oscillation in the three dimensional 

space when the intensity of defensive 

switching equals one and the two 

predators have the same mortality 

rates. 

A three species food web model 

consisting of two independent 

predators feeding on a single prey 

species is considered. It is assumed 

that the prey species growth 

logistically in the absence of 

predators’, while the predators decay 

exponentially in the absence of prey 

species. The effect of prey's defensive 

switching on the dynamical behavior 

of food web and handling time effect is 

also discussed. Special case when 

handling time equal zero also 

discussed.                             
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In the following, we present some 

basic definitions of population 

dynamics that are needed in our study.  

Definition [11] 

  The equilibrium point 
X  of 

autonomous system is said to be stable 

if for all 0  there exists 0  

such that  

,0)()0(   TXTXXX   

with )0(X  is an initial value, and 

)(TX  is the solution of autonomous 

system at time T  . The equilibrium 

point 
X  is said to be asymptotically 

stable if it is stable and 0  can be 

chosen such that  

0)()0( lim  



 XTXXX
T

 .  

Further more if an equilibrium point 
X  is not stable, then it is called 

unstable.  

Remark: If the equilibrium point 
X  

is asymptotically stable for 

all
nRX )0( , it is called globally 

asymptotically stable. 

Also the equilibrium point 
X  will be 

locally asymptotically stable if and 

only if the real parts of all the 

eigenvalues of Vaiational matrix( or 

Jacobin matrix) are negative, however, 

it is known globally unstable point if 

and only if all the eigenvalues of V  

have a positive real part, otherwise, the 

equilibrium point 
X  is called 

unstable saddle point . 

Definition: [12] 

Let U  be a neighborhood of an 

equilibrium point
X . Then the local 

stable manifold ),( UXW s 
, and the 

local unstable manifold ),( UXW u 
 

of 
X are defined, respectively, to be 

the following subsets ofU : 

}.))0(,(

,0))0(,(:)0({),(

},))0(,(

,0))0(,(:)0({),(

















TasXXTXand

TforUXTXUXUXW

TasXXTXand

forTUXTXUXUXW

u

s

 

Lyapunov functions: [13] 

In general, Lyapunov function is an 

energy function associated with a 

dynamical system that decreases over 

time. The theory of Lyapunov function 

gives us a global approach   toward 

determining asymptotic behavior of 

solutions. Further, Lyapunov functions 

can tell us that initial values from a 

long region converge to equilibrium. In 

addition, they can sometimes be used 

to determine stability of a non- 

hyperbolic equilibrium point. 

Theorem: (Lyapunov Stability 

Theorem) 

Let 
X  be an equilibrium point of 

system of non linear equation and 
nR  a region containing

X . If 

RL :  is a C
1
 function such that 

.;0)(

}{\;0)(

0)(











XXL

XXXL

XL

(ie. L is a 

positive definite function)  

Then 
X  is stable. Furthermore, if 

X   is stable and }{\,0)(  XXXL  

then 
X  is asymptotically stable.  Not 

that a function L that satisfies the 

above three assumptions for stability is 

called a Lyapunov function. 

 

2-The mathematical model:- 
A mathematical model consisting of a 

prey species interacting with two 

kind’s predator species living in two 

different habitats is considered. It is 

assumed that, the prey species growth 

logistically in the absence of predators, 

while the predators decay 

exponentially in the absence of prey 

species. Also the prey species exhibits 

group defense and handling time 

effect.                
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 The food web model with this type of 

interaction can be represented in the 

following set of differential equations:                                                                                                               
 

,]
)1)((

[
122121

2

111

1

nnnn

n

bhPCahPCPP

RP
aCP

dT

dP


 

,]
)1)((

[
122121

1

222

2

nnnn

n

bhPCahPCPP

RP
bCP

dT

dP


 

.]
)1)((

)1([
122121

1221

3 nnnn

nn

bhPCahPCPP

PbPPaP

K

R
R

dT

dR




   

Where )0(),0(),0( 21 RPP  is positive real 

number, 0n is the intensity of prey 

defensive switching. )0(,)0(),0( 21 RPP  

initial point denote ,respectively,  

Predator's species and a prey species. 

of the population densities of two kinds 

where

bajCKi
ji

,,)2,1(,,)3,2,1( 
are positive constants  

while  . 

The parameters 21,CC  are the 

conversion  rates of a prey R  to 

predators   and . 

The parameters 21,CC  While  a,b are 

the positive constants that stand for the 

predation coefficients of the first and 

second predator respectively, finally  h 

is the handling time parameter. 

 Clearly, system of first order of 

equations (1) has a characteristic 

property of a prey defensive switching 

and handling time effects. Clearly 

when the population of predator 

becomes large and handling time 

become small the prey defends itself 

against it and switches to another 

predator species habitat with a 

relatively smaller population in order 

to avoid too much predation of 

individuate. 

 
In the case of n=1 

For this case the system of handling 

time take the simple form :- 

,]
)1)((

[
122121

2

111

1

bhPCahPCPP

RP
aCP

dT

dP


   

)2(...,]
)1)((

[
122121

1

222

2

bhPCahPCPP

RP
bCP

dT

dP


 

.]
)1)((

)1([
122121

1221

3
bhPCahPCPP

PbPPPaP

K

R
R

dT

dR




 

 
The following dimensionless variable 

and parameters are used 

)3(....,,,,

,,,,,

1

3

54

1

1

3

1

2

2

1

2

1

11

1

1

2

2

2

1

1

1
















W
a

b
W

aKC
WW

aC

bC
W

hHTtR
aC

Zp
aC

YP
aC

X

Accordingly, the dimensionless system 

is 

,]
)1)((

1[
1
HXWHYYX

ZY
X

dT

dX


  

 

,]
)1)((

[
1

1

2
HXWHYYX

ZXW
WY

dT

dY


  

]
)1)((

)1(
)1([

11

4

35
HXWHYYXC

XYW
ZWWZ

dT

dZ




  

 

If H=0 the system becomes 

,]
)(

1[
YX

ZY
X

dT

dX


  

)5(...,]
)(

[ 1

2
YX

ZXW
WY

dT

dY


  

.]
)(

)1(
)1([

1

4

35
YXC

XYW
ZWWZ

dT

dZ




  

 

It is easy to show that the system (5) 

has at most three nonnegative 

equilibrium points, namely )0,0,0( , 

)
1

,0,0(
3W

, ( ZYX ,, )with 0,0  YX  

and 0Z ,since only this point 

represents the solution to the equation  

 

The boundary points )0,0,0(  and 

)
1

,0,0(
3W

 are always exist, however 

the positive equilibrium points 

),,( ZYX  is exists if and only if there 

is a positive solution to the following 

set of algebraic equations. 

ZYYX          (6a) 

XZWYXW 12 )(          (6b) 

…(1)

 

…(4) 
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XYWXYYXZWWC 4351 ))(1( 
 
(6c) 

Clearly, if we do that -  

we get  

X
W

W
Y )(

2

1

   …  

(7) 

Substituting equation (7) in (6a) yields    

 )8(...1
1

2

W

W
Z   

Using equation (7) and (8) in equation 

(6c) we get  

       

))1(1)(1(
)1(

))1(1)(1(
)1(

1

2

3

2

1

4

51

1

2

3

1

2

4

51

W
W

W
W
W

W
Wc

W
W

W
W
W

Y

W

Wc
X











...(9)

  

Obviously,    while   

if and only if the following condition 

hold 

                   

…(10)               

 

Now, in order to study the stability at 

the above equilibrium points, the 

variation matrix G  of system (5) at 

point ),,( ZYX  is computed.  



















333231

232221

131211

bbb

bbb

bbb

G  

Where 

.

.,
))1((

,
)(

,,,

,,,

533332

1

4
32

2

1

4
31

1
232

1
2222

2

1
21

132

2

122111

YXAWhere

ZWWFb
Ac

YWXXZ
b

Ac

AYWXYZ
b

A

XYW
b

A

XYZW
Fb

A

ZYW
b

A

XY
b

A

ZX
b

A

XYZ
Fb















 

Let )2,1,0( iGi  denotes the 

variational matrix G  at the points 

),
1

,0,0(),0,0,0(
3W

and 

),,( ZYX respectively.  Then  























5

20

00

00

001

w

wG                

,

























5

21

00

00

001

w

wG ,  



















333231

232221

131211

2

aaa

aaa

aaa

G  

where  

21

2

11
WW

W
a




 , 

)( 211

2

2
12

WWW

W
a


 , 

,
21

1
13

WW

XW
a


  

)(
21

2

1

21
WW

W
a


 ,

)( 21

21
22

WW

WW
a




 , 

)( 21

2

1
23

WW

XW
a


 , 

)(

)1(

211

41
31

WWC

WW
a




 , 

)(

)(

2111

2

14

2

2
32

WWWC

WWW
a




 , 

)1(
1

2
5333

W

W
WWa  . 

Accordingly, the following 

observations are made. 

The eigenvalues of 0G  are 

0101   , 0202  w  

and 0503  w  

Thus the point )0,0,0(  is unstable 

saddle point with locally stable 

manifold in the YX   plane and with 

locally unstable manifold in the z  

direction. 

The eigenvalues of 1G are  

0111   , 0212  w  and 

0513  w . 
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 Therefore )
1

,0,0(
3w

 is locally 

asymptotically stable point. 

In the following, the local stability 

analysis of the positive equilibrium 

point ),,( ZYX is investigated. 

  
 Theorem: [14] 

 The positive equilibrium point 

),,( ZYX  is a locally asymptotically 

stable with respect to all solutions 

initiate in the interior of
3
R . 

 

3-The Existence and Stability 

Aanalysis of Equilibrium 

points  If :- 
System (4) has at most three 

nonnegative equilibrium points, 

resulting from solving the following 

algebraic equations 

 

)11...()1()1)()(1(

)11(....)1)((

)11(...)1)((

41351

112

`1

cXYWHXWHYYXZWWC

bZXWHXWHYYXW

aYZHXWHYYX







It is easy to verify that

 

00,0),,(

)
1

,0,0(),0,0,0(

******

3

 ZandYXwithZYX

and
W  

resent the equilibrium points of the 

system (4). 

 
The boundary points 

)
1

,0,0()0,0,0(
3

W
and

 

are 

always exist, however the positive 

equilibrium points ),,( *** ZYX  is 

exists if and only if there is a positive 

solution to the  set of algebraic 

equations(11 a),(11 b)and(11 c). 

Clearly, equation (11 a) and equation 

(11 b) gives 

 whereBHXAZ   

).(),1(
1

2

1

1

2 W
W

W
AB

W

W
A 

 

.
2

1 X
W

W
YAnd   

 

From equation (11 c) 

 

3

4

351

1
0

,
)1(

)1(

W
Z

W

ZWZWC
X








 

 

By substitute Z in X we obtain 

 

A2X
2
+A2X+A3=0 …(12) 

 

  

 

 
 

Clearly that
  

 

The solution of the second order 

algebraic equation (12) is  

 

 

 The dynamical behavior of system (4) 

can be investigated locally through 

computing the variational matrices 

corresponding to each equilibrium 

point and then using Lyapunov 

function. The variational matrix Vat 

the point (X, Y, Z) is 
 



















333231

232221

131211

bbb

bbb

bbb

V  

 

 

Where
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 Where 

 
 

,    

 

 
Where 

   

    

 

 
)2,1,0( iVLet i  denotes the 

variational matrix  at the 

points ),
1

,0,0(),0,0,0(
3W

 

and ),,(  zyx respectively.  Then 























5

20

00

00

001

w

wV                

,

























5

21

00

00

001

w

wV ,  



















333231

232221

131211

2

aaa

aaa

aaa

V . 

Where 

 

        ,    

 

 
 

Accordingly, the following 

observations are made. 

The eigenvalues of 
0V  

are

 

Thus the point )0,0,0(  is unstable 

saddle point with locally stable 

manifold in the YX   plane and with 

locally unstable manifold in the Z  

direction. 

The eigenvalues of 

1V are

 

 Therefore  )
1

,0,0(
3W

 is locally 

asymptotically stable point. 

In the following, the locally stability 

analysis of the positive equilibrium 

point ),,(  ZYX is investigated. 

 

Theorem(3.1):- 
Suppose that the positive equilibrium 

),,( *** ZYX of system (4) exists. Then 

it is locally asymptotically stable if    

 

Proof:-
 

Consider the following positive 

definite function:- 

             

 

Where  and  are positive 

constants to be determined. 

Differentiating L  with respect to time 

Talong the solution of system (4), we 

get 
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Choosing the arbitrary positive non-

zero constants such that 

 
 

 
 

Obtain that By choosing   

 

Clearly that 

   

according the condition  

  

Then:- 

 

  

 

Clearly .0
dt

dL
So, L is a Lyapunov 

function with respect to ),,(  zyx  

and hence ),,(  zyx is a locally 

asymptotically stable.   

 

 Accordingly, it is concluded that 

adding the defensive switching 

behavior and handling time effect to 

the food web system under 

consideration may have a stabilizing 

effect on the dynamical behavior. 
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 تأثير التحول الدفاعي للفريسة ووقت المسك لنظم الشبكات الغذائية
 

 *انتصار هيثم قاسم

 
 جامعة بغداد. -كلية العلوم للبنات-قسم الرياضيات*

 

 الخلاصة:
الديناميك لنظام الشبكات الغذائيةالمتكونة من مفترسين مستقلين  في هذاالبحث عالجنا نظريان حالة خاصة من

يتغذون على  فريسة واحدة مع دراسة تأثير كل من التحول و وقت المسك للمفترس على السلوك الديناميكي 

 للنظام, كما تم ايجاد شروط الوجود لهذا النظام .
 


