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Abstract

In this paper, we study the implicative ideal of a BH-algebra. We state and prove some
theorems which determine the relationship between this notion and the other types of ideals
of a BH-algebra, also we give some properties of this ideal and link it with other types of
ideals of a BH-algebra.
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Introduction:

The notion of BCK-algebras was formulated first in 1966 [14] by Y.Imai and K.lseki as a
generalization of the concept of set-theoretic difference and propositional calculus, where this
notion was originated from two different ways: one of the motivations was based on set theory,
another motivation was from classical and non classical propositional calculi. In the same year,
K.lIseki introduced the notion of a BCl-algebra [6], which was a generalization of a BCK- algebra.

K.lIseki introduced the notion of an ideal of a BCK-algebra[6]. In 1983, Q.P.Hu and X.Li
introduced the notion of a BCH-algebra which was a generalization of BCK/BCl-algebras [8]. In
1998, Y.B.Jun et al introduced the notion of BH-algebra, which is a generalization of BCH-
algebras[12]. Then, they discussed more properties on BH-algebras [4, 8, 11]. In 2009, A. B. Saeid,
A. Namdar and R.A. Borzooei introduced the notions of a p-semisimple BCH-algebra, an
associative BCH-algebra, atoms of a BCH-algebra, a BCH-algebra generated by I-atoms, p-ideals,
implicative ideals, positive implicative ideals, normal ideals and fantastic ideals in BCH-
algebra[2].In the same year, A. B. Saeid and A. Namdar introduced the notions of n-fold p-ideal
and n-fold implicative ideal[1].

In this paper, we study the implicative ideal of a BH-algebra and the implicative BH-algebra.
We study some properties of this notion and link it with some other types of ideals of a BH-algebra.

1. Preliminaries :

In this section, we give some basic concepts about BCl-algebra, BCK-algebra, BCH-algebra, BH-
algebra, subalgebra, ideals of BH-algebra, implicative ideal of BH-algebra and implicative BH-
algebra with some theorems, propositions.
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Definition (1.1) : [6]
A BCl-algebra is an algebra (X,*,0), where X is a nonempty set, * is a binary operation and 0 is a
constant, satisfying the following axioms: V Xx,y, ze X:
i (x*y)*(x*2))*(z*y)=0,
i (x*(x*y)*y=0,
. x*x=0,
iv. x*y=0andy*x=0implyx=y.
Definition (1.2) : [ 14]
A BCK-algebra is a BCl-algebra satisfying the axiom: 0*x=0,Vx e X
Definition (1.3) : [7]
A BCH-algebra is an algebra (X,*,0), where X is nonempty set, * is a binary operation and 0 is a
constant, satisfying the following axioms:
. X*x=0,VxeX.
ii. x*y=0andy*x=0implyx =y, V X, ye X.
. (x*y)*z=(x*z)*y,VX,Yy,ze X
Definition (1.4) : [12]
A BH-algebra is a nonempty set X with a constant 0 and a binary operation * satisfying the
following conditions:
. X*x=0,VxeX.
. x*y=0andy*x=0implyx=y, V X, ye X.
iii. X*0=x, Vxe X.
Remark (1.5) : [12]
1. Every BCK-algebra is a BCH-algebra.
2. Every BCH-algebra is a BH-algebra.
3. Every BCl-algebra is a BH-algebra.
Theorem(1.6) :[12]
Every BH-algebra satisfying the condition ((x*y)*(x*z))*(z*y)=0; V x, y, z € X is a BCl-algebra.
Theorem (1.7): [12]
Every BCH-algebra is a BH-algebra. Every BH-algebra satisfying the condition:
xX*y)*z=(x*2)*y, VXY, zeXisaBCH-algebra.
Remark(1.8):
We denote the condition
. X=X*y*X), VX, yeX by(a).
. x*(y*x) e | imply xe |, VX, yeX Dby(a).
. ((x*y)*(x*z))*(z*y)=0, V x,y,z € X by (a3).
iv. X*y)*z=X*2)*y, VXV,ZeX by(a).
Definition (1.9) : [14]
In any BH-algebra X, we can define a partial order relation < by putting x <y if and only if
x*y=0.
Definition(1.10):[9]
A BH-algebra X is said to be a normal BH-algebra if it satisfying the following conditions:
. 0*(x*y) = (0*x)*(0*y) ,vVX,y €EX.
. (X*y)*x =0*y,vx,y eX.
. (x*(x*y))*y =0,vx,y eX.

Definition (1.11) : [7]
A BCH-algebra X is called medial if x*(x*y)=y, VX,y € X.

We generalize the concept of medial to BH-algebra.
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Definition (1.12) :
A BH-algebra X is called medial if x*(x*y)=y,V X,y e X.
Definition (1.13) : [3]
A BH-algebra X is called an associative BH-algebra if: (x*y )*z =x *(y*z), VX ,y,z € X.
Theorem (1.14): [3]
Let X be an associative BH-algebra. Then the following properties are hold:
I 0*x=x VYV XxeX
ii. X*y=y*x ; VX, yeX
iii. X*(X*y)=y ; VX, yeX
iv. (Z*X)*(z*y)=x*y ; VX, y,zeX
V. Xx*y=0 =>x=y ; VX yeX
Vi. (xX*Ox*y)*y=0 ; VX yeX
vii.  (X*y)*z=(x*2)*y ; VX, y,zeX
vili.  (X*2)*(y*t)=(x*y)*(z*t) ; VX, V,z,teX
Definition (1.15) :[4]
Let X be a BH-algebra. Then the set X, ={x € X:0*x =0 }is called the BCA-part of X.
Definition (1.16) : [3]
Let X be a BH-algebra. Then the elements of the set Lk (X), where
Le(X)={aeX;\{0}:x*a=0 = x=a, V x eX\{0} } is called a K-atom of X.
Definition (1.17) : [12]
A nonempty subset S of a BH-algebra X is called a Subalgebraof X ifx*y e S,V x,y € S.
Definition(1.18) : [6]
An ideal | of a BCH-algebra X satisfies the condition x € | and ae X\l imply x*ae 1, is called a
*-ideal of X.
We generalize the concept of a *- ideal to a BH-algebra.
Definition(1.19) :
An ideal | of a BH-algebra X satisfies the condition x € | and ae X\l imply x*ae |, is called a
*-ideal of X.

Theorem (1.20) : [2]

In a BCH-algebra X, the following conditions are equivalent:
1. Every nonzero element of X is a K-atom of X, i.e. X = Lx(X){0},
2. X*y=x, V X, y € X with xzy,
3. x*(x*y) =0, V x, ye X with xzy,
4, every subalgebra of X is a *-ideal of X.
Definition (1.21) : [12]:
Let I be a nonempty subset of a BH-algebra X. Then | is called an ideal of X if it satisfies:
i. Oel.
ii. x*yelandy <l imply xel.

Proposition (1.22) : [3]
Let { I, ieI'} be a family of ideals of a BH-algebra X. Then ﬂ | i isanideal of X.

iell
Theorem(1.23):[3]
Let { I, ieI'} be a chain ideals of a BH-algebra X. Then U | i is an ideal of X.

iel’
Proposition (1.24) : [3]
Let f: X—Y be a BH- epimorphism, if I is an ideal of X then f(I) is an ideal of .
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Proposition (1.25) : [3]
Let f: X—Y be a BH- homomorphism, if I is an ideal of Y then f (1) is an ideal of X.

Definition (1.26):[4]
An ideal | of a BH-algebra X is called a closed ideal of X, 0*xel, Vxel.
Definition (1.27) :[4]
Let X be a BH-algebra and | be an ideal of X. Then I is called a closed ideal with respect to an
element be X (denoted b-closed ideal) if b*(0*x)el, V xel.
Definition (1.28):[3]
An ideal | of a BH-algebra is called a completely closed ideal ifx*xy €1, Vx,y €.
Definition (1.29) : [6]
An ideal | of a BCH-algebra X is called a normal ideal if x*(x*y)e | implies  y*(y*xX)e I,
vV X,ye X
We generalize the concept of a normal ideal to a BH-algebra.

Definition (1.30) :
An ideal | of a BH-algebra X is called a normal ideal if x*(x*y)e I implies y*(y*x)e I, V X, yeX.

Definition(1.31):[3]
Let X be a BH-algebra, a non-empty subset N of X is said to be normal subset of X if
(x*a)*(y*b)eN for all x*y, a*be N, V X,y, a, beX.

Definition (1.32):[10]

Let X be a BH-algebra. For a fixed aeX, we define a map R,: X—X such that R,(X)=x*a,
Vv xeX, and call R, a right map on X. The set of all right maps on X is denoted by R(X). A left
map L, is defined by a similar way, we define a map L, : X—X such that L,(x)=a*x, ¥xeX, and
called L, a left map on X. The set of all left maps on X is denoted by L(X).

Definition (1.33): [4]

A nonempty subset | of a BH-algebra X is called an implicative ideal of X if:
i. 0el
ii. (x*(y*x))*zelandz e limplyxe I, VX, y,z € X.
Proposition (1.34) :[4]
Every implicative ideal of a BH-algebra X is an ideal of X.
Definition (1.35) : [5]
A BCl-algebra is said to be an implicative if it satisfies (x*(x*y))*(y*x) =y*(y*x), V X,y €X.

We generalize the concept of an implicative BCl-algebra to a BH-algebra.

Definition (1.36):

A BH -algebra is said to be an implicative if it satisfies (x*(x*y))*(y*x) =y*(y*x), V X, y e X.
Example (1.37):
Consider the BH-algebra X= {0, 1, 2} with the binary operation *' defined by the following table:

0 1 2

NI O| *

0 0 2
1 0 2
2 2 0

Then (X,*,0) is an implicative BH-algebra.

Theorem (1.38) : [15]
A BCl-algebra is implicative if and only if every closed ideal of X is an implicative.
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Definition (1.39):[10]
A BH-algebra (X,*, 0) is said to be a positive implicative if it satisfies the condition,
VXY, z2eX, (X*2)*(y*z) = (x*y)*z.

Remark (1.40):[10]
Let X be a positive implicative BH-algebra and @ be a binary operation defined on L(X) by
(La®Lp)(X) = La(X)* Lp(x) and (La®Lp)(X) = Laxp(X);  V La,Lp€L(X) and V x €X

Theorem (1.41) :[10]
If X is a positive implicative BH-algebra, then (L(X),®,Lo) is a positive implicative BH-algebra.

Remark (1.42):]13]

Let X and Y be BH-algebras. A mapping f: X—Y is called a homomorphism if
TOx*y)=f(x)*'f(y), VX, y € X. A homomorphism f is called a monomorphism (resp., epimorphism)
if it is an injective (resp., surjective). A bijective homomorphism is called an isomorphism. Two
BH-algebras X and Y are said to be isomorphic, written X = Y , if there exists an isomorphism
f:X—>Y . For any homomorphism f:X —Y, the set {xeX ; f(x)=07%} is called the kernel of f,
denoted by Ker(f), and the set {f(x):xeX} is called the image of f, denoted by Im(f). Notice that
f(0)=0', for all homomorphism f.

Definition (1.43):[11]
An ideal A of a BH-algebra X is said to be a translation ideal of X if x *y e A and y*x€A
= (X*2)*(y*z) €A and (z*X)*(z*y) €A,V X,y,Z € X.

Remark (1.44):]12]

Let (X,*,0) be a BH-algebra and let A be a translation ideal of X. Define a relation ~a on X by
X ~aYy ifand only if x*y € A and y*x € A, where x,y € X .Then ~a is an equivalence relation on
X. Denote the equivalence class containing x by [X]a, i.e., [X]a={yEX|X~aY} and X/A={[x]a|xEX}.
And define [X]a® [y]a =[X*Y]a, then ((X/A),®,[0]a) is a BH-algebra.

Theorem(1.45):[12]
Let f: X — Y be a homomorphism of BH-algebra. Then Ker(f) is a translation ideal of X.

Definition(1.46):[3]
Let X be a BH-algebra, a non-empty subset N of X is said to be normal subalgebra of X if
I. (x*a)*(y*b)eN, Vx*y,a*be N, V x,y, a, beX.
ii. x*yeN,Vx,yeN.

Remark (1.47):

Let (X,*, 0) be a BH-algebra and let N be a normal subalgebra of X. Define a relation ~yon X by
x ~y Yy if and only if x*y €N and y*x €N, where x, ye X .Then~y is an equivalence relation on X.
Denote the equivalence class containing x by [X]a, i.€., [X]n={Y€E X| x~ny} and X/N={[X]n | X€ X}.
And define [X]n@® [y]n =[X*Y]n, then ((X/N),®,[0]x ) is a BH-algebra.
Remark (1.48):[3]

The BH-algebra X/N is called the quotient BH-algebra of X by N.
Theorem(1.49):[3]

Let N be a normal subalgebra of a BH-algebra X. Then X/N is a BH-algebra.
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Definition (1.50) :[4]
Let X be a BH-algebra and a € med(X). B(a) = {x € X : a*x = 0} is called a branch subset of X
determined by a.

2. The Main Results:
Proposition(2.1):

Let X = Lx(X)u{0} be a BH-algebra. Then every ideal of X is an implicative ideal.
Proof:
I. Since | is an ideal of X, so Oe |
ii. Letlbeanideal of X and x, y, zeX such that (x*(y*x))*z e | and zel.
= x*(y*x) e | [Since | is an ideal ]
We have two cases:
Casel: if x=y, we will have x*(y*x) = x*(x*x) =x*0=x

[Since X is a BH-algebra; x*x=0 and x*0=x ]

=>xel [Since x*(y*x) e | ]. Then I is an implicative ideal of X.
Case2 : if x4y, then x*(y*x) = x*y = x

[ Since X = Lg(X)u{0},then y*x=y, VX, y € X with x£y ; by Theorem (1.20,2 )]
=>xel [Since x*(y*x) e I ].
Then I is an implicative ideal of X.
Proposition(2.2):

If X is a BH-algebra satisfies the condition, V x,yeX ; x=x*(y*x) (ai1), then every ideal is
an implicative ideal of X.

Proof :
Let I be an ideal of X and X, y, z e X such that (x*(y*x))*z el and zel
= X*(y*x)el. [Since I is an ideal of X.]
= Xel [By (a1)]
Then I is an implicative ideal of X. m
Remark (2.3) :

In any BH-algebra, the set 1=X is an implicative ideal of X, but the set I={0} may not be an
implicative ideal of X, as in the following example ,

Example (2.4):
Consider the BH-algebra X= {0, 1, 2, 3} with the binary operation *'defined by the following
table:

*

WINFP,| O O
N, OO
WIOIN NN
O|lF,|IN W W

W|IN| | O

Then (X,*,0) is a BH-algebra. The subset 1={0} is not an implicative ideal of X. Since
if x=2,y=0 ,z=0, then (2*(0*2))*0 =0*0=0<l and 0Oel butx=2¢I.
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Theorem (2.5):
Let X be BH-algebra and let | be an ideal of X. Then I is an implicative ideal of X if and only if
x*(y*x) € I imply xe | (a2).
Proof:
Let | be an implicative ideal of X and x, y eX such that x*(y*x) e I. Then (x*(y*x))*0 e I.
[Since X is a BH-algebra; x*(y*x) = (x*(y*x))*0]

Now, we have (x*(y*x))*0e I and Oe I. Then xe I. [Since I is an implicative ideal of X]

Conversely,
Let | be an ideal of X and x,y,z eX such that ( x*(y*x) )*ze | and ze I.
= X*(y*x) e I. [Since | is an ideal of X.]
= xel [By (a2)]
Then | is an implicative ideal of X.m

Proposition(2.6):
Let X be BH-algebra. If {0} is an implicative ideal of X, then 0*x # x, V xeX/{0}.
Proof:
Suppose | = {0} be an implicative ideal of X and xeX/{0} such that 0*x=x.
Now,
= x*(0*x) =x*x=0  [Since X is an associative BH-algebra; x*x=0 and 0*x=x].
We have (x*(0*x))*0=0¢l and Ol
= xel [ Since I is an implicative ideal]
= x=0  [Since | = {0}],
we get a contradiction . [Since xe X/{0} ]
Then 0*X £X. m

Remark (2.7):

The converse of proposition (2.6) is not correct in general, as in the following example:
Example (2.8):

Consider the BH-algebra X= {0, 1, 2, 3, 4} with the binary operation *' defined by the following
table:

* 0 1 2 3 4
0 0 2 1 0 3
1 1 0 2 1 1
2 2 1 0 2 2

3 2 3 0 3
4 4 4 4 4 0

0*X £ X, V xeX/{0}, but the set I={0} is not an implicative ideal of X. Since
If x=1,y=2 ,2z=0, then (1*(2*1))*0 =1*1=0<l, but x=1¢l.
Theorem(2.9) :
Every associative BH- algebra is an implicative BH-algebra.
Proof :
Let X be an associative BH- algebra. Then
(Y *(y*x)=((x*x)*y)*(y*x) [Since X is an associative BH-algebra]
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=(0*y)*(y*x) [Since X is a BH-algebra; x*x=0]
= y*(y*x) [Since X is an associative BH-algebra; 0*y=y, by Theorem (1.14,1)]
Then X is an implicative BH-algebra.
Theorem(2.10) :
Let X be a BH-algebra and satisfies the condition, ((x*y)*(x*z))*(z*y)=0, VX, Y,z € X (a3).
Then X is an implicative if and only if every closed ideal of X is an implicative ideal of X.
Proof: Directly from Theorem (1.6) and (1.38).

Lemma (2.11): Every medial BH- algebra is an implicative BH-algebra.
Proof : Let X be a medial BH- algebra. Then

(X*(xX*Y))*(y*x) = y*(y*x) [Since X is medial ; x*(x*y)=y ].
Then X is an implicative BH-algebra.

Theorem (2.12) :
Let X be an implicative BH-algebra satisfies (as) and let | be an ideal of X. Then
i If I < X, ,then Iisanimplicative ideal of X.
i. If Lo(I) < I, then Iisanimplicative ideal of X.
ii. If X is equal to a branch subset of X determined by " 0 ", then I is an implicative ideal
of X.

Proof :
i. Let | =X, and | be an ideal of X.
= 0*x=0el, Vxe X
= 0*x=0el, Vxel [SincelcX,]
= every ideal of X is a closed ideal of X. [by Definition (1.26) ]
— X is a BCl-algebra. [Since X is BH-algebra and satisfies (a3), By Theorem(1.6 )]
= | is an implicative ideal of X.
[Since every closed ideal of X is an implicative ideal of X. By Theorem (1.38)]. m
ii. Let x el . Then Lo(X)e I. [Since Lo() <1 ]
= 0*xe | [ Since Lo (x)= 0*x ]
= lisaclosed ideal of X. [By Definition (1.26)]
= X is a BCl-algebra.[Since X is BH-algebra and satisfies (a3), By Theorem (1.6 )]
= | is an implicative ideal of X.
[Since every closed ideal of X is an implicative ideal of X. By Theorem ( 1.38)]. m
iii. Let X is equal to a branch subset of X determined by " 0 " and let | be an ideal of X.
= X=B(0)
= 0*x=0el,VxeX. [Since X=B(0)]
= 0*x=0el,Vxel[SincelcX]
= | is aclosed ideal of X. [By Definition (1.26)]
= | is an implicative ideal of X.
[Since every closed ideal of X is an implicative ideal of X. By Theorem ( 2.10 )].m

Theorem (2.13):
Let X be an associative BH-algebra. Then
I. every proper subset of X is not an implicative ideal of X.
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ii. X4 isnot an implicative ideal of X.
iii. a branch subset of X determined by " 0 " is not an implicative ideal of X.

Proof :

i Suppose | is an implicative ideal of X and 1| is a proper subset of X. Then
There exist x € X suchthat x ¢ | [Since | c X]
Now, Since X is a BH-algebra, we have x*0=x. So (x*(0*x))*0 = x*(0*x)
= X*X [ Since 0*x=x; by Theorem (1.14,i)]
=0el [since X is a BH- algebra ; x*x=0 ]
We have

x*(0*x))*0el and 0el.

= xe | [ since I is an implicative ideal of X ]

We get a contradiction ( By assumption I <X, x ¢ | ]
= | is not an implicative ideal of X.
Then every proper subset of X is not an implicative ideal of X. m
ii. To prove X, is not an implicative ideal of X.

Xi={xe X ; 0*x=0} ={0} [since X is an associative ; 0*x=x ; by Theorem (1.14,i)]
Now,

Since X;cX
Then X is not an implicative ideal of X [by (i) ]. =

iii. To prove a branch subset of X determined by " 0 " is not an implicative ideal of X.

B(0)={xe X ;0*x=0} ={0}  [since X is an associative ; 0*x=x ; by Theorem (1.14,i) ]
Now,

Since B(0) = X..
= B(0) is not an implicative ideal of X [by (ii)]. m
Then a branch subset of X determined by "0 " is not an implicative ideal of X.
Corrolary (2.14): Let X be an associative BH-algebra. Then X is a unique implicative ideal of X.
Proof : Directly by Theorem (2.13 ,i) and Remark (2.3). m
Theorem (2.15):

Let X be a medial BH-algebra and satisfies (az). Then every normal ideal of X is an implicative
ideal of X.
Proof :

Let I be a normal ideal of X and let x € X. Then
(0*x)*((0*x)*0)=(0*x)*(0*x)=0 € I  [Since X is s BH-algebra ; x*0=x and x*x=0 ]

= 0*%(0*(0*x))e | [Since I is a normal ideal ]
= 0*xel ; VxeX [Since Xisa medial ; x*(x*y) =y ]
= 0*xel ; Vxel
= lisaclosed ideal of X. [By Definition (1.26)]
= | is an implicative ideal of X. [Since every closed ideal of X is an implicative ideal of X.
By Theorem(2.10)]].m
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Theorem (2.16):

Let X be an implicative BH-algebra and satisfies (az). Then every completely closed ideal of X is
an implicative ideal of X.
Proof :

Let | be a completely closed ideal of X .Then I is an ideal of X. [By definition (1.28)]
Lety €X, if x=0
=0*yel,vVyeX
=0*yel,vVyel
Then I is a closed ideal of X.
= | is an implicative ideal of X. [ Since every closed ideal of X is an implicative ideal of X.
By Theorem (2.10) |.m
Proposition (2.17):

Let X be a normal BH-algebra such that X=X, and let | be an implicative ideal of X. Then | is a
completely closed ideal of X.
Proof:

Let I be a an implicative ideal of X. Then I is an ideal of X.  [By proposition(1.34)]
Let x,y €l Then
((xX*y)*(0*(x*y)))*x= ((x*y)*0)*x [Since 0*(x*y)=0 ; X=X,. By Definition (1.15)]

=(X*y)*x [Since X is a BH-algebra . x*0=x]

= 0*y [Since X is a normal, By Definition (1. 10, ii)]
=0€el [Since X=X,. By Definition(1.15) ]
= (x*y)*(0*(x*y)))*x € land x€l=x*y€ | [ Since I is an implicative ideal of X ]

Therefore, 1 is a completely closed ideal of X.m
Theorem (2.18):
Let { I;, ieI'} be a family of implicative ideals of a BH-algebra X. Then ﬂ ;s an implicative

iell
ideal of X.
Proof:
To prove that ﬂ I isan implicative ideal of X.
iel
i.0elj,Viell [Since each I; is an implicative ideal of X,VieI".By Definition(1.33)]

= 0e ﬂ||

el
i.Let oy ze [ |10 andze [
= (x*(y*x))*z eljand z Ijli Vi el -
= xe l;,Vi el [Since each I; is Implicative ideal of X, V i €I". By Definition(1.33)]
= Xe ﬂ' i . Therefore, ﬂ' i iIsan implicative ideal of X. m
el el

Corollary (2.19): Let X=Lx(X)u{0} and let { I; , ieI'} be a family of ideals of a BH-algebra X.
Then ﬂ' i Is an implicative ideal of X.

el
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Proof: Let {l;, ie'} be a family of ideals of X. Then ﬂ l'; is an ideal of X. [By Theorem(1.22)].
iel

Therefore, ﬂ | i 1san implicative ideal of X. [Since X=Lk(X)u{0} , by Proposition (2.1)].m

iel’

Theorem (2.20):

Let { I;, ieI'} be a chain implicative ideals of a BH-algebra X. Then U I/ is an implicative ideal
of X. -
Proof : To prove that U' i 1s an implicative ideal of X.
el
i. Oel;, Viell
[ Since each I; is an implicative ideal of X, VieI'. By Definition(1.33)]

= 0e UI|

iel’
ii. Let  (X*(y*x))*z e U' i andze U' i
iel’ iel’
3 |j, Ik € { I }ier, such that (x*(y*x))*z e |j and z e Iy,
= either ;< Ik or lx c | [ Since {li}icr is achain ]

= either (x*(y*x))*z €lj and zel; or (x*(y*x))*z el and zely
=eitherx e lj or X e li
[ Since ljand I are implicative ideals of X. By Definition(1.33)]

=X € U' i . Therefore U' i isan implicative ideal of X. m

iel’ iel’
Corollary (2.21):  Let X=Lx(X)u{0} and let { I;, ie'} be a Chain of ideals of a BH-algebra X.
Then U' i is an implicative ideal of X.

iel’

Proof: Let{ i, iel'}beachain of ideals of X. Then U | i is an ideal of X. [by Theorem(1.23)]

iel’

Therefore, U | i I1s an implicative ideal of X.[ Since X=Lx(X)u{0} , by Proposition (2.1)] .=
iel’

Proposition (2.22) :
Let f: (X,*,0)—(Y,*',0") be a BH- epimorphism. If I is an implicative ideal of X, then f(I) is an

implicative ideal of .

Proof :

Let | be an implicative ideal of X. Then
i. f(0)=0, [Since f is an epimorphism, by Remark(1.42 )]
= 0'ef(l)

ii. Let (x*'(y*x))*ze f(I) and z e f(l)
= Ja,belandc el suchthat f(a)=x, f(b)=yand f(c)=z
= (x*'(y*'x))*'z =[f(a)*'( f(b)*'f(a))]*'f(c)=f((a*(b*a))*c) < f(I) [Since fis an epimorphism]
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= (a*(b*a))*c el and ce | [Since f(I)={f(x); xe 1}]

= ael [Since I is an implicative ideal of X ]
= f(a) e f(I).

Then f(I) is an implicative ideal of Y. m

Proposition (2.23) :
Let f: (X,*,0)—(Y,*',0") be a BH- homomorphism and | is an implicative ideal of Y. Then f (1)

is an implicative ideal of X.

Proof :

Let | be an implicative ideal of Y. Then

i f(0)=0"  [Since fis a homomorphism, by Remark(1.42 )]
= 0=F(0")ef™ (1)
. Letx,y,z eXsuchthat (x*(y*x))*ze f1(1) and zef'(l)

= f(( x*(y*x))*z) € | and f(z) €l
=T((X*(y*x))*2)=(fF(X)*'(f(y)*'f(x)))*'f(z)el and f(z) el [Since f is a homomorphism, by
Remark(1.42 )]
= f(x) el [Since Iisanimplicative ideal of Y ]
= x e f(I).
Then f* (1) is an implicative ideal of X. m
Theorem (2.24):

Let X be a BH-algebra and N be a normal subalgebra. If I is an ideal of X, then I/N is an ideal
of X/N.
Proof :

Let I be an ideal of X. Then
i. Since Ol = [0]n € I/N.
ii. Let [X]n,[ylne X/N.
= [XIn *[yln € UN and [y]ne N [ Since[XIn*[yIn=[x*Yy]In , By remark(1.47)].
=[x*y]n € I/N and [y]ne I/N
=x*y el and yel [Since I/N={[x]n [x€l}, By remark(1.47)]
= xel [Since I is an ideal of X].
= [X]ne I/N. Then I/N is an ideal of X/N.m
Theorem (2.25):

Let X be a BH-algebra and N be a normal subalgebra. If Iis an implicative ideal of X, then I/N is
an implicative of X/N.

Proof:
Let I be an implicative ideal of X. To prove I/N is an implicative ideal of X/N.
=1l is an ideal of X. [By proposition(1.34)]

=I1/N is an ideal of X/N. [By proposition(2.24)]

i. Since 0el=[0] \ € I/N.

ii. Let [X]n, [YIn, [2Z]nE XIN.

= ([XIn*([YIn * [XIN)) *[z]n € /N and  [z]ne I/N

= (IXIN*[y*X]n ) *[z]n € /N and  [z]ne I/N [Since[X]n*[yIn=[x*Y]n, By remark(1.47)]
= [X*(y*X)]n *[z]n € /N and  [z]ne I/N
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= [(xX*(y*x))*z]n € I/N and [z]ne I/N

= (x*(y*x))*z €1 and ze | [Since I/N={[x]n|x€l}, By remark(1.47)]
= xel [Since I is an implicative ideal of X]

= [X]ne I/N.

Then I/N is an implicative ideal of X/N.m

Theorem (2.26):
Let X be a BH-algebra and A be a translation ideal of X. If I is an ideal of X, then I/A is an ideal
of X/A.
Proof:
Let | be an ideal of X. To prove I/A is an ideal of X/A.
I. Since Oel=[0] e I/A.
ii. Let [X]a[ylae X/A.
=[X]a®@[y]a € /A and [y]ac /A [Since[X]a@[Y]la=[x*Y]a. By remark(1.44)]
=[x*y]a € /A and [y]ac /A
= x*y el and ye |l [Since /A={[x]a|x€l}. By Remark(1.44)]
= xel [Since I is an ideal of X]
= [X]ae /A
Then T/A is an ideal of X/A.m
Proposition(2.27):
Let X be a BH-algebra and A be a translation ideal. If I is an implicative ideal of X, then I/A is an
implicative of X/A.
Proof:
Let I be an implicative ideal of X. To prove I/A is an implicative ideal of X/A.
I. Since Oel=[0] e I/A.
ii. Let [X]a[Y]la, [2Z]ae X/A.
= ([X]a®([yla @ [X]a) @[z]a € VA and [z]a€ /A
= ([X]a®[y*x]a) ®[z]a € /A and [z]ac /A [Since[X]a@[yla=[x*y]a .By remark(1.44)]
= [X*(y*X)]a D[z]a € /A and [z]ac I/A
= [(x*(y*x))*z]a € I/A and [z]ac I/A
= (X*(y*x))*z el and ze | [Since I/A={[x]a|X€EI}. By Remark(1.44)]
= xel [Since I is an ideal of X]
= [X]ae I/A .Then I/Ais an implicative ideal of X/A.m
Corollary (2.28):
Let X be a BH-algebra. If | is an implicative ideal of Xthen I/Ker(f) is an implicative
of X/ Ker(f).
Proof:
Let I be an implicative ideal of X. To prove I/Ker(f) is an implicative ideal of X/Ker(f).
Since Ker(f) is translation ideal.  [By Theorem(1.45)]
= 1/ Ker(f) is an implicative ideal of X/ Ker(f). [By Theorem(2.27)].m
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Remark (2.29) :
Let X be a BH-algebra and let | be a subset of X. we will definetotheset {L,eL(X);a€l}

by L(I).

Theorem (2.30) :
Let X be a positive implicative BH-algebra. If | is an ideal of X. Then L(l) is an ideal
of (L(X),®,Lo).

Proof:
Let I be an ideal of X. To prove L(1) is an ideal of (L(X),®,Lo).
i.0 €l = Loe L(I) [By Remark (2.29) ]

ii. Let L,®Ly ,Lpe L(I).
We have L,®Lp =L+, , Where a,b €l
=a*b €l and b €l
—a €l [Since l'is an ideal of X ]
=La€ L(I) .Then L(I) is an ideal of (L(X),®,Lo). m
Corollary (2.31):

Let X be a positive implicative BH-algebra. If I is an implicative ideal of X. Then L(I) is an
implicative ideal of (L(X),®,Lo).
Proof:

Let | be an implicative ideal of X. Then I is an ideal of X.
= L(I) isanideal of L(X). [By Theorem(2.30)]
I.0€l = LeeL(l) [Since I'is an ideal of X ]
ii. Let (L,®(Lp ®L,))®L. € L(l) and L€ L(I)
=(@x(bxa))*xcel and cel [Since (La®(Lp ®L,))®Lc = Lias(brayysc € L(D) ]
= ac€l [Since | is an implicative ideal of X ]
= L€ L(I).Then L(I) is an implicative ideal of (L(X),®,L). m
Theorem (2.31):

If X= Lx(X) u{0} be a BH-algebra satisfies (as) and S be a subalgebra of X, then S is an
implicative ideal of X.
Proof:
Since X be a BH-algebra satisfies (a4), then X is a BCH-algebra. [by Theorem(1.7)]
Let S is a subalgebra of X. Then S is a *-ideal. [By Theorem(1.20,4) ]
= Sis an ideal. [every *-ideal is an ideal. By Definition (1.19)]
To prove S is an implicative ideal of X.

)] 0eS [Since Sisan ideal ]
i) Letx,y, ze X suchthat (x*(y*x))*zeSandzeS.

= x*(y*x) € S. [Since Sis an ideal of X ]
We have two cases:
Case 1: if x=y, then x*(x*x) € S
=>x*0eS [Since X is a BH-algebra ; x*x=0]
= Xe S [Since X is a BH-algebra ; x*0=x]
Then S is an implicative ideal of X.
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Case 2: if Xy, then x*(y*x) = x*y = x

= x*y € S [Since X = Lx(X)U{0}, then y*x=y; V X, y eX with x #y, by Theorem (1.20, 2)]
=xeS [Since x*y=x]

Then S is an implicative ideal of X.m
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