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Abstract

The main purpose of this paper is to study some properties of kernels of hesitant soft
relations and functions. We have used measurable simple function as membership value in the
soft set theory introduced by Molodtsov in 1999. This paper contains some basic definitions on
hesitant soft sets and relations introduced byD. Rout and T.Som[2]. Furthermore, we introduce
and discuss kernels of hesitant soft relations and also hesitant soft functions with related some
results.
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1. Introduction

In 1999, Molodtsov introduced the concept of soft sets to solve complicated problems and
various types of uncertainties. He introduced the concept that a soft set is an approximate
description of an object precisely consisting of two parts, namely predicate and approximate value
set. In, Maji et al. [1] introduced several operators for soft set theory: equality of two soft sets,
subset and superset of a soft set, complement of a soft set, null soft set, and absolute soft set.
Recently, soft set theory has been developed rapidly by some scholars in theory and practice. The
latest development to this area would be the introduction of “Hesitant fuzzy sets”.

Hesitant fuzzy set, proposed by Torra [3, 4], is characterized by the membership degree of an
element to a set presented as several possible values between 0 and 1, and it is a powerful technique
in dealing with hesitancy and uncertainty in real a application .Function is a fundamental
mathematical concept which is used in many fundamental areas of science and mathematics and has
numerous applications.

This paper attempts at creating a theoretical framework in hesitant soft Relations. The rest of this
paper is organized as follows. In section two, discusses some preliminaries on hesitant soft relations
introduced by D. Rout and T. Som[2]. In section three we gives the concepts of kernels of hesitant
soft relations with related results. The last section focuses on hesitant soft functions with theorems.

2. Preliminaries and Basic Definitions
In this section we will collect the basic definitions and notations as introduced by D. Rout and
T. Som [2]
Definition 2.1: [2]
Let X be the reference set and F[0,1] by fuzzy power set then we define hesitant soft set by
h: X — F[0,1] such that h(a) = h,where h, is measurable simple function on [0,1].
Empty set:h,(x) = 0(x) Vx€X.
Full set:X(x) = 1(x) VxE€X.
Now onwards hesitant soft set will be denoted as HSS.
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Definition 2.2: [2]
The Score for a HSS is given by s(h(a)) = [ h,(x)dx, where a is a point of X.
Definition 2.3: [2]
Let h, and h, be two HSS’s on X. Then we say that h;is a subset of h,
i.e.,h; € h, ifandonlyifh;(x) € h,(x)Vx€X
and
h; =h, ifandonlyifh; € h, and h, € h;.
Definition 2.4: [2]
Let h; and h, be two HSS’s on X. Then we say that h ;is a proper subset of h, if h,(x) S
h,(x) Vx € Xand h,(x) # h;(x) for some x € X
i.e., h;(x) €h,(x) VxeXand h,(x) c h;(x) for some x € X.

Definition 2.5: [3]
Let h, and hg be two HSS’s on X. Then we say that hy, is a hesitant equality of hg

(hp = hp) if s(hA(x)) = s(hB(x)) vx € X.

Definition 2.6: [22]
Let h, and hg be two hesitant soft set on X, then we say that h, is a hesitant subset of hg
(denoted by h, < hg) if and only if s(hy(x)) < s(hg(x)) Vx € X.

Definition2.7: [3]

Let h, and hg be two hesitant soft set on X, then we say that h, is a hesitant proper subset of
hg (denoted by hy < hg ) if s(ha(x)) < s(hg(x)) Vx € X and s(ha(x)) < s(hg(x)) for at least
onex € X.

Note: [2]

The usual or crisp subset notation defined above becomes a special case of the hesitant subset
case, however
hp € hg, then hy < hg, buth, < hg is not implies that hy € hg
Definition 2.8 (Complement): [3]

Let h be the HSS in X and x € X be arbitrary point of X. Then h°(x) = YW, (1 — ;) where
h(x) = YWa,a; and W, is a characteristic function
Proposition 2.9 : [2]

Let h be a HSS on X. hy denotes the full set and h,, denotes the empty set.

e (huhy)®) =hy(®)
e (huhpX =hXx
e (hUh®)(x) # hg(x) and (hNnh®)(x) # hy(x)
Similarly,
e (hUhy)X) =he(x) and (hNhge)x) =hy(x)
e Involution:(h*) =h
Clearly1—(1—-y) =y Vy€h(x)
e Commutative: h; Uh, = h, Uh;
h; nh, =h,Nnh,

e Associativity: (h; U h,) Uh; = h; U (h, U hy)

(h; nhy) nh; =hy; N (h, Nhy)
e Distributive:h; N (h, U hs) = (h; Nnhy) U (h; Nhy)
Definition 2.10: [2]

A Hesitant soft subset R of X X Y is called a Hesitant soft relation R from X to Y. i.e. R: X X
Y - F[0,1]

Note: HS(X,Y) denotes the family of all Hesitant soft relations from X to Y.

230



Journal of Kerbala University , Vol. 12 No.3 Scientific . 2014

Definition 2.11: [2]
Identity Relation on X, i.e.

I:X X X - F[0,1]

_(1(x) if x=y
I(x'y)_{O(x) ifx#7y

Definition 2.12: [2]
Let R be a Hesitant soft relations on X. Then the inverse of R can be defined as: R € HS(X,Y)
then R € HS(Y, X) such that R"1(x,y) = R(y, x)
Definition 2.13: [2]
Let R be a Hesitant soft relation on X then we say R is
1) Reflexive if R(x,x) = 1(x)
(2)  Symmetricif R(x,y) = R71(x,y).

3. Kernels of Hesitant Soft Relations

In this section, we will introduce the notions of reflexive kernel, symmetric kernel and transitive
kernel of a hesitant soft relation, and study their properties.
Definition 3.1:

Let R and Pare a Hesitant soft relations on X to Y. Then
a) The union of two Hesitant soft relations R and P on X to Y, denoted R U P, is defined by

RUP = {h(a) x h(b):h(a) x h(b) € Rorh(a) x h(b) € P}

b) The intersection of two Hesitant soft relations R and P on X to Y, denoted by R n P, is
defined by
R NP ={h(a) x h(b):h(a) x h(b) € R and h(a) X h(b) € P }

c) R < Pifforany (a,b) € XXY, h(a) X h(b) € R.Then h(a) x h(b) € P.
Definition 3.2:

Let R be a Hesitant soft relation from Xto Y (i.e. R: X X Y = F[0,1]) and P be a Hesitant soft
relation from YtoZ(i.e.P: Y X Z — F[0,1]). Then the composition of R and P, denoted P o R, is a
Hesitant soft relation from Xto Z (i.e.P o R: X X Z — F[0,1]) defined as follows: h(a) X h(c) € P o
R if and only if

h(a) X h(b) € R and h(b) X h(c) € P

Definition 3.3:

Let R be a Hesitant soft relation on X then we say R is transitive if R e R € R.
R is an equivalence Hesitant soft relation if it is reflexive, symmetric and transitive.
Example:

Consider Hesitant soft relationh over a universeU where U = {c;, c,, C3, C4, Cs},
A = {wy, w3}, h(wy) = {cy, ¢z, c3}, h(wy) = {c4, c5}-
Let R and P be two Hesitant soft relationshon X given by R = {h(w;) X h(w;), h(w;) X h(w;)},
P = {h(wy) X h(wy), h(w) X h(w,)}.
Then R UP = {h(w;) X h(w;),h(w,) X h(wy),h(w,) X h(w,)}
RNP = {h(w;) X h(w;)}.
Let Q be Hesitant soft relation h defined as follows:
{h(w;) X h(w;),h(w,) X h(w;),h(w,) X h(w;)}. Then R < Q.
P o R = {h(wy) X h(wy),h(w;) X h(w,)}.
Consider a relation R, defined on h as
{h(w;) X h(w;), h(w,) X h(w;),h(w;) X h(w;),h(w;) X h(w,)}. This relation is an equivalence
Hesitant soft relation.

231



Journal of Kerbala University , Vol. 12 No.3 Scientific . 2014

Theorem 3.4:

Let R, P andQ be three Hesitant soft relations on X. Then
DR HT=R,(R =R.
2QRNQcCcR,RNQ c Q.
BYRcQ=>R1TcQ™
AIHfP>QandP >R, thenP >R UQ.
BG)IfPcQandP c R, thenP c RN Q.
6 RUYD =RV, RNYT=R"nQ™".
Proof:
(1) h(a) xh(b) E R = h(b) xh(a) € R"! = h(a) x h(b) € (R™1)1.

Then (R"H™1 =R,
h(aQ) e R=h‘@Q) e R*= (1—vy)(@) =1—h(a) e R°forallyeh
= [1-(1-y)l(a) =h(a)) € (R)  =R.
(2) Let h(a) xh(b) e RN Q < h(a) x h(b) € R and h(a) x h(b) € Q
< h(a) x h(b) € R.
Hence RN Q c R. The proof of R N Q < Q is similar.
(3) Let R c @ and let h(a) X h(b) € R~! = h(b) X h(a) € R, since R c Q
= h(b) x h(a) € 9 = h(a) x h(b) € 971
Therefore R™1 c 971,
(4) and (5) hold.
(6) h(a) xh(b) e (RuQ) ! © h(b) xh(a) ERUQ

< h(b) x h(a) € Rorh(b) xh(a) € 9
& h(b) x h(a) € R"torh(b) x h(a) € 971

& h(a) xh(b) e R7Tu QL.
The proof of (RN Q)™ =R~ n Q1 issimilar.
Proposition 3.5:

Let R;, R, R3, P, andP, be three Hesitant soft relations on X. Then
(1) HfR,CP andR, S P, then R, 0o R, S P, o P,.
(2)  Rie(RyUR3) =(R1oR) U(R1oR3), Ryo(RyNR3) € (Ry°oR2) N (Ry 0 R3)
3 (RioR) ™ =Ry o RTT
Proof:
(1) Let h(a) xh(b) € R; e R, & h(a) X h(c) € R; and h(c) X h(b) € R,for some h(c) € X,
since R, € P, and R, € P,. Thenh(a) X h(c) € P;.and h(c) x h(b) € P, & h(a) x h(b) €
P, oP,.
(2) Clear
(3) h(a) xh(b) € (R o R,)" ! @ h(b) xh(a) ER,; o R,

< h(b) x h(c) € R; and h(c) X h(a) € R, forsome h(c) € X
& h(c) x h(b) € R;* and h(a) X h(c) € R;?

& h(a) x h(b) € Ry o RTL.

Definition 3.6:
Let R be a hesitant soft relation on X.

(1) The maximal reflexive Hesitant soft relation contained in R is called reflexive kernel of R,
denoted by kr(R).

(2) The maximal symmetric Hesitant soft relation contained in R is called symmetric kernel of R,
denoted by ks(R).

(3) The maximal transitive Hesitant soft relation contained in R is called transitive kernel of R,
denoted by ts(R).
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Theorem 3.7:

Let R be a Hesitant soft relation on X.Then
Dkr(R) = RN I°
(2)ks(R) = R NnR™L.
B kt(R) = R N (RoR).
Proof:
(1) By Theorem 3.4(2), RNl c Rand R n 1€ c I€.
va € X, by the definition of I, h(a) xh(a) €1, so h(a) xh(a) € I°. Hence h(a) xh (a) ¢
R NI, ie. R nIisan reflexive hesitant soft relation on X
If 7 is reflexive hesitant soft relation on Xand P c R Then P cI¢ . Hence Tc RnNIc.So
kr(R) = RnI°.
(2) By Theorem 3.4 (6) and (1),
RARHTIT=RN R I=RITN"nR=RnRL
i.e. RN R is a symmetric hesitant soft relation on X.According to Theorem 3.4 (2), RN R~ c
R. On the other hand, if P is a symmetric hesitant soft relation on Xand P c R.
By Theorem 3.4(3), P~ ¢ R~! Then by Theorem 3.4(5),? = P 1cPn P 1
Soks(R) = R nRL.
B)BY [RN(RoR)][o[RN(R-R)|=(RNR)o(RNR) c RN (ReoR)is transitive hesitant
soft relation. i.e. R N (R o R) is a transitive hesitant soft relationon Xand R N (R o R) € R.
If P isatransitive hesitant soft relation on Xand R ¢ P. ThenR o R < P . According to Theorem
3.4(4), PN (RoR) = RSokt(R) = RN (RoR).
Let R be Hesitant soft relationh on X given by R = {h(w;) X h(w;), h(w,) X h(w;)}. By using
above theorem we have Kkr(R) = {h(w,) x h(w;)}, ks(R) = {h(w;) X h(w,)} andkt(R) =
{h(wy) X h(wy), h(w;) X h(w,)}.

4. Hesitant Soft Functions

In this section, we will study and debate some results that related hesitant soft functions.
Definition 4.1:

Let h, and hg are two non-empty hesitant soft sets. Then a hesitant soft set relation from X is
called a hesitant soft function f: (X,h,) — F[0,1] if every element in domain has a unique element
in the range. Then we write f(h(a)) =F,.

Definition 4.2:

A function is called injective ( one to one) if h(a) # h(b)implies f(h(a)) # f(h(b)).
Definition 4.3:

A function is called surjective (onto) if ran f = F,.

Definition 4.4:

A function which is both injective and surjective is called a bijective function.
Example:

Let U = {sy,s,,53,54}, A={a;,a,}, B={b;,b,} ,suppose a hesitant soft set A and B defined
as follows hp(a;) = {s4,s,}, ha(a,) = {s3,s4} and hg(b;) = {s4,s,, 54}, hg(b,) = {s,,s3}. Then
a hesitant soft function f from (X,h,) to (X, hg) defined as follows {h(a;) X hg(b;),ha(a;) X
hg(b,)is a bijective function.

Theorem 4.5:
Let f: (X,hy) — F[0,1] be a hesitant soft function and h,_,h,, be hesitant soft subsets of X.
Then
1) ha, < hy,, then f(hy,) < f(hy,)
2) f(ha, Uh,a,) = f(ha,) U f(ha,)
3) f(ha, Nha,) < f(ha,) N f(hy,), equality holds if f is one to one.
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Proof:

1) Suppose h,, < hy, and let P(b) € f(h,,). Then P(b) = f(h(a)) for some h(a) € h,, and
hy, < hy,, thisisP(b) = f(h(a)) for some h(a) € h,,.

Therefore, P(b) € f(hy,).

2) Let P(b) € f(hy, Uhy,). Hence P(b) = f(h(a)) for some h(a) € (ha, U h,,), it follows that
f(h(a)) for h(a) € hy, or h(a) € h,,. Thus P(b) € f(hy,) or P(b) € f(h,,), i.e. P(b) € f(hy ) U
f(ha,). Then f(ha, Uhy,) € f(ha,) U f(ha,).

Now, hy, < hy, Uhy, and hy, < hy, Uhy,, so f(hy, ) < f(hy, Uhy,) and f(hy,) < fthy, Uhy).
Then f(ha,) U f(hy) < f(ha, Uhy,), ie. f(ha, Uhy,) = f(ha,) U f(ha).

3) Let P(b) € f(hy, Nhy,). Hence P(b) = f(h(a)) for some h(a) € (hy, Nhy,), it follows that
P(b) = f(h(a)) for h(a) € h,, and h(a) € hy,. Thus P(b) € f(h,,) and P(b) € f(hy,), i..
P(b) € f(ha,) N f(ha,). Then f(ha, Nhy, ) < f(ha,) N f(hy,). Conversely, Let P(b) € f(hy ) N
f(ha,), then P(b) € f(hy,) and P(b) € f(hy,). P(b) = f(h(a;)) for some h(a;) € f(hy,) and
P(b) = f(h(a,)) for some h(a,) € f(ha,). Now, f(h(a,)) = f(h(a;)) = P(b). Since f is one to
one, then h(a;) = h(ay). It follows that P(b) € f(ha,y N f(hy,), i.e. f(ha, Nhy,) =f(hy) N
f(ha,), holds if f is one to one.
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