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Abstract:

In the present paper, by making use of the new generalized operator, some results of third order
differential subordination and differential superordination consequence for analytic functions are obtained.
Also, some sandwich-type theorems are presented.
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Introduction:

Let U be the open unit disk f <ginUor gw)<f(w), (weul),
U={wwec|wl<1} if there exists a Schwarz function £(w) which (by
and let Y'(U) be the class of analytic functions in U. definition) is analytic in U satisfies the following
For ne€N={1234,..} and b € C define the  conditions (see ),

subclass Y(U) by #£(0)=0 and|£(Ww)| <1 forall (weU),
_ ) suchthat f(w)=g(£(w)) (weU).
Yib,nl = {f €A fw) Indeed it is known that, fw) < gw),
=b (weU)= f(0) =g(0) and f(U) < g(U).

+ bW +b, W } _ o _ o
In a special case, if g is a univalent function in

with ¥;=[1,1]and Yo = [0,1]. ) . open unit disk U, then the reverse implication also
Let A denote the class of all analytic functions in holds (see '*'"),

U to satisfy the condition f (0) =f '(0) -1=0 and Fw) < gw),(w € U) < £(0) = g(0) and
write in the form fU) c g(U).

Definition1.(see™). Let u(w) is the univalent
fw)=w+ z bow™(w €U) . (1) functionin U, lety: C*x U - C. If A(w) be an

analytic function in open unit disk U that satisfies
dlz?c:na;(;‘ubr;ctlon fea glven by (1) and g € A are the next third order differential subordination:

W (A(W), WA (W), W2 A" (W), W3 A" (W) W) < z(w)
(W)—W+ch "(wel). (2) 3)

The convolution (or Hadmard product ) of f(w) From(3), A(w) is namely a solution of the

and g(w) is defined by differential subordination. Moreover, q(w) is a
- univalent function which is namely a dominant of
Fxg)w)=w+ Z bpc,w™ the solution of the differential subordination (3), or

_ n=2 cu more simply, a dominant if A(w)< q(w) for all
= (g Hw)w ). A(w) satisfying (3). A dominantq(w) satisfies
For two functions f and g are analytic in U. A (W) < g(w) for all dominates g(w) of (3) is called

function fis subordinate to g (or g superordinate to  the best dominant. Note that the best dominant is
f), written as : unique up to a rotation of U.

581


http://dx.doi.org/10.21123/bsj.2022.19.3.0581
mailto:nih19u2012@uoanbar.edu.iq
mailto:eps.abdulrahman.juma@uoanbar.edu.iq
https://orcid.org/0000-0002-7017-4490*
https://orcid.org/0000-0003-2048-9045
https://creativecommons.org/licenses/by/4.0/

Open Access
Published Online First: November 2021

Baghdad Science Journal

P-1SSN: 2078-8665
E-ISSN: 2411-7986

Definition2.(see ). Let u(w) is a univalent
function in the open unit disk, let ¢ : C*x U - C.
If the function A(w) is analytic in U that satisfies
the next third order differential subordination :

£(W) < (A (W), WA (W), W2 A" (W), W A" (w); W) .
4)

Then A(w), is namely a solution of the differential
superordnation given by (4). Moreover, an analytic
function g(w) is namely a subordinate of the
solutions of the differential superordination
provided by(4), or more simply a subordinate if
q(w) subordination A(w)for all A(w) it should be
satisfy (4). A univalent subordinate q(w) that
satisfies q(w) < ¢ (w) for subordination q(w) of (4)
is called the best subordinate of the differential
superordination given by (4). Note that the best
subordinate is unique up to a rotation off.

The process of admissible functions (also known as
the differential subordinations method) was first
introduced by Miller and Mocanu in 1978 (see *),
and the theory started to improve in 1981 (see **).
For more details, (see ).

Definition 3. (see ). Forf € A, the generalized
derivative operatorTyj : A — A is
defined by

Tsm fw) =

w+Yoo[l+nn—1D]™C(s,n) byw™, w € U
(5)

where m,s € N, = {0,1,2,...},n > 0 and

_ (= 1) _ 6tDn
cem=(""1"") (Dt
it  would be easily to see that

Tom fw) = f(w)and T f(w) =wf'(w)

For m,se Ny =NU{0}={0,1,2,...},n >0, itis
easy from (5), that

T fw) = A —mIy fw) +

nw(Tsy fw))" (6)

and

w(Tm f W) = A+ )T, fw) =

sTgy fw) (7)
Definition 4. (see ™). For f € A, the Srivastava —

Attiya operator is defined by
c+1

Nie=w+ Z;‘{J:z(m)k b,w™ ,w €U, (8)
where € Cand c € C/Zj .
From (8) it is easy that

W(Nies1,ef W) = L+ ONigef W) =
cNig1,ef W). 9)

Definition 5.For f € A, the operator N7y : A —
A is defined by convolution of the Srivastava —
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Attiya  operator and the

operatorTyy
NTe fFw) = (Wie * Tam )f (W), (w € U)
and
NToe fw) =w

()
n(n— D™ C(s,m) b
eU. (10

From (10), the following identity relations can be
obtained:

Nee generalized

c+1
c+n

2

n
awh,w

WVTE fw))' = (1 + NTT,
SNTye fw), (12)

also NIERF W) = (1 = DNTE fFw) +
nw(NTge fw))' (12)

fw) =

and

WNTE W) = A+ ONTE fw) -
CNTe " fw) (13)

Note that, the following are special cases of
operator N7y

1- When 755 =1 include the Srivastava-Attiya
operator Vj . (see V).

2- When No.c include
the generalizedderivative operator7yy (see %),

3- whenm =0,n=1, T} reduces to T, which
is introduced by Ruscheweyh derivative operator
(see ).

4- When = 0,7 =1, 7 reduces to Jy; which is
introduced by Salagean derivative operator(see »°).
5- When s = 0 , JJy reduces toJy, Wwhich is
introduced by generalized Salagean derivative
operator (or Al-Oboudi derivative ) (see *').

6- When m = 0 , 77 reduces to7;%, which is
introduced bygeneralized Ruscheweyh derivative
operator (or Al-Shagsi — Darus derivative operator )
(see ).

7- When n =07y reduces to TJG which is
introduced by Srivastava- Attiya derivative
operator(see ).

8- When k=1, ¢ =0, V. reduces to V; , which is
introduced by Alexander integral operator (see **).
9- Whenk=1,c= A,V reduces to N; ; which
is introduced by Bernardi integral operator (see **).
10- When k =0,c =1, N, reduces to IV o
which is introduced by Jung-Kim-Srivastava
integral operator (see *°).

Definition 6. (see %) is symbolized by Q, a
collection of all function g that is univalent and
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analytic on closed unit disk except E(gq) and denote
U/ E(q)where U is the closed unit disk
U =Uu{w €edU}={weC:|z| <1}

andE(q) = {§ { €ouU: limwﬁé, qlw) = oo} .
(14)

—a>0for§ € dU/E(q)
.Q(b) denote the subclass of Q for which q(0) =
with . Qe = Qo and Qg = Q1.

Definition 7. (see °). Let Qbe a set in complex
plane C. Also, let g € Qand n € N/{1}, N be the set
of positive integers. The class of admissible
function ,[Q,q] consists of those functions
¥:C* x U - C that satisfy the next admissibility
conditions :

Y(,u,t,r,w) &Q,

whenever

v =q(g) , u=x¢ g

Re(1+lj > K Re(1+ Mj and
u q'(¢)

SONSNEST))
u q'(¢)

wherew e U, €0U/E(qg)andk =n

Definition 8. (see %%). Let £be a set in complex
plane C, let g € Y[b,n] be in the subclass and

q'(wW)=0. The classy, [, q]of admissible
function ¥,,[Q, q] consists of function W¥:C* x

U - C that satisfies the next admissibility
conditions :
Yw,u,t,r: {)eEQ,
whenever
v=qw).u=" _(W)
J

Re(l+£}21_Re[1+§q,—(W)J and

uj j q'(w)

Re( j_iR( W ""W)j,
u) j? q'(w)

whereweU,{ € oU and j=>n=>2.
Lemma 1.(see °). Let p € Y[b,n] with n > 2 and

q €Q(b) satisfy the next condition:
(éq”(é)} 0 and M <m  where
q'(¢) q'(<)

and  {B(NTE Fw), NTH o FW), NT

s+2,1,¢c

then NTIE F(w) < q(w).

weU,{ €dU/E(q) and =n . If Qis a set in
complex plane C, ¥ € ¥,,[Q,q] and

W (A(W), WA' (W), W2 1" (W), W3 2" (W):w) C 2 ,

then A(w) < q(w).

Lemma 2. (see °). Let A €Y[b,n] be in this
subclass withy e, [Q2.,q]. If
w(A(W), WA’ (W), W2 2" (W), WS A"(W);w),  be
univalent function in open unit disk U and A1 € Q(b)
satisfying the next condition

Re (Wq (W)) 0 and M

q'(w) q'(w)
wherew e U,{ € oU and j=n=>2,
then,

Q < {yr (A(w), WA (W), w2 A" (W), w3 A" (w): ) : w e U},

Sjy

it means thatq(w) < A(w) w e U).
Third-Order Differential Subordination Results
Involving the Operator: N:?;f',};'c‘ fw)

In this section, some results of differential
subordination are obtained. Also studying the class
of  admissible  functions  involving  the
generalized derivative operator and Srivastava —
Attiya operator defined by (10)

Definition 9. Let Q be a set in complex plane Cand
q € Qo NY[0,1].The class @,[€,q] of admissible
function consists of those function @ : C*x U —
C that satisfy next admissibility conditions:
@(a,b,d,e;w) ¢ Q,

whenever

a = q(¢),b = ed W)+ saW)

(s+1)
Re(w - ZSJ > KRe[w] an
(b(s +1) —ba) a'(¢)

Re[(s +1)°[(s+De-3(s +1d] + (25°a+35%a) oo (o 2] S Re[ﬁq"'(g))
(s(b—a)+b) q()

wherew e U, { € dU/E(q)andk > 2

Theorem 1. Let @ € ®,[Q,q]be in this class. If
the function f belongs to A and g belongs to
Qosatisfying the following condition :

Re(mj >0 and NI e )
q'($) q(<)

(15)
f(W)'Ng;Tsknc fw); W):W € U} cn , (16)

proof:
gives

From the relation between (10) and (11),
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WNTE Fw)) +sNTE F(w)
NTH e fW) = ——2 e (1)
Let g(w) be analytic in open unit disk defined by
gW)=NTgye f(w) (18)

Then

wg'(W) +sg(w)

(s+1) (19)

NI e fw) =

Based on that

NT e fFW) =

w2g"(w) + (25 +1)wg’(w) + s2g(w)
(s+1)2

(20)

and
NI - fw)=

"

w3g (w)+3(s +1)Wzg "(w) + (3s2 +3s+wg'(w) + s3g(w)

(s+1)3
(21)
Now, the transformation from C* to C defined by

W (A(W), WA (W), W2 2" (w), WS A"(w); W) =

Therefore,(16) gives
y(g(w),wg'(w),w*g"(w),w’g" (w);w) € Q
_(s+1)°d -sa

= —2sand
(b(s +1) —ba)

t
Such that I+

r_ (s+D)’[(s+De—3(s+1)d]+(2s°a+3sa)
u (s(b—a)+h)

Now, since the admissibility condition for @ €
D,[Q,q] =¥ € ¥,[Q, q] given in Definition7 with
n=2.

Thus, using (15) and Lemmal, implies that
NTE fFw) < qw).

This complete proof Theorem 1.

DNTe £ W), NI o fw), NI o
0.
Then NT/wE fF(w) < q(w).
Proof: Since g, is an univalent function in U
therefore, E(q,) = @ and q,, € Qp.
The class @ € ®,[Q,q,] is an admissible class and
from Theorem 1 yields

NToE fFw) < qp,(w) wevu
The consequences certain by Corollaryl is just a
summary from the next subordination quality

q,(w) <qw) ,weU . Since NTSTZ’S fw) <
(W), Gt NTe f(w) < q(w) ,w € U.
This is the end of the proof Corollaryl.
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a(v,u, t,nN=v,bw,utr) = % ,d(v,u, t,r) =

t+(2s+1)u+sv

(s+1)2 (22)
and
_ r+3(s+1)t+(352+3s+1)u+s3v
e(v,u,t,r) = ERE (23)
Let

Y(w,u,t,r) = ¢(a,b,d,e) =
u+sv t+(2s+1)u+s?v
s+1’ (s+1)2 !
r+3(s+1)t+(3s%+3s+1)u+s3v
(s+1)3 W

)

0] (24)

The proof shall make use of Lemmal. By using (18)
to (21), and from equation (24), get

< NTE f W), NTJ o fFw), ) 25)

NI fW), N - fw);w

The next consequence is expansion of Theorem 1
for the case where the attitude of g(w) on aU is
unknown.

Corollaryl. Let g(w) be an univalent function in
open unit disk U with q(0) = 0 and let Q c C.
Let @€ d,[Qq,] for some p e (0,1), where
q,(w) = q(pw). If the function f(w) belongs to A
and q,, satisfies :

" mk w
Re(é“q’ (4 )JZO and [T S
q'() q'()
weU,{ €dU/E(q,)and k > 2 and

< k where

In case of Q # C this means it is a connected

fw), N @ﬁ%{pa}mw)'gh@l eQ=pu) for some conformal

mapping in open unit disk U onto Q. In this case,

the class @,,[u(U),q], it can be formed as ®,,[u, q]
This leads to the following immediate

consequence of Theoreml.

Theorem 2. Let @ € &, [y, q]. If the function f

belongs to A and q € Q, satisfies the following

condition :

Re(gq,—“jjzo e e |
q'(¢) q'($)

(26)

and

BN Tyms fFW), NI o fw),
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N@T’z’,(n,c f(W)'N:];TéIfn,C Fw); w) < u(w), q(;_)w_). If the function f(w) belong to A and q,,
(27) satisfies :

then NIk fw < g(w) weU. Re 9" (%) >0 and NTE L Fw)

Corollary2. Let g(w) be an univalent function in qae) ) q'(<$) ’

open unit disk U with q(0) = 0. Also, let Q c C be
a subset of the complex plane and @€
®,[w q,]for some p € (0,1), where q,(w)=

ONTk fFW), NTIHE . FW)L NT L fw), NT - fw)iw) < pw),

wherew € U, ¢ € 0U /E(q,) and k > 2 and

then  NTE f(w) < qw) wevu. . a,w) < q(w) Implies that

Proof : NTE Fw) < g(w).

Case 1. To prove this Corollary by using Theorem  caqe 2. Let g,(w) = NT;Z’CC Fw),(w) =
m,k . 1,

1, and have N7 f(w) <q,(w) and since NTSTZI? F(ow) = g(pw). Then

2 " 3. m

#(9,(W), wg', (W), wg, (W), w'g, (w); o) = $(g (o), wg'(ow), w>g" (o), wg " (ow); pw) € p2,,(U)

By applying Theorem1, deduce:
0 (NTE Fw), NT o FW), NT o Fw), NI - f(w); Aw))

_Where A(w) = pw is any mapping from U into ]\rg"szll:’g fw) < qw) weU , qw) is
itself, g,(w) < q,(w) for p € (py,1). By p > 17 therefore, the best dominant.

, get gw) < q(w). Proof: From Theorem 1, it views q as a dominant of
Hence W 7;’,’7”5 fw) < qw). (27) because q satisfies (28), and also a solution of

Theorem 3. Let w(w) be a univalent function inthe ~ (27). Thus, q shall be dominated by all dominants.
open unit disk. Also let @ : C*x U — Cand ¥ be  Hence q is the best dominate. This completes the

given by (24). Suppose that proof of ';heoremg. - I i

' 2 n 3 MmN From Definition 9, see that the special case when
w(G(W), war (W), w7 (W), wra™(w); w) = p(W) g(w) = Mw (M > 0), the class ®,[Q, M] , is stated
(28) as follows.

the differential equation has a solution q(w) € Qo Dpefinition10. Let  be a set in complex plane C and
which satisfies (15). If f(w) belongs to A satisfies  \ > 0 The class ®,[Q,M] of the admissible

condition oen and T function consists of the function @: C*x U > C
Q)(Ng;,n:c f(W)lNg;+'1,r],c f(W)ng;+é,17,c f(W),NT 3 c f(W), W) SUCh that

s+3,1,
is analytic in open unit disk U, then

o (c+)Me® L+[(2s + Dk +s?IMe® N+ (3s +3)L +[(3s® + 3s + i + s*|Me™®
@ Me"™, , , ;w &

s+1 (s +1)2 (s +1)3
. (29) The special case of the above Corollary 3 when
where ' Q=qW) ={y:|yl| < M} the class ®,[Q,M] is
weU, Re(Le ) > simply symbolized by its &, [M]. Corollary4 can be
(k— DkM and Re(Ne‘ie) >0, (V 0€ rewritten as follows.
R,k > 2). Corollary4. Let @ € ®,[M] be in this class. If

Corollary3. Let @ € ®,,[Q, M] be in this class. If fe cfl is a function, it would satisfy the following
the function f belongs to <4, then it satisfies the  conditions:

following conditions: |INTH e fW)] < kM WevuU, k>
INTH e fFW)] < kM weuU k> 2;M >0) and . o
2;M > 0) and Q(NTS,U:C (W)'NTS+’1,17,C f(W),

BN Ty fFwW), NI o f(w), NI e W), NTIH C fw);w) €Q,  then
NI e O, NT - f(w);w) € Q, then NTE f(w)| < M.

|NTE fFw)| < M.
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Corollary 5. A non-zeros s belongs to the complex Mei® (k+s)Mel®  L+[(2s+1)k+s?]|Mel®
plane C, let k =2 and M > 0. If f € A it would & Tos+1 (s+1)2 ’ -
satisfy the conditions : N+(3s+3)L+[(352+3s+1)Kk+s3]Me’d .,
INTH e W] < eM and A (s+1)3 '
i0
[NTHG e fw) = NTRE FW)| < o then o5t M| 25 h e
mk where w e U 0 € R,k = 2). The required results
|NT5"7'C f(w)| <M. mk now follow from Corollary 3.
Proof.kLet O(a,b,d,e; w)=NToine FW) = Definition1l. Letq e Q, N Y,[1,1] and Q be a
m, —_ .
NTsne fw) =b—a be equal and Q=u(U), st in complex plane C.The class B,1[Q,q] of
where admissible function consists of those function
@ =22 (M>0). @:C*%xX U - C that satisfies the  next

s+ Lox -t
Use Corollary3 that can be shown as @ € @, [,m]  @dmissibility conditions:
. This means that the admissibility condition (29), @ (a,b,d,e;w) &Q,

is satisfied. This follows easily, because whenever
0= q(¢) b= KW+ (+DawW)
(s+1) '
2 ”
Re((s +1)7)d ~(s+1)%a 2(s +1)J > KRe(gq,—(g)j
((s+1)b—(s+1)a) a'¢)
and
34 24 2.1 3 2 m
Re£(s+1) e-(3s+6)[6+)°d - (s+D’al-(s+D’a .. +125+11J>K Re{g (g))
(s+1)b—(s+1)a '(©)
, Ngisr-ir-l’zlfn,c fw) _
wherew €U, ¢ €9U /E(q)andk =2 w B
Theorem4. Let @€ @, ,[Q,q].If a function f Wzg”(w)+(25+3)wg’(w)+(s +l)zg(w)
belongs to A and q belongs to Qsatisfying the (s+1)2
following condition : (35)
Re(é’q"(g) >0 and NT+1?7€f(W) , and NT+3T]C f(W)
9'(9) q'($) w
(30) w39”"(w) +3(s+ 2)W29”(W) + (352 +9s+7)wg'(w) + (s +1)3g(w)
and (s+1)3
NTIK fw) NTIHE L Fw) NI Fw) (36)
®( ’ ) ] - 4 -
w w w cn, Now, the transformation fromC" to C defined by
NI ne S W), sw):weU a( v, u, t, 1= v, b(v,u,t,r)=$ :
(31) " d(w,u,t,r) = t+(25+3)u+(s+1)2v
e £ (v
then < g(w). (37)
proof: From the relation between (10) and (11),  ande(v,u t 1) = T+3(5+2)”(352+9S3+7)”+(5+1)3"
gives (s+1) (38)
NTE fw) = WIS fw))' +(5+1)NTs7zlc(f(W) LetW(v,u,t,v) = ¢(a,b,d, e)
s+1n.c (s+1) v u+(s+1)v t+@2s+3)u+(s+1)?%v
(32) _ 'os+1 ! (s+1)2
Let g(w) be analytic in open unit disk defined by : =9 T+3(s+2)t+(352+95+7)u+(s+1)3v - (39)
NI £ (w) (s+1)3 ’
g(w) = "— (33) The proof will make use of Lemmal .Using (33) to
e NI f(w) Wg' W ) +(s+1)g(w) (34) (36) , from equation (39), get

w (s+1)
Based on that
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w (W), WA (W), w2 A"(w), w3 A" (w); ) =
NTIE fw) NI ) NTIS ¢ Fw)

@ w ! w ’ w
N
s+31m,c fw) .

1

. (40)

w

Therefore,(31) gets
w(g(w), wg'(w), w?
(41)
such that

Lt (s+1)*)d —(s+1)%a

g"(w), wg"(W);w) e Q.

-2(s+1)and

u  ((s+Db—(s+1)a)
T (s+1)%e—(3s+6)[(s+1)%d —(s+1)2a]—(s+1)3a+332 125411
u (s+)b—(s+Da
And since the admissibility condition for @ €

Cbn,l ['Q) Q]
withn=2.
Thus, using (30) and Lemmal, it implies that
mk

NTs,n;; fw) < q(w).
In case Q + C is a simply connected domain, then
Q = p(U) for some conformal mapping in open unit
disk onto Q. In this case, the class @, ;[u(U), q] is
rewritten as @, 4[u, q] . Thus can show below the
result of Theorem 4.

Theorem 5. Let @ € @, 4[u, q] be in this class. If
the function f € A and q belong to Q,satisfying the
following condition :

Re(mj >0 and
q'(%)

=¥ e ¥,[Q,q], given in Definition11

NT+1nc fw)

q'(¢)

(42)
and

@(NT;%I; fw) N, s+1nc fw)

Nk f(w)WN ’ f(wv)v < nw),
s+2,1m,¢c +3 M.€ .

” , . swe:weuU

(43)
mk

then NTs+f(W) <q(w) W E
U.

In a particular case where q(w) = Mw , where ( M
> 0 ), and in saw of Definitionll , the class
®,, 1[Q, qJof admissibility functions and symbol by
®,1[Q, M]is:

Definition 12. Let Q be a set in complex plane C
and M > 0. The class @, [, M] of the admissible
function consists of the function @ : C*x U - C
such that

Mei® (k+1+s)Mel® L+[(2s+3)k+(s+1)?|Me'®

& ! s+1 ’ (s+1)2 ! ¢
N+(35+6)L+[(352+95+7)Kk+(s+1)3]Me'®
Z
(s+1)3
X0} (44)

587

where
weU, Re(Le ) >

(k — 1D)xkMm and Re(Ne'ie) >0, (Vv @€
R,k > 2)
Corollary 6. If feA and let @ € [, M]

satisfies the following conditions:

k
|NTS’1‘1,n,c fw)

< kM wWeU ,k=>2;M>

w
0) and
k
5 (NJ;T:;:’C‘ fw) NI fw)
B w ’ w ’
Ng;Tchf(W)’N +3Z/Cf(W) )EQ then

W
snc f(W)|

The particular case of above Corollary 6 when
Q=qU) ={y:ly| <M}, the class ®,,[Q,M] is
simply denoted by &, ,[M]. Corollary6 can be
rewritten as shape.

Corollary 7: Let @ € @, ,[M] be in this class. If
the function f belong to A satisfying the following
conditions:

Nk
|M <kM (WEeU ,k=>2;M>0)

w
and
5 (NT;:;"; f(w) Nﬂ;’ffn SO
<M,
g;Tan c f(W) Ng;T3kn 4 f(W)
" w)
then | W7t f(W)|

Some Propertles of the Third-Order Differential
Subordination Results Involving the
Operator: NTk. f(w)

Note that, making use of the recurrence relation
(12), certain differential subordination
consequences  associated with the operator
N TS’I?"C‘ f(w) are obtained. Because the proofs of
the consequences contained in this part are similar
to those from the prior part, they will be omitted.
Definition13. Let g € Q, N Y[0,1]andQ be a set
in complex plane C.The class ©,[Q,q] of
admissible function consists of the function

@: C'xU—-C that satisfies the following
conditions:

@(a,b,d,e;w) & Q,

whenever
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and

Ny (W)+{ , Jq(vv)
G
n
e
mel 7 n _2[1—77J >KRe(§q”(§)j

q'($)

a=q(¢), b=

R

@D

2 3 2
B0 i s ke o :
n) \n 7 n U +3(1—nj +6[1—_77j+2 zKZRe(g Q”’(C)}
[(MJ(b—a)m] n n q'($)
7

wherew €U, € dU /E(g)and K > 2. Theorem?7. Let @ € d,[nq]l. If fEA s a
Theorem 6. If the function € A . Let O € function and q € Q satisfy the next condition :

CDn[dQ,_q]a_rw g that belongs to Qsatisfy the next Re( ch’"( g)j 0 and WL kf(w))
condition : 9 q)
Re( é“q' (¢ )) >0 and NI r ) K (47)

1) qC) and -
(45) & Tsnlc fw), NTsnc fw), <
and . ik NI fw), NI f(w); w

IGNE N.C f(w), NTsn ¢ fw), c0 ulw), (48)

NI f ), NI fwywy:we u) ™" then NTe fFw) < qw).

(46) In a particular case when g(w) = Mw (M > 0), the
then NTE Fw) < g(w). class @,,[Q, M] , is stated as follows.

In a particular case Q # C. This means itis asimply ~ Definition14. Let M >0 and Q be a set in the
connected domain, then Q= p(U) for some complex plan C. The class @,[Q M] of the

conformal mapping in open unit disk U onto Q. In admissible function consists of those function
: Y

this status, the class @, [u(U),q] is writen as @ € "X U — Csuch that

@, [, q] . The next consequence is immediate of

Theorem 6.
[ . :
(H(l_njwMe“’ L+i|/2|/1_77\|+1\|K+(1_77J2im‘3 N+(3(l_n]+3\l,+|rl{3(l_nj +3[1_7]J+1\L+(1_7]] ]IMe"
n n n n n
APRAD A RSN AR R
1 (1) (1)
n kn ) k”)
o (49)
where , |NTIEY F )| < kM wevuU k=
weU, Re(Le™) > 2; M > 0) and
(k —1)xM and Re(Ne ) >0, (V 6€ PV Tk K f(w), NTSm+1 kE(w),
R,k = 2). NI f(w), m;;;? “fw); w) € 2, then

Corollary 8. Let @ € ®,[Q, M] be in this class. If

the function f € A that satisfies the following ) |NTs,n,c W) <M.
conditions: The particular case of the above Corollary 8 when

Q=qW)={y: |yl < M} the class

588
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®,,[Q, M]simply symbolizes it®, [M]. Corollary 9 |Ng;Tng1 kf(w)| < kM and
can be written as the following form. m+1k py—y M

Corollary 9. Let @ € @, [M] . If € A , satisfies the |NT“’C fw) = N fw)] < , then
following conditions: —
VT £ (w))| < kM Weu k> . g

2M>0) and (NTe Fw)| <M.

QINT e fW), NTI eV f(w), NT e £ (w), N7y Péfpaitipndpe Let g € Q; N Y, [1,1]andQ be a set
0 then in complex plane C.The class @,1[Q,q] of
|NTTE F(w)| < M. admissible function consists of those function

Corollary 10. A non-zeros m that belong to the @ C X U - C that satisfies the next conditions:
complex plane C let k >2and M > 0. If feAa 9D(a,b,dew)€qQ,
satisfies conditions : whenever

x4q'(w) + (’7 ]q(vv) (1J d—(l_nﬂJ a "
a=q(¢) b= 7 , Re| 1 7 _2(s+1) _KRGLQ/q (C)j and
DR (CYE= R a
—P-|—+1la
n n n

[;J Q‘U j Jll[ 3 E}nng j ] (1:77”1} a+3(1:7qj2+ 2(177'7}11 - Re{ 2@‘5’]

3 |

Re|

n

N\
N—

wherew e U, { €0U /E(q)andk = 2. ®(a,b,de; ¢ )€,
Theorem 8. Let @ € @, ,[Q,q] be in this class. If  whenever

f € A and g belong to Q, satisfying the following

condition : a = q(¢ )b = WA W)+ msg(w)

m(s +1)
Re({q"(;)j 50 and NIgEE )| _ 6+ T +he- s+ )+ Qa3
’ = bh- b <— )
q() q() AT i Re[ 7 ]
(50) +3s° +65+2
mk m+1k 2 _ 2 "
o (THE S0 NTE ) Re((s+l) d-s’a —2st1_Re[Wq, (W)J and
and )WMW W c (b(s +1) - ba) i a'w)
S0 o ST fW;W):WEU
w w
., (51)
mk wherew € U, e€oU andj = 2.
then L < g, Theorem10 Lgt CD'[Q]] If £ belongs to A
Main Results of the Thlrd Order Differential -eorem r.nke $ €@, [€2,q]. 1f £ belongs to
Superordination Involving the Wwith NT5c f(w) €EQo and q € Y[0,1] with
Operator: J\ff];f;‘;’c‘ fw) g'(w) # Osatisfying the following condition :
In this_ p_art, the third order diffelzential oW "(w) 50 and NTTE o FW)
superordination for the operator NTy¢ f(2) o an W
defined in (10) is obtained and proving many (52)
Theorems, for the purpose, consider the next class
of admissible functions. and m(Nggm’k fW), NI FWw),

Definition16. Let g € Y[0,1] with q’(W) =0 and ~ N1y, . fW), NTH . fwhw)  is  an

Q be a set in complex plane C. The class ¢/[Q,q] ~ Univalentin open unit disk U, then

mk mk
of admissible function consists of those function C{ OWNTsie fW), NTgiine W), }

@: C'xU—C  that satisfies the  next NI fW), NTH . fw)w):w € U

admissibility conditions: . (53)

s+3,1m,¢c
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It means that qw) < NTwE f(w).
Proof. Let g(w) be a function defined by (18), and
Y defined by (24). Since ¢ € @] [Q,q], from (25)

and (53) yield,
[ OWTRE fO, NI ¢ f), }
NTE  F),NTTE L fw)w):w € U

. From (22) and (23) deduce that the admissibility
condition for W € W,[Q,q] given in Definition8
with n = 2. Subsequently  €w,[€,q] and, by
using (53) and Lemmaz2, get
q(w) < g(w)this equivalently,
q(w) < ]\fTST,r;’CC fw) . wevu

In case of Q = C this means it is a connected
domain, then Q= u(U) for some conformal
mapping p(w) of open unit disk U on to Q. In this
case, the class ¢e®@n[u(U),q] is formed as
e CD'n[,u,q] . The next is instant consequence of
Theorem10.
Theorem1l. Let ¢ € ®p[,q] and u be analytic
in unit disk U. If the function f €A and
NI K fw) € Qp, and if g € Y[0,1]with
g'(w ) # Osatisfying the condition(52) and the
function GV TE f(w), NI fw),
NI o fw), N f(w); w)is univalent in
unit disk U ,then

M(w) < @NTgt fFw), NTT,
NT e FW)L NTIS, o fw)iw).  (54)
It means that q(w) < NIk f(w) wevu.

The next Theorem proves the presence of the best
subordination of (54) for appropriate @ .

mk
Ts+3,17,c

fw),

(s+D%e—(3s+6)[(s+1)?d —(s+1?a]-(s+1)°a

Theorem 12 . Let ¢: C* x U — C and u be
univalent function in unit disk U, let ¥ be given by
(24). Suppose that :

(W), Wy (w), W2 (w), w3g " (w); W) = (W)
(55)

the differential equation has a solution q(w) belong

to Qo and if g € [0,1] with g'(w)not equal zero

satisfying  the  condition  (52) and
( NTE FW), N T o fw), ) y
NTS e WL NTIHS C fw)iw

univalent in unit disk U, then
uw) < ONTe fFw), NI
NT T e FOW), NI o fw)iw) .

s+31m,c
It means thatq(w) < NT7 f(w)(w € U) and
g(w) is the best dominant.

Proof: To prove this Theorem using Theorem10 and
Theorem 11, draw q is a subordination (54). Since
that q satisfies(55), it is also a solution of (54) and,
subsequently, q will be subordinate by all
subordinate. Hence q is the best subordination.
Definition17. Let Q be a set in complex plane C

and q€Y,[1,1] with g'(w)=0. The class
¢
function @ : C*x U —» C that satisfies the next
admissibility conditions:

®(albldlel é’ ) EQ’

fw),

1[€2,q] of admissible function consists of those

whenever

a=q(&) h=Wa (W);(TS-SI;]-M(W) ,

Re[(”nz)OI ~(s+)%a —2(s +1)J sl_Re(Mj
((s+Db—(s+Da) i q'(w)

and
2 ym

+

wherew €U, €0U andj > 2.
Theorem13:Let @ €@ 4[Q.q].If f €A with

NTE F(w)

(s+Db—-(s+Da

belongs to Q.and q belongs to

Y, [1,1]with g'(w) not equal to zero satisfying the

condition:
J >0 and

Re(—wq, (W)
q'(w)
(56)

TK fw) NTIH  Fw)

and the function (Z)(N

k
NTsTLn,c fw)

q'(w)

<

]

w w

590

+352 +125 +11] <t Re(w}
i q'(w)

NI e Fw) NI f(w)

)

" ;w) is univalent in open

w
unit disk U, then
s (NT;’;:E Fow) NI Fw)

)
mk
N Ts+z,n,c

)
w w

Fw) NTIHE L F(w)

1

N c

;we:w e U
w w

(57)
mk
It means that q(w) < Nsme FW).
Proof: Let g(w) be a function defined by (33) and
Y defined by (39). Since ¢ € ®;[Q,q], from (40)

and (57) yield,
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DINT e fW), NTH

c s+1,m,c f(W):
NI e FWL NI fwW)w):w €U

. From (37) and (38), deduce that the admissibility
condition for W belongs toW,[(,q] given in
Definition8 with n=2. Subsequently w € y,[Q,q]
and, by using (56) and Lemma 2, it implies that
q(w) < w ,w € U. This is the
complete proof of Theorem1l

In case of Q # C this means that it is a simply
connected domain, then Q =p(U) for some
conformal mapping p(w) of open unit disk U onto

Q. In this case, the class ¢ e @pq[u(U),q] is

formed as ¢ € @y 4[x,q] . The next is an instant
consequence of Theorem13.
Theorem 14. Let (ped)’n 1[,u,q], and let u be

analytic function in unit disk U. If f belong to A
and g belong to Y, [1,1]with q'(w) not equal to
zero satisfying the condition:

wq"(w NTE
NN e
q'(w) q'(w)
o NI W) NI
and the function @( "’;Nf (W), “"’/’V' f(w),
NI e W) NIZHS ¢ Fw)

, ” ;w) is univalent in unit

< j(58)

w
disk U, then
NI fw) NTTHE L Fw)

a( : ,

w w
o W) NTIHS C Fw)
;W) w

)

mk
Nsi2,7,

evu

w
(59)
NTywe fFw)

It means that q(w) < "

A Set of Sandwich — Type Results
Collect Theorem2 and Theoremll. The next
sandwich-type Theorem is obtained.

Theorem 15: Let x4 and g, be analytic functions
in U, u, is an univalent function in open unit disk
U g, €Qowith ¢,(0)=¢g,(0)=0 and
pe®, (1,0, ] "D [1n,0,]. 1f the function

feA with
NI f(w) € QonY[0,1]and  the  function
( NTE fw), NIy, o fw), )is
NI fFW), NI - fw)w

univalent in open unit disk , and if the conditions
(15) and (52) are satisfied

Hy(w) < . .
NTgpe FW)L,NTI .
N

mk mk
:7;+2,11,c f(W)'Ng;+3,n,C

fw),

f(w)-w) < p2(w),

591

it means that q,(w) < NT{s fF(w) < ga(w)
(60)

Conclusion:

In this work, in the case of applying the
new operator to the geometric functions, it was
concluded that they remain preserving their
geometric features. If are put some restrictions on
the functions that belong to these subclasses
characteristics, can get new results inside the unit
disk.
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