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1. INTRODUCTION 

Let 𝑀∗refer the class of all meromorphic functions as the 

form  

𝑓(𝑧) =
1

𝑧
+ ∑

∞

𝑛=1

𝑎𝑛𝑧𝑛 ,    (𝑛 ∈ ℕ = {1,2, . . . })        (1) 

which are analytic and normalized in the punctured unit disk 

𝒰∗ = 𝒰\{0} = {𝑧 ∈ ℂ: 0 < |𝑧| < 1}. 

The generalized hypergeometric  and meromorphic functions 

were thought about as of late by (Liu and Srivastava[1], Cho 

and Kim [3] and  Dziok and Srivastava [5][6]). 

Now, we define the following linear derivative operator 

 Ω𝜆
𝑚,𝛽

(𝛼, 𝜉): 𝑀∗ → 𝑀∗ as follows: 

Ω𝜆
0,𝛽

(𝛼, 𝜉)𝑓(𝑧) = 𝑓(𝑧), 

Ω𝜆
1,𝛽(𝛼, 𝜉)𝑓(𝑧) = 

(1 −
𝛽(𝜆−𝛼)

𝜉+𝜆
) Ω𝜆

0,𝛽(𝛼, 𝜉)𝑓(𝑧) − (
𝛽(𝜆−𝛼)

𝜉+𝜆
) 𝑧 (Ω𝜆

0,𝛽(𝛼, 𝜉)𝑓(𝑧))
′

     

=
1

𝑧
+ ∑

∞

𝑛=1

(1 +
𝛽(𝜆 − 𝛼)(𝑛 − 1)

𝜉 + 𝜆
) 𝑎𝑛𝑧𝑛 ,                                                    

Ω𝜆
2,𝛽

(𝛼, 𝜉)𝑓(𝑧) = (1 −
𝛽(𝜆 − 𝛼)

𝜉 + 𝜆
) (Ω𝜆

1,𝛽
(𝛼, 𝜉)𝑓(𝑧))

− (
𝛽(𝜆 − 𝛼)

𝜉 + 𝜆
) 𝑧(Ω𝜆

1,𝛽
(𝛼, 𝜉)𝑓(𝑧))′ 

 

=
1

𝑧
+ ∑

∞

𝑛=1

(1 +
𝛽(𝜆 − 𝛼)(𝑛 − 1)

𝜉 + 𝜆
)

2

𝑎𝑛𝑧𝑛 . 

For general 

Ω𝜆
𝑚,𝛽(𝛼, 𝜉)𝑓(𝑧) = Ω𝜆

1,𝛽(𝛼, 𝜉) (Ω𝜆
𝑚−1,𝛽(𝛼, 𝜉)𝑓(𝑧)),        (2)  

 =
1

𝑧
+ ∑∞

𝑛=1 (1 +
𝛽(𝜆−𝛼)(𝑛−1)

𝜉+𝜆
)

𝑚

,           

where 𝑚 ∈ ℕ0 = {0,1,2, . . . }, 𝛽 ≥ 0, 𝛼 ≥ 0, 𝜆 > 0, 𝜉 > 0, and 

𝑧 ∈ 𝒰∗. 

It should be noted that, the linear operator Ω𝜆
𝑚,𝛽

(𝛼, 𝜉) 

generalised many operators studied by several earlier authors 

by specializing the parameters in this operator. 

Abstract  

In this work, was proposed and characterized a new linear operator and having this linear operator 

establishing,  we benefited from it to define class of meromorphic Bazilević functions in the punctured 

unit disk 𝒰∗ = 𝒰\{0} = {𝑧 ∈ ℂ: 0 < |𝑧| < 1}. What's more,  we obtain some adequate conditions for 

functions having a place with this class. 

10.36371/port.2024.3.8  

 

https://doi.org/10.36371/port.2024.3.9
https://www.jport.co/index.php/jport/index
https://www.jport.co/index.php/jport/index
https://portal.issn.org/api/search?search[]=MUST=keyproper,keyqualinf,keytitle,notcanc,notinc,notissn,notissnl,unirsrc=Journal+Port+Science+Research
https://www.jport.co/index.php/jport/peer_review
mailto:saban.alkhafaji@uokufa.edu.iq
https://www.crossref.org/members/prep/22164
https://doi.org/10.36371/port.2020.3.4


 

 Saba N. Al-khafaji, , et al. 2024, New Criteria for Meromorphic Bazilević Functions Associated with Linear Operator. Journal port Science Research, 7(3), 

pp.312-316. https://doi.org/10.36371/port.2024.3.9      
 

313 

Journal port Science Research 

Available online www.jport.co 
Volume 7, issue 3. 2024 

 

If 𝜉 = 1, 𝜆 = 𝛽 = 1 and 𝛼 = 0, the operator Ω1
𝑚,1(0,0) 

reduces to operator presented by S�̆�l�̆�gean [13]. 

If 𝜉 = 1, 𝜆 = 1 and 𝛼 = 0, the operator Ω1
𝑚,𝛽

(0,0) reduces to 

generalized Salagean derivative operator which was presented 

by Al-Oboudi [10].  

Now, we present another subclassℛ𝜆,𝛼
𝑚,𝛽

(𝜉, 𝜇, 𝛾) of analytic 

functions including the linear multiplier operator Ω𝜆
𝑚,𝛽

(𝛼, 𝜉) 

defined by [1].  

Definition 1.1: A function 𝑓(𝑧) ∈ 𝑀∗ be meromorphic 

Bazilević of order 𝛾 and type 𝜇 if it satisfies the following 

inequality  

−𝑅𝑒 {
𝑧1−𝜇 (Ω𝜆

𝑚,𝛽(𝛼, 𝜉)𝑓(𝑧))
′

(Ω𝜆
𝑚,𝛽(𝛼, 𝜉)𝑓(𝑧))

𝜇

(Ω𝜆
𝑚,𝛽(𝛼, 𝜉)𝑓(𝑧))

} > 𝛾,      (3) 

for 𝑚 ∈ ℕ0, 𝛽 ≥ 0, 𝛼 ≥ 0, 𝜆 ≥ 0, 𝜉 ≥ 0, 0 ≤ 𝛾 < 1, 0 ≤ 𝜇 <

1 and for all 𝑧 ∈ 𝒰∗. We denote the former class of functions 

as ℛ𝜆,𝛼
𝑚,𝛽

(𝜉, 𝜇, 𝛾). 

Based on the Definition 1.1, we get the following remark: 

Remark 1.2  It ought to be commented that the class 

ℛ𝜆,𝛼
𝑚,𝛽

(𝜉, 𝜇, 𝛾) is a generalization of more classes thought 

about before. By giving explicit qualities to 𝑚 and 𝜇 for this 

class, we acquire the accompanying subclasses : 

i. If 𝜇 = 0 and 𝑚 = 0 in the class ℛ𝜆,𝛼
𝑚,𝛽

(𝜉, 𝜇, 𝛾), then 

we have 

−𝑅𝑒 {
𝑧𝑓′(𝑧)

𝑓(𝑧)
} > 𝛾, 

it reduces to the class M𝑆∗(𝛾) introduced by [4]. 

ii.   If 𝑚 = 0 in the class ℛ𝜆,𝛼
𝑚,𝛽

(𝜉, 𝜇, 𝛾), then we have 

−𝑅𝑒 {
𝑧𝑓′(𝑧)

𝑓(𝑧)
(

𝑓(𝑧)

𝑧
)

𝜇

} > 𝛾, 

it reduces to the class 𝐵(𝜇, 𝛾) introduced by[2].  

Lemma 1.3 [9] Let 𝑤 be analytic function in unit disk 𝒰 with 

𝑤(0)  =  0. If |𝑤(𝑧)| attains it is maximum quantity on |𝑧| =

𝑟 < 1 at 𝑧0 ∈ 𝒰, then  𝑧0𝑤′(𝑧0) = 𝑘𝑤(𝑧0),    where 𝑘 ∈ ℝ 

and 𝑘 ≥ 1. 

Lemma 1.4. [12] Let 𝑆 ⊂ ℂ and assume that 𝜑(𝑧):ℂ2 × 𝒰 ⟶

ℂ satisfies Φ(𝑖𝑥, 𝑦; 𝑧) ∉ 𝑆 for all 𝑧 ∈ 𝒰, and for all 𝑥, 𝑦 ∈ ℝ  

such that 𝑦 ≤ −(1 + 𝑥2)/2. If 𝑞(𝑧) = 1 + 𝑞1𝑧 + 𝑞2𝑧2+. ..is 

analytic function and 𝜑(𝑞(𝑧), 𝑧𝑞′(𝑧); 𝑧) ∈ 𝑆 for all 𝑧 ∈ 𝒰,  

then 𝑅𝑒{𝑞(𝑧)} > 0. 

Lemma 1.5 [8] Let ℎ be analytic function with ℎ(0) = 1. 

Suppose that there exists 𝑧0 ∈ 𝒰 such that 𝑅𝑒{ℎ(𝑧)} >

0    (|𝑧| < |𝑧0|), 𝑅𝑒{ℎ(𝑧0)} = 0 and ℎ(𝑧) ≠ 0. Then we have 

ℎ(𝑧) = 𝑖𝑎(𝑎 ≠ 0) and  

 
𝑧0ℎ′(𝑧0)

ℎ(𝑧0)
= 𝑖

𝑛

2
(𝑎 +

1

𝑎
),                                                          

where 𝑛 is a real number with 𝑛 ≥ 1. 

2. RESULTS 

Theorem 2.1 Let 0 ≤ 𝛿 < 1 and 0 ≤ 𝜇 < 1. If 𝑓(𝑧) ∈ 𝑀∗ 

satisfies the following inequality

 𝑅𝑒{
𝑧1−𝜇(Ω𝜆

𝑚,𝛽
(𝛼,𝜉)𝑓(𝑧))

′
(Ω𝜆

𝑚,𝛽
(𝛼,𝜉)𝑓(𝑧))

𝜇

(Ω𝜆
𝑚,𝛽

(𝛼,𝜉)𝑓(𝑧))
[

𝑧1−𝜇(Ω𝜆
𝑚,𝛽

(𝛼,𝜉)𝑓(𝑧))
′
(Ω𝜆

𝑚,𝛽
(𝛼,𝜉)𝑓(𝑧))

𝜇

(Ω𝜆
𝑚,𝛽

(𝛼,𝜉)𝑓(𝑧))
 

 +
𝑧(Ω𝜆

𝑚,𝛽
(𝛼,𝜉)𝑓(𝑧))

′

Ω𝜆
𝑚,𝛽

(𝛼,𝜉)𝑓(𝑧)
−

𝑧(Ω𝜆
𝑚,𝛽(𝛼,𝜉)𝑓(𝑧))

′′

(Ω𝜆
𝑚,𝛽(𝛼,𝜉)𝑓(𝑧))

′ − 𝜇
𝑧(Ω𝜆

𝑚,𝛽(𝛼,𝜉)𝑓(𝑧))
′

Ω𝜆
𝑚,𝛽(𝛼,𝜉)𝑓(𝑧)

]} > 𝛿(𝛿 +

1

2
) + (𝛿(𝜇 − 1) −

1

2
). 

Then 𝑓(𝑧) ∈ ℛ𝜆,𝛼
𝑚,𝛽

(𝜉, 𝜇, 𝛿). 

Proof. We define the function 𝑞(𝑧) by  

   
𝑧1−𝜇(Ω𝜆

𝑚,𝛽
(𝛼,𝜉)𝑓(𝑧))

′
(Ω𝜆

𝑚,𝛽
(𝛼,𝜉)𝑓(𝑧))

𝜇

(Ω𝜆
𝑚,𝛽

(𝛼,𝜉)𝑓(𝑧))
= −𝛿 + (𝛿 − 1)𝑞(𝑧),              (4)  

Such that 𝑞(𝑧) = 1 + 𝑞1𝑧 + 𝑞2𝑧2+. .. is analytic function. 

Now differentiating logarithmically of (4) with respect to 𝑧, 

we obtain 

 (𝛿 + (1 − 𝛿)𝑞(𝑧))(
𝑧(Ω𝜆

𝑚,𝛽
(𝛼, 𝜉)𝑓(𝑧))

′′

(Ω𝜆

𝑚,𝛽
(𝛼, 𝜉)𝑓(𝑧))

′ + 𝜇
𝑧(Ω𝜆

𝑚,𝛽
(𝛼, 𝜉)𝑓(𝑧))

′

Ω
𝜆

𝑚,𝛽
(𝛼, 𝜉)𝑓(𝑧)

−
𝑧(Ω𝜆

𝑚,𝛽
(𝛼, 𝜉)𝑓(𝑧))

′

Ω
𝜆

𝑚,𝛽
(𝛼, 𝜉)𝑓(𝑧)

) 

 = (𝜇 − 1)(𝛿 + (1 − 𝛿)𝑞(𝑧)) + (1 − 𝛿)𝑧𝑞′(𝑧).              (5) 

From (4) and (5), we get 

(−
𝑧1−𝜇 (Ω𝜆

𝑚,𝛽(𝛼, 𝜉)𝑓(𝑧))
′

(Ω𝜆
𝑚,𝛽(𝛼, 𝜉)𝑓(𝑧))

𝜇

(Ω𝜆

𝑚,𝛽(𝛼, 𝜉)𝑓(𝑧))
) (

𝑧 (Ω𝜆
𝑚,𝛽(𝛼, 𝜉)𝑓(𝑧))

′′

(Ω𝜆

𝑚,𝛽(𝛼, 𝜉)𝑓(𝑧))
′

+ 𝜇
𝑧 (Ω𝜆

𝑚,𝛽(𝛼, 𝜉)𝑓(𝑧))
′

Ω
𝜆

𝑚,𝛽(𝛼, 𝜉)𝑓(𝑧)
−

𝑧 (Ω𝜆
𝑚,𝛽(𝛼, 𝜉)𝑓(𝑧))

′

Ω
𝜆

𝑚,𝛽(𝛼, 𝜉)𝑓(𝑧)
) 

= (𝜇 − 1)(𝛿 + (1 − 𝛿)𝑞(𝑧)) + (1 − 𝛿)𝑧𝑞′(𝑧).             (6)                                                        

By using the same technique in (6), we get 

(
𝑧1−𝜇 (Ω𝜆

𝑚,𝛽(𝛼, 𝜉)𝑓(𝑧))
′

(Ω𝜆
𝑚,𝛽(𝛼, 𝜉)𝑓(𝑧))

𝜇

(Ω𝜆
𝑚,𝛽(𝛼, 𝜉)𝑓(𝑧))

)

2

(−
𝑧1−𝜇 (Ω𝜆

𝑚,𝛽
(𝛼, 𝜉)𝑓(𝑧))

′
(Ω𝜆

𝑚,𝛽
(𝛼, 𝜉)𝑓(𝑧))

𝜇

(Ω𝜆
𝑚,𝛽(𝛼, 𝜉)𝑓(𝑧))

) 
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(
𝑧 (Ω𝜆

𝑚,𝛽
(𝛼, 𝜉)𝑓(𝑧))

′′

(Ω
𝜆
𝑚,𝛽

(𝛼, 𝜉)𝑓(𝑧))
′ + 𝜇

𝑧 (Ω𝜆
𝑚,𝛽

(𝛼, 𝜉)𝑓(𝑧))
′

Ω
𝜆
𝑚,𝛽

(𝛼, 𝜉)𝑓(𝑧)
−

𝑧 (Ω𝜆
𝑚,𝛽

(𝛼, 𝜉)𝑓(𝑧))
′

Ω
𝜆
𝑚,𝛽

(𝛼, 𝜉)𝑓(𝑧)
) 

= (1 − 𝜇)𝑧𝑞′(𝑧) + (1 − 𝛿)2𝑞2(𝑧) + (1 − 𝛿)[2𝛿 + (𝜇 − 1)]𝑞(𝑧) +

𝛿2 + 𝛿(𝜇 − 1)    (7)                                              

= 𝜑(𝑞(𝑧), 𝑧𝑞′(𝑧); 𝑧), 

where  

𝜑(𝑟, 𝑠; 𝑧) = (1 − 𝜇)𝑠 + (1 − 𝛿)2𝑟2 + (1 − 𝛿)[2𝛿 + (𝜇 − 1)]𝑟 + 𝛿2

+ 𝛿(𝜇 − 1). 

For all real numbers 𝑥 and 𝑦 satisfying 𝑦 ≤ −(1 + 𝑥2)/2, we 

have  

 

 𝑅𝑒(𝜑(𝑖𝑥, 𝑦; 𝑧)) = (1 − 𝜇)𝑦 − (1 − 𝛿)2𝑥2 + 𝛿2 + 𝛿(𝜇 − 1)       

 ≤ −
1

2
(1 − 𝜇)(1 + 𝑥2) − (1 − 𝛿)2𝑥2 + 𝛿2 + 𝛿(𝜇 − 1) 

 = −
1

2
(1 − 𝛿) − (1 − 𝛿)(

1

2
+ (1 − 𝛿))𝑥2 + 𝛿(𝜇 − 1) + 𝛿2 

                         ≤ 𝛿(𝜇 − 1) + 𝛿2 −
1

2
(1 − 𝛿) 

                                             = 𝛿(𝛿 +
1

2
) + (𝛿(𝜇 − 1) −

1

2
). 

Let 𝑆 = {𝑤: 𝑅𝑒(𝑤) > 𝛿(𝛿 +
1

2
) + (𝛿(𝜇 − 1) −

1

2
)}. 

Then 𝜑(𝑞(𝑧), 𝑧𝑞′(𝑧); 𝑧) ∈ 𝑆 and 𝜑(𝑖𝑥, 𝑦; 𝑧) ∉ 𝑆 for all real 𝑥 

and 𝑦 < −(1 + 𝑥2)/2, 𝑧 ∈ 𝒰. By applying Lemma 1.4, we 

have 𝑅𝑒(𝑞(𝑧)) > 0, that is 𝑓(𝑧) ∈ ℛ𝜆,𝛼
𝑚,𝛽

(𝜉, 𝜇, 𝛾). The proof is 

complete. 

Putting 𝜇 = 0, 𝑚 = 0 and 𝛿 = 0 in Theorem 2.1, we have the 

following result: 

Corollary 2.2:  If 𝑓(𝑧) ∈ 𝑀∗ satisfies the following 

inequality 

𝑅𝑒 {
𝑧𝑓′(𝑧)

𝑓(𝑧)
[
2𝑧𝑓′(𝑧)

𝑓(𝑧)
−

𝑧𝑓′′(𝑧)

𝑓′(𝑧)
]} > −

1

2
, 

then 𝑓(𝑧) ∈ ℛ𝜆,𝛼
0,𝛽(𝜉, 0,0). 

For 𝜇 = 1, 𝛿 = 1 and 𝑚 = 0 in Theorem 2.1, gives. 

Corollary 2.3:  If 𝑓(𝑧) ∈ 𝑀∗ satisfies the following 

inequality 

𝑅𝑒{(𝑓′(𝑧))2 − 𝑧𝑓′′(𝑧}) > 1, 

then 𝑓(𝑧) ∈ ℛ𝜆,𝛼
0,𝛽(𝜉, 1,1). 

Theorem 2.4:  If 𝑓(𝑧) ∈ 𝑀∗ and satisfies  

𝑅𝑒 {(1 − 𝜇)
𝑧(Ω𝜆

𝑚,𝛽
(𝛼, 𝜉)𝑓(𝑧))

′

Ω
𝜆

𝑚,𝛽
(𝛼, 𝜉)𝑓(𝑧)

−
𝑧(Ω𝜆

𝑚,𝛽
(𝛼, 𝜉)𝑓(𝑧))

′′

(Ω
𝜆

𝑚,𝛽
(𝛼, 𝜉)𝑓(𝑧))

′ }

< 2(1 − 𝜇) − 𝛿,    (𝑧 ∈ 𝒰) 

then  

−𝑅𝑒 {
𝑧1−𝜇 (Ω𝜆

𝑚,𝛽(𝛼, 𝜉)𝑓(𝑧))
′

(Ω𝜆
𝑚,𝛽(𝛼, 𝜉)𝑓(𝑧))

𝜇

Ω𝜆
𝑚,𝛽(𝛼, 𝜉)𝑓(𝑧)

} > 𝛾 

=
1

1 + 2(1 − 𝜇) − 2𝛿
,    (𝑧 ∈ 𝒰) 

where 0 ≤ 𝜇 < 1 and (2(1 − 𝜇) − 1)/2 ≤ 𝛿 < 1 − 𝜇. 

Proof. We define the function ℎ(𝑧) in 𝒰 as follows 

  

−
𝑧1−𝜇 (Ω𝜆

𝑚,𝛽(𝛼, 𝜉)𝑓(𝑧))
′

(Ω𝜆
𝑚,𝛽(𝛼, 𝜉)𝑓(𝑧))

𝜇

Ω𝜆
𝑚,𝛽(𝛼, 𝜉)𝑓(𝑧)

= 𝛾 + (1 − 𝛾)ℎ(𝑧),                                              (8) 

 with 𝛾 =
1

1+2(1−𝜇)−2𝛿
. Then clearly ℎ(𝑧) is analytic in 𝒰 with 

ℎ(0) = 1 and 

(1 − 𝜇)
𝑧 (Ω𝜆

𝑚,𝛽(𝛼, 𝜉)𝑓(𝑧))
′

Ω𝜆
𝑚,𝛽(𝛼, 𝜉)𝑓(𝑧)

−
𝑧 (Ω𝜆

𝑚,𝛽(𝛼, 𝜉)𝑓(𝑧))
′′

(Ω
𝜆
𝑚,𝛽(𝛼, 𝜉)𝑓(𝑧))

′  

= (1 − 𝜇) −
(1 − 𝛾)𝑧ℎ′(𝑧)

𝛾 + (1 − 𝛾)ℎ(𝑧)
.                                                             (9) 

Supoose there exists 𝑧0 ∈ 𝒰 such that 𝑅𝑒{ℎ(𝑧)} > 0 , (|𝑧| <

|𝑧0|), 𝑅𝑒{ℎ(𝑧0)} = 0, ℎ(𝑧) ≠ 0. 

Therefore, by applying Lemma 1.5, we have ℎ(𝑧) = 𝑖𝑎    (𝑎 ≠

0), and  

𝑧0ℎ′(𝑧0)

ℎ(𝑧0)
= 𝑖

𝑛

2
(𝑎 +

1

𝑎
).       (𝑛 ≥ 1) 

We conclude from this that 

(1 − 𝜇)
𝑧0 (Ω𝜆

𝑚,𝛽(𝛼, 𝜉)𝑓(𝑧0))
′

Ω𝜆
𝑚,𝛽(𝛼, 𝜉)𝑓(𝑧0)

−
𝑧 (Ω𝜆

𝑚,𝛽(𝛼, 𝜉)𝑓(𝑧0))
′′

(Ω
𝜆
𝑚,𝛽(𝛼, 𝜉)𝑓(𝑧0))

′  

= 1 − 𝜇 −
(1−𝛾)𝑧ℎ′(𝑧0)

𝛾+(1−𝛾)ℎ(𝑧0)
= 1 − 𝜇 +

𝑛(1−𝛾)(1+𝑎2)

2(𝛾+𝑖(1−𝛾)𝑎)
.                             (10)                                                                       

Furthermore, we get 

𝑅𝑒 {(1 − 𝜇)
𝑧0 (Ω𝜆

𝑚,𝛽(𝛼, 𝜉)𝑓(𝑧0))
′

Ω𝜆
𝑚,𝛽(𝛼, 𝜉)𝑓(𝑧0)

−
𝑧 (Ω𝜆

𝑚,𝛽(𝛼, 𝜉)𝑓(𝑧0))
′′

(Ω𝜆
𝑚,𝛽(𝛼, 𝜉)𝑓(𝑧0))

′ } 

= 1 − 𝜇 +
𝑛(1−𝛾)(1+𝑎2)

2(𝛾2+(1−𝛾)2𝑎2)
                                                         (11) 
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           ≥ 1 − 𝜇 +
𝑛(1 − 𝛾)

2𝛾
 

            ≥ 2(1 − 𝜇) − 𝛿.         

This goes against our assumption. Hence, 𝑅𝑒{ℎ(𝑧)} > 0 for 

all 𝑧 ∈ 𝒰. Thus 

−𝑅𝑒 {
𝑧1−𝜇 (Ω𝜆

𝑚,𝛽(𝛼, 𝜉)𝑓(𝑧))
′

(Ω𝜆
𝑚,𝛽(𝛼, 𝜉)𝑓(𝑧))

𝜇

Ω𝜆
𝑚,𝛽(𝛼, 𝜉)𝑓(𝑧)

} > 𝛾  

            =
1

1 + 2(1 − 𝜇) − 2𝛿
, (𝑧 ∈ 𝒰). 

If putting 𝛿 = (2(1 − 𝜇) − 1)/2 in Theorem 2.4, we obtain:  

Corollary 2.5: If 𝑓(𝑧) ∈ 𝑀∗ and satisfies the following 

inequality 

𝑅𝑒 {(1 − 𝜇)
𝑧(Ω𝜆

𝑚,𝛽
(𝛼, 𝜉)𝑓(𝑧))

′

Ω
𝜆

𝑚,𝛽
(𝛼, 𝜉)𝑓(𝑧)

−
𝑧(Ω𝜆

𝑚,𝛽
(𝛼, 𝜉)𝑓(𝑧))

′′

(Ω𝜆

𝑚,𝛽
(𝛼, 𝜉)𝑓(𝑧))

′ } <
3

2
− 𝜇,    (𝑧 ∈ 𝒰) 

then 

−𝑅𝑒 {
𝑧1−𝜇(Ω𝜆

𝑚,𝛽
(𝛼, 𝜉)𝑓(𝑧))

′
(Ω𝜆

𝑚,𝛽
(𝛼, 𝜉)𝑓(𝑧))

𝜇

Ω
𝜆

𝑚,𝛽
(𝛼, 𝜉)𝑓(𝑧)

} > 𝛾 =
1

2
,          (𝑧 ∈ 𝒰) 

where 0 ≤ 𝜇 < 1. 

For 𝜇 = 0 and 𝑚 = 0 in Theorem 2.4, we get: 

Corollary 2.6: If 𝑓(𝑧) ∈ 𝑀∗ and satisfies  

𝑅𝑒 {
𝑧𝑓′(𝑧)

𝑓(𝑧)
−

𝑧𝑓′′(𝑧))

𝑓′(𝑧)
} < 2 − 𝛿,    (𝑧 ∈ 𝒰) 

then 

−𝑅𝑒 {
𝑧𝑓′(𝑧)

𝑓(𝑧)
} > 𝛾 =

1

3 − 2𝛿
,    (𝑧 ∈ 𝒰) 

where 1/2 ≤ 𝛿 < 1. 

Thus, this Corollary reduces to the result shown in the ([2], 

Corollary 2.4). 

Theorem 2.7: Let 0 ≤ 𝜌 < 1 and 0 ≤ 𝜇 < 1. If 𝑓(𝑧) ∈ 𝑀∗ 

satisfies  

|(1 − 𝜇) +
𝑧 (Ω𝜆

𝑚,𝛽(𝛼, 𝜉)𝑓(𝑧))
′′

(Ω𝜆

𝑚,𝛽(𝛼, 𝜉)𝑓(𝑧))
′ + 𝜇

𝑧 (Ω𝜆
𝑚,𝛽(𝛼, 𝜉)𝑓(𝑧))

′

Ω
𝜆

𝑚,𝛽(𝛼, 𝜉)𝑓(𝑧)

−
𝑧 (Ω𝜆

𝑚,𝛽(𝛼, 𝜉)𝑓(𝑧))
′

Ω
𝜆

𝑚,𝛽(𝛼, 𝜉)𝑓(𝑧)

− 𝛾 (
𝑧1−𝜇 (Ω𝜆

𝑚,𝛽(𝛼, 𝜉)𝑓(𝑧))
′

(Ω𝜆
𝑚,𝛽(𝛼, 𝜉)𝑓(𝑧))

𝜇

Ω
𝜆

𝑚,𝛽(𝛼, 𝜉)𝑓(𝑧)
)| 

<
(1−𝜌)(𝛾(2−𝜌)+1)

2−𝜌
.                                                            (12)    

 Then  𝑓(𝑧) ∈ ℛ𝜆,𝛼
𝑚,𝛽

(𝜉, 𝜇, 𝜌) 

Proof.  Define 𝑤(𝑧) by 

𝑧1−𝜇 (Ω𝜆
𝑚,𝛽

(𝛼, 𝜉)𝑓(𝑧))
′

(Ω𝜆
𝑚,𝛽

(𝛼, 𝜉)𝑓(𝑧))
𝜇

Ω𝜆
𝑚,𝛽

(𝛼, 𝜉)𝑓(𝑧)

= −1 + (𝜌 − 1)𝑤(𝑧),                                   (13) 

then 𝑤(𝑧) is analytic function and 𝑤(0) = 0.Differentiating 

logarithmically of (13) with respect to 𝑧, we get 

 

(1 − 𝜇) +
𝑧 (Ω𝜆

𝑚,𝛽(𝛼, 𝜉)𝑓(𝑧))
′′

(Ω𝜆

𝑚,𝛽(𝛼, 𝜉)𝑓(𝑧))
′ + 𝜇

𝑧 (Ω𝜆
𝑚,𝛽(𝛼, 𝜉)𝑓(𝑧))

′

(Ω𝜆

𝑚,𝛽(𝛼, 𝜉)𝑓(𝑧))

−
𝑧 (Ω𝜆

𝑚,𝛽(𝛼, 𝜉)𝑓(𝑧))
′

Ω
𝜆

𝑚,𝛽(𝛼, 𝜉)𝑓(𝑧)
=

(1 − 𝜌)𝑧𝑤′(𝑧)

1 + (1 − 𝜌)𝑤(𝑧)
.           (14) 

Using (13) in (14), we get 

(1 − 𝜇) +
𝑧(Ω𝜆

𝑚,𝛽
(𝛼, 𝜉)𝑓(𝑧))

′′

(Ω𝜆

𝑚,𝛽
(𝛼, 𝜉)𝑓(𝑧))

′ + 𝜇
𝑧(Ω𝜆

𝑚,𝛽
(𝛼, 𝜉)𝑓(𝑧))

′

Ω
𝜆

𝑚,𝛽
(𝛼, 𝜉)𝑓(𝑧)

 

−
𝑧(Ω𝜆

𝑚,𝛽
(𝛼, 𝜉)𝑓(𝑧))

′

Ω
𝜆

𝑚,𝛽
(𝛼, 𝜉)𝑓(𝑧)

− 𝛾 (
𝑧1−𝜇(Ω𝜆

𝑚,𝛽
(𝛼, 𝜉)𝑓(𝑧))

′
(Ω𝜆

𝑚,𝛽
(𝛼, 𝜉)𝑓(𝑧))

𝜇

Ω
𝜆

𝑚,𝛽
(𝛼, 𝜉)𝑓(𝑧)

) 

= 𝛾(1 − 𝜌)𝑤(𝑧) +
(1 − 𝜌)𝑧𝑤′(𝑧)

1 + (1 − 𝜌)𝑤(𝑧)
.                      (15) 

Let 𝑧0 ∈ 𝒰 such that  

max
|𝑧|<|𝑧0|

|𝑤(𝑧)| = |𝑤(𝑧0)|, 

and application Lemma 1.3, we get 

𝑧0𝑤(𝑧0) = 𝑘𝑤(𝑧0),        (𝑘 ≥ 1) 

setting 𝑤(𝑧) = 𝑒𝑖𝜃     (0 ≤ 𝜃 < 2𝜋) and putting 𝑧 = 𝑧0 in 

(15), we have 

|(1 − 𝜇) +
𝑧(Ω𝜆

𝑚,𝛽
(𝛼,𝜉)𝑓(𝑧))

′′

(Ω𝜆
𝑚,𝛽

(𝛼,𝜉)𝑓(𝑧))
′ + 𝜇

𝑧(Ω𝜆
𝑚,𝛽

(𝛼,𝜉)𝑓(𝑧))
′

Ω𝜆
𝑚,𝛽

(𝛼,𝜉)𝑓(𝑧)
−

𝑧(Ω𝜆
𝑚,𝛽

(𝛼,𝜉)𝑓(𝑧))
′

Ω𝜆
𝑚,𝛽

(𝛼,𝜉)𝑓(𝑧)
−

𝛾 (
𝑧1−𝜇(Ω𝜆

𝑚,𝛽
(𝛼,𝜉)𝑓(𝑧))

′
(Ω𝜆

𝑚,𝛽
(𝛼,𝜉)𝑓(𝑧))

𝜇

Ω𝜆
𝑚,𝛽

(𝛼,𝜉)𝑓(𝑧)
)| = |𝛾(1 − 𝜌)𝑒𝑖𝜃 +

(1−𝜌)𝑘𝑒𝑖𝜃

1+(1−𝜌)𝑒𝑖𝜃
|   (16) 

≥ 𝑅𝑒 (𝛾(1 − 𝜌) +
(1 − 𝜌)𝑘

1 + (1 − 𝜌)𝑒𝑖𝜃
) 

> 𝛾(1 − 𝜌) +
(1 − 𝜌)

2 − 𝜌
 

=
(1 − 𝜌)(𝛾(2 − 𝜌) + 1)

2 − 𝜌
, 

which contradicts our assumpion (12). Therefor, we have 

|𝑤(𝑧)| < 1 in 𝒰. Finally, we have 
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|
𝑧1−𝜇 (Ω𝜆

𝑚,𝛽(𝛼, 𝜉)𝑓(𝑧))
′

(Ω𝜆
𝑚,𝛽(𝛼, 𝜉)𝑓(𝑧))

𝜇

Ω𝜆
𝑚,𝛽(𝛼, 𝜉)𝑓(𝑧)

+ 1| 

= |(1 − 𝜌)𝑤(𝑧)| = (1 − 𝜌)|𝑤(𝑧)| < 1 − 𝜌.                     (17) 

 Note that the condition (17) is equivalent to 

−𝑅𝑒 {
𝑧1−𝜇 (Ω𝜆

𝑚,𝛽
(𝛼, 𝜉)𝑓(𝑧))

′
(Ω𝜆

𝑚,𝛽
(𝛼, 𝜉)𝑓(𝑧))

𝜇

Ω𝜆
𝑚,𝛽

(𝛼, 𝜉)𝑓(𝑧)
} > 𝜌, 

that is 𝑓(𝑧) ∈ ℛ𝜆,𝛼
𝑚,𝛽

(𝜉, 𝜇, 𝜌).  

 

For 𝜇 = 0, 𝑚 = 0, 𝜌 = 0 and 𝛾 = 0 in Theorem 2.7, we have. 

Corollary 2.8:  If 𝑓(𝑧) ∈ 𝑀∗ satisfies the following 

inequality 

|
𝑧𝑓′′(𝑧)

𝑓′(𝑧)
−

𝑧𝑓′(𝑧)

𝑓(𝑧)
+ 1| <

1

2
, 

then 𝑓(𝑧) ∈ 𝑀𝑠∗
∗   

For 𝜇 = 1, 𝑚 = 0 and 𝛾 = 1 in Theorem 2.7, we obtain.  

Thus, this Corollary reduces to the result shown in  

the [[7], Corollary 7] . 

Corollary 2.9: If 𝑓(𝑧) ∈ 𝑀∗ satisfies the following inequality 

                      |
𝑧𝑓′′(𝑧)

𝑓′(𝑧)
− 𝑓′(𝑧)| <

(1 − 𝜌)(3 − 𝜌)

2 − 𝜌
, 

then 𝑓(𝑧) ∈ ℛ𝜆,𝛼
0,𝛽

(𝜉, 1, 𝜌). 

Further, putting 𝜌 = 0 in Corollary 2.9, we get 

Corollary 2.10: If 𝑓(𝑧) ∈ 𝑀∗ satisfies the following 

inequality 

                               |
𝑧𝑓′′(𝑧)

𝑓′(𝑧)
− 𝑓′(𝑧)| <

3

2
, 

then 𝑓(𝑧) ∈ ℛ𝜆,𝛼
0,𝛽

(𝜉, 1,0). 
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