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Abstract:
In this paper we obtain a formula for the order of the 1, semigroup (The symmetric Inverse

Semigroup) and a formula to find the number of idempotent elements in it also we prove that this
number always even.
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1. Introduction:
Let Xn,={1,2,...,n} then a partial transformation a: Domac X, —>Ima < X, is said to be a

full or total transformation if Doma = X, otherwise it is called strictly partial .Three
fundamental semigroups of transformations under the usual composite that have been extensively
studied are : T, the full transformation semigroup ( or the symmetric semigroup); I, ,the semigroup
of partial one-one mappings ( or the Symmetric inverse semigroup); and P, the semigroup of
partial transformations(or the Partial symmetric semigroup ), [1],[2] .

In a semigroup S,an element a in S is called idempotent if a=a ,[3],[4].

Definition1.1: Let S be a non empty set and * the associative binary operation on it then (S,*) is
called semigroup ,[3],[4].

Definition1.2: Let T, be the set of all partial transformation «: X, ={1,...,n} > X, ={1,...,n}
and o the usual composite then (T,, o) is called the full transformation semigroup ( or the
symmetric Semigroup),[1],[2].

Definition1.3: Let I, be the set of all partial one-one transformation:Doma < X, = Imac X,
and o the usual composite then (I,, o) is called the semigroup of partial one-one mappings(or the
symmetric inverse semigroup),[1].[2].

Definition1.4:Consider X,={1,2,...,n} and let « l, ,the height of « is |Ima]|,[1],[2].
Definition 1.5: The order of a semigroup S is the number of its element if S is finite, otherwise S is
of infinite order .[ 3] .

Remark: Let a €1, we will use a(x)=— ifx¢Domea and a(x)=a(X,)=...=a(X,)=- to

denote the zero element of the semigroup 1, if |Doma| =0 .

2. The Main Result

Example 2.1: 1, is the set of all mapping is « 1, a 2,...... , a 3,Where
if Doma = x;and contains three elements

a 1(1)211 a 1(2):21 24 1(3):3

a2 (1)=1,a2(2)=3,a2(3)=2

a3 (1):3! a 3(2):1! a 3(3):2

a 4(1):2, a 4(2):1, a 4(3):3

o 5(1):3, o 5(2):2, [04 5(3):].
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o 6(1):2, o 6(2):3, o 6(3):1

if Doma < X,and contains two elements

o 7(1):1, o 7(2):2

o 8(1):2, o 8(2):1

a o(1)=1, ao(2)=3

a 10(1)=3, a 10(2)=1

a 11(1):2, a 11(2):3

a 12(1):3, a 12(2):2

a 13(1):1, a 13(3):3

a 14(1)=3, a 14(3)=1

a 15(1)=1, a 15(3)=2

o 16(1):21 o 16(3):1

a 17(1):2, a 17(3):3

o 18(1):31 o 18(3):2

o 19(2):2, o 19(3):3

o 20(2):3, o 20(3):2

o 21(2):1, o 21(3):2

o 22(2):2, o 22(3):1

o 23(2):1, o 23(3):3

a 24(2):3, a 24(3):1

if Doma < X,and contains one element

o 25(1):1, o 25(1):2, a 27(2):1, a 28(1):31 ,fa 29(2):2,
a 30(2)=3, a 31(3)=1, a 32(3)=2, a 33(3)=3 and « 3,= the zero element .
because the work is easy with matrices more than mapping we can write the mapping above as

matrices.for the mapping sending i to j we put one in ij-th position and zero's elsewhere for instance
the matrices of the mappings above are:

[100] 100 001
a.,=|010|, a,=|001|, a4=[100
1001] 010 010
[010] (001 010
a,~=|100|, as=|010|, a|001
1001 1100 100
(100 010 (100 |
a.=|010 |, a4=[100|, a.=|001
1000 1000 1000
(001 | 010 | (001
a =100 |, ¢ 4=| 001 |, a,=|010
1000 1000 1000
(100 | (001 ] 100
a1;=|000|, @ ,=|000|, a=|000
1001 1100 | 010
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(010 | (010 | (001 |
o= 000, 7=|000|, =000
1100 | 1001 | 1010 |
[000] [000] [000]
a9= 010 |, a»={001|, a,=/100
1001 | 1010 | 1010 |
[000] 000 000
a»= 1010 |, ax={100 |, ax=/001
1100 | 001 100
100 010 (000 ]|
ax= |000]|, %=|000|, a,=]100
000 1000 | 1000 |
001 (000 ] (000 ]
ax= [000]|, =010, a4=|001
000 1000 1000
000 000 000 000
o 3=|000|, a35=|000|, ax=[{000|, as3=|000
100 010 001 000
The idempotent elements for I3 are
100 100 100
a.=|010|,a:=|010 |,a,=|000
001} 000 001
000] 100 000 000 000
& 19=|010 |,a5={000|, & »=|010 |, ¢ 353=| 000 |, =] 000 .
001 | 000 000 001 000

This can be easily checked by multiplying each matrix above by itself , we get the same matrix.
In this paper we are interested in finding the order of the Symmetric inverse semigroup and the
number of the idempotent elements in it .

propostion 2.1: The order of the Symmetric inverse semigroup is

IRE zmru

Proof: First, the elements of I, are one -one elements of P, since I, <P, therefore
|Dome|=|Ima|V ael, ,

For if for example |[Doma]. > [Im ¢ , it would follow thata ¢ I, since it will be not one-one.

n
Second,we can choose the domain of « in [rjways ,

where r=0, ..., n and to determine the number of elements of I, for each choice of Doma«
since |D0m a| =|Im a| we note that there are r choices for the image of the first element in the
Dom « , there r-1 choices for the image of the second element in the Dom « , there r-2 choices for
the image of the third element in the Dom « ,etc,thus there is
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n
r(r-1)(r-2) ... 2 1=r! foreach r=0, ..., n , so there are [r]r! elements Vr=0,..,n.
n
Finally we can choose the image of « in (erays since |Dome|=|Ime]| in I, ,s0 there are

ny(n
[ j(rJ r! elements for each r=0, ..., n ; so the order of I, is given by

r
2
nn
> rl.
0 (J
Theorem 2.1: The number of idempotent element in I,, semigroup is given by
nn
H = .
-37)
Proof: The semigroup I, contains all one-one mapping with

n
Dom {x,,X,,.., X, } < X, and of height s, we can choose the domain of « in (r]ways ,We

choose the elements of Ima = {X,,X,...., X,} where s=[Ima|, 0<s=r.

Let el , if «(i)=j and jeDom « then a (a (i))= « (j)=- ;50 a’# a so we must cancel each

mapping with image have element different from the element in the
Dom « . Therefore we have the mapping such that Ima =Dom a ={X;, X,,... X,} < X,,, and « is

one-one that is mean we deal with the Symmetric group ( S;) for each r , »=0, ... , n,where
S,cl,Vr=0,..,n.
so the only one idempotent exist in I, which is the identity element in S, .Now since =0, ..., n; and

n n
we can choose the Domain of « in (J ways so there exist [r].l idempotent elements

Yr=0,..,n,e.;there exist

n n n)y &(ny . : .
+ +...+ :Z idempotent element in I, that is mean
1 2 n) <i\r

5[0}

Corollary2.1: The number of idempotent in I,, is even .

_ n(n n n n ny _. .
Proof: since H, =Z ) and 0 + 1 + 5 +...+ " =2" ,[5], so this number always
r=0

even.
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