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Abstract

In this work, was proposed and characterized a new linear operator and having this linear operator
establishing, we benefited from it to define class of meromorphic Bazilevi¢ functions in the punctured
unit disk U* = U\{0} = {z € C: 0 < |z| < 1}. What's more, we obtain some adequate conditions for
functions having a place with this class.
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1. INTRODUCTION 1+i< ﬁ(l—a)(n—l)) .
Z ) n?
Let M*refer the class of all meromorphic functions as the n=1
/’|__
form 0 @6 = (1-2222) @ @ore
1 < _(BA-—@)\  p ,
f(2) = E+Z a,z", (mMeN={12,..}) (1) ( ) )2@’ @ore
n=1

which are analytic and normalized in the punctured unit disk
UW=U\{0}={zeCO0<|z| < 1}.

NI»—k

Z ( l?(/1 a)(n—1)> a "
E+2 e
The generalized hypergeometric and meromorphic functions

were thought about as of late by (Liu and Srivastava[1], Cho For general
and Kim [3] and Dziok and Srivastava [5][6]).
U @O0 = 0 @) (T @Hf @), @

Now, we define the following linear derivative operator

1 gy BO-®)(n-D\™
Q;”ﬁ(a, £): M* - M* as follows: =243, (1 + T) ’
0P (@,6)f(2) = f(2), where m € Ny = {0,1,2,...}, > 0, = 0,2 > 0, > 0, and
z €U

5 (@Of @ =
It should be noted that, the linear operator Q;”'[”(a,f)

(1 ‘ﬁ(;f) 07 (@ f () - ( ?j)) (ﬂg'ﬁ(fl, f)f(Z))' generalised many operators studied by several earlier authors
by specializing the parameters in this operator.
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If £=1,1=8=1 and a =0, the operator QT'l(o,o) analytic function and ¢(q(2),zq'(z);z) € S for all z € U,
reduces to operator presented by Saldgean [13]. then Re{q(z)} > 0.

If ¢ = 1,4 =1and a = 0, the operator 07**(0,0) reduces to

generalized Salagean derivative operator which was presented .
by Al-Oboudi [10]. Suppose that there exists z, € U such that Refh(z)} >

0 (lz] <lzoD),Re{h(zy)} = 0 and h(z) # 0. Then we have
h(z) =ia(a # 0)and

Lemma 1.5 [8] Let h be analytic function with h(0) = 1.

Now, we present another subclassﬂe;"‘f (&, u,y) of analytic

functions including the linear multiplier operator Q;”'ﬁ(a, &)

defined by [1]. zoh'(zg) _ .1 1
h(zo) L2 (a + a)'

Definition 1.1: A function f(z) € M* be meromorphic

Bazilevi¢ of order y and type u if it satisfies the following where n is a real number withn > 1.

inequality

, . 2. RESULTS
1-u [ o™B m,pB
el (9 @ Or@) (9 (@ Or2) oy, (3 Theorem 21 Let0<§<1and 0<u<1 If f(z) €M’
(Q;n'ﬁ (a.9f (Z)) satisfies the following inequality
Re {zl"‘(n’;"‘* @Hr@) (P @dHr@)" [zl‘“(n;"'ﬁ @Hr@) (P @dHr@)"
formeNy, f=0,a>01>0,>00<y<1,0<u< (03 @or@) (03 @oHr@)
1 and for all z € U*. We denote the former class of functions D " - ’
mp dofapre)  dfeor@)  AaP@ore) >80+
as RA,a (SI’ W y) Q;"rﬁ(a,f)f(z) (ﬂTﬁ(a,f)f(Z))’ Hu Q;"rﬁ(a,g')f(z)
H+@Eu-1-1
Based on the Definition 1.1, we get the following remark: P TEw-1 -3

Remark 1.2 It ought to be commented that the class Then f(z) ER%’;(E,MJ).

mh [ lization of | hough
Rie G1y) is a- qenera |z-at.|on o. .more classes t oug.t Proof. We define the function q(z) by
about before. By giving explicit qualities to m and u for this

. - : 1- m, "am ®
class, we acquire the accompanying subclasses : z'#(aj B(Etji{;((zi)g)(;).(xz);(a,f)f(z)) 5+ (- 1), @
i. Ifu=0andm=0 in the class Rﬁ'_‘f(f,u, ¥), then e
we have Such that q(z) =1+ q,z + q,z%+... is analytic function.
2f'(2) Now differentiating logarithmically of (4) with respect to z,
_Re{ F(2) } , we obtain

it reduces to the class M-, introduced by [4]. 20" (0,f(2) N 22 (@, 6)f(2))

5+(1-6 ' o
6+ (1 =8a@)( (@ (@O ) Q" (a,6)f (2)

ii. If m = 0 in the class Rﬁf (¢, 1, v), then we have 227 (a, E)f(Z))I
) _AY @H@),
zf'(2) (f(@)\" 07 (@ §)f (2)
_Re{ @) (7) }> v ’
=@-D(+1-8)q@)+ 1 -8zq' (). ©)

it reduces to the class B(u, y) introduced by[2].
From (4) and (5), we get

24 (0 (@0 @) (U @0 @)"\ [2(9 @ OF @)
<_ (@O @) )( (2 (@, Of )
2(9 @Of @) 2(0) @O @)

DT @@ 9 @)@ )

Lemma 1.3 [9] Let w be analytic function in unit disk U with

w(0) = 0. If [w(2)] attains it is maximum quantity on |z| =

r<1latz, €U, then zyw'(zy) = kw(z,), where k € R

and k > 1. +u

-T2
Lemma 1.4. [12] Let S c C and assume that ¢(2):C* X U — — (=1 + (1= 8)q@) + (1 — 8)2q (2). (6)

C satisfies @ (ix,y;z) ¢ S for all z € U, and for all x,y € R . L.
By using the same technique in (6), we get

such that vy < —(1 +x2)/2. If q(z) =1+ quz + qz%+...is

(@0 @) (P @1 @) 2 (0 @or@) (4 @ nra)”
(2@ of @) (@91 @)
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©00:96000
.................... ‘;3 @@@

"

<z (@ @or@)
(U @6/ @)

(9 @0/ @) 2(0F @O @)
M m, - m,
0" (@0, 6f (2) 0" (@, Of(2)

=(1-wzq' () + (1 -86)?q*(2) + (1 - §)[26 + (n — D]q(2) +
62 +6(u—-1) U]

= ¢(q(2),29'(2); 2),
where

ors;2) =1 —wWs+ (1A =82+ (1 —=86)[26 + (u— D]r + 62
+6(u—1).

For all real numbers x and y satisfying y < —(1 + x%)/2, we
have

Re(p(ix,y;2)) = (1 —wy — (1 = 8)*x* + 6%+ 6(u—1)
S—%(1—y)(1+x2)—(1—5)2x2+62+6(u—1)
=—(1-8)-(A-OHG+ A - +8(u—1) + 82
<Su-1)+62-3(1-0)
— S+ (= 1)— =
=8(@+)+ k-1 -3
LetS = {w:Re(w) > 6(8 +5) + (5(u — 1) =)}

Then ¢(q(2),zq'(2);z) € S and @(ix,y;z) & S for all real x
and y < —(1+x?)/2,z € U. By applying Lemma 1.4, we
have Re(q(z)) > 0, that is f(z) € R} (¢, u,). The proof is
complete.

Putting u = 0,m = 0 and 6 = 0 in Theorem 2.1, we have the
following result:

Corollary 2.2: If f(z) e M* satisfies the following
inequality
Re {Zf'(Z) 2zf'(2)  zf"(2) } > 1
f@1l @ @ 2

then £ (2) € Ry (£,0,0).
Foru=1,6 = 1and m = 0 in Theorem 2.1, gives.

Corollary 2.3:
inequality

If f(z) e M* satisfies the following

Re{(f'(2))* = zf"(z}) > 1,
then £ (2) € Ry% (¢, 1,1).

Theorem 2.4: If f(z) € M* and satisfies

2 @Of @) 29 (@, E)f(Z))”]
P@oHf@ (@M @of@)
<21—p) -6, (zeU)

Re [(1 D)

then

2 (0 (@ 07 ) (07 @ 7 @)'
O (0, Hf @

—Re >y

1
“1rz2d-m-2s W
where0 <pu<land 2Q-pw)—-1)/2<6§<1—p.

Proof. We define the function h(z) in U as follows

2 (0 @ pr@) (@ @ore)

QA (@, f (2)
=y+ {1 -y)h(2),

®)

1

withy = FreYe Y Then clearly h(z) is analytic in U with
h(0) =1and
o (7 @or@) 2(9*@or@)
1—u poey - '
M (a,6)f (@) (07 @67 )
- (1 —-y)zh'(2) ©)

v+ @ -yh@

Supoose there exists z, € U such that Re{h(z)} > 0, (|z| <
|zo]), Re{h(zy)} = 0,h(z) # 0.

Therefore, by applying Lemma 1.5, we have h(z) = ia (a #
0), and

hzo)  2\*

zoh'(29) _ ,n( " 611)

n=1)
We conclude from this that

2 (Q/rlnﬁ (a, f)f(20)> z (Q;n‘ﬁ (a, f)f(zo))”
GI@Or @) (o )

!

1-p

_ (1-p)zh'(zg) _ n(1-y)(1+a?)

=1l-w y+(1-v)h(zo) ~ 2(y+i(1-y)a)’ (10)
Furthermore, we get
G (07 @or @) 2(9 @)
Re<(1—pu p - ;
SAMCTICORN (ICRVIEN)
—1—pu+ n(1-y)(1+a?) (11)

2(y?+(1-y)?a®)
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S1-p+ %;V) Then f(2) € R} (.1, p)

>2(1—u) — 6. Proof. Define w(z) by

This goes against our assumption. Hence, Re{h(z)} >0 for z'7* (Q;"’ﬁ(a. f)f(Z)), (Q;n’ﬁ(a. f)f(Z))ﬂ

all z € U. Thus 0" (@ §)f ()
i u =-1+ (P - 1)W(Z), (13)
2 (0 @, @) (9@ Of ) RN rerentiati
—Re 7 >y then w(z) is analytic function and w(0) = 0.Differentiating
0 (@, 9f (2) logarithmically of (13) with respect to z, we get

1

=m,(ze‘U).

(0 (0, 0/ @) G Of@)

(2@, 6)f (@) . (2 (@ O)f ()

Corollary 2.5: If f(z) € M* and satisfies the following Z(Q;"'B(a'f)f(z))’ (1 - p)zw'(2)
inequality 0™ (a0, 9f () 1+ - pw@ s

If putting § = (2(1 — u) — 1)/2 in Theorem 2.4, we obtain: (1 - +

Re [(1 — Z(Q;"'/”(a, f)f(z))’ ) Z(Q;"'/”(a, f)f(z))l”} < 3 L (zew Using (13) in (14), we get
O@Of@ (@ @df@) ) 2 ) ,
o+ AP @Of @) | 20 @)

(1 ! m,
then Q' (@, Of (2)) g O (@,6)f (2)
1— mpB ! mf H ’ ’
“Re } (07 (@ O @) (O (@ f @) }> y=1  cew  _f%P@di@) (A0 @) (0 @ore)
07 (@,6)f (2) Q" (a0, 6)f (2) 0" (@, O)f ()
where 0 < p < 1. 1- ,
=y(1 - pw(x) + % (15)
For 4 = 0 and m = 0 in Theorem 2.4, we get: p
Corollary 2.6: If f(z) € M* and satisfies Let zo € U such that
. " max |w(z)| = [w(z)l,
o
and application Lemma 1.3, we get
then
zow(zy) = kw(z,), (k=1)
—Re 2@ >y = ! (zeU) i = pif i = i
7(2) 3-28 setting w(z) =e' (0<6 <2m) and putting z =2z, in
(15), we have
where 1/2 < § < 1. , , ,
‘ a- )+Z(ﬂ,1m'ﬁ(a.€)f(2)) (0] @dr@)  Aof@hr@)
Thus, this Corollary reduces to the result shown in the ([2], W b apre) g Paors | apPadrm
Corollary 2.4). 24P @ @) (P @b @) w0, (-plkei®
y( 2@ )‘ =|ra=ppers apes (16)
Theorem 2.7: Let 0 <p<land 0<u<1. If f(2) e M*
satisfies B _(a-pk
ZRe(y(l p)+1+(1—p)ei9
(9 @of@) (9@ dHf@) _
MRCCTLTL LT et
(QA (a,g)f(z)) 0 (@, Of(2) 2-p
_ (@ 0r@) _A-pe@-p+D
07" (@,6)f (@) B 2-p '

which contradicts our assumpion (12). Therefor, we have
[w(z)| < 1inU. Finally, we have

(A (@ @or@) (9 @ @)
Y 07" (@ Of (2)

< (1—p)(;/£2p—p)+1)l (12)
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_ " om, # Forpu =1,m = 0andy = 1in Theorem 2.7, we obtain.
A (0 @ 7)) (0 @ )7 ) orp=1m=0eandy eorem 2.7, we obla
1 . .
| O (@, Of ) * Thus, this Corollary reduces to the result shown in
the [[7], Corollary 7] .

=|1-pw@|=0A-plw@|<1-p. a7

Note that the condition (17) is equivalent to Corollary 2.9: If f(z) € M~ satisfies the following inequality

. {" (2 (@67 @) (" (a, f)f(z))”} . f: (S) ~f '(Z)‘ < W
@@ then £ (2) € RyE (£,1,p).
thatis £ (z) € R7. (€, p). Further, putting p = 0 in Corollary 2.9, we get
Corollary 2.10: If f(z) € M* satisfies the following
Foru=0,m=0,p=0andy = 0in Theorem 2.7, we have. inequality
Corollary 2.8: If f(z) e M* satisfies the following ZJ{:;Z) —f'(2)| < ;

inequality

0,8
'@ '@ | _1 then f(2) € R3¢ (§,1,0).

@ fo T

then f(z) € M_-
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