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Abstract
Let R Dbe aring. Given two positive integers mandn, an R moduleV is said to be
(m,n)-presented, if there is an exact sequence of R  -modules

0>K-—>R" >V —0 with Kis n-generated. A submodule N of a right R -
module M is said to be (m,n)-pure in M, if for every (m,n)-Presented left R -

module V the canonical mapN ®.,V — M ®, V is a monomorphism. AnR -module
M has the (m,n)-pure intersection property if the intersection of any two (m,n)-pure
submodules is again (m,n)-pure. In this paper we give some characterizations,
theorems and properties of modules with the (m, n)-pure intersection property.

Key words:- (m,n)-pure submodule, (m,n)-flat module, module with (m,n)-pure
intersection property.

Introduction

Throughout, this paper, R is an submodule I of RR™ [4]. In this paper,
associative ring with non-zero identity, for two fixed positive integers m and n,
and all modules are unitary right R- we introduce the concept of an R-
modules. A submodule N of an R- module M has (m’ n)-PlP.We prove
module M is called pure submodule, if that if M is an R -module such that for

for every finitly generated ideal 1 of R
MI (1N = NI[1]. Following [2], an
R-module M has the PIP, if the

any two (m, n)-pure submodules A
andBofM ,A+B is (m, n)-flat R-

intersection  of any two pure module, thenM has the (m, n)-PIP.
submodules is again pure. For an

abelian group G , we writeG™" for the Propeties of module which has
set of all formal mxn matrices with (m, n)-PIP

entries in G and write G" (resp.G.) Definition 2.1:- An R-module M has

the(m, n)-pure intersection property
(briefly ~ (m, n)-PIP ) if the
intersection of any two (m,n)-pure
submodules is again (m,n)-pure. An
R -module M has the(m,*)-PIP (resp.
(*,n)) if for all positive integer n
(resp. m ) M has the(m, n)-PIP.

It is clear that if M has the (1,1)

-PIP, then M has the PIP. The
converse is not true.

for G™" (resp. G™*) . For two position
integer m,n. A submodule N of anR -

module M is (m,n) —pure inM if and
only if MIMIN™ =NI, for all n—
generated submodule | of ,R™ [3] . An
R-moduleMis  (m, n)-flat, if
1,®L, : M®, 1 >M®,R" is
monomorphism for all n-generated
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Proposition 2.2:-
(1) If an R-module M has the(m, n)-

PIP, then every (m, n)-pure
submodule of M has the(m, n)-PIP .
(2) Let N be (m, n)-pure submodule
of an R-moduleM .M has the

m, n)-PIP, if and only if M has the
(m, n) yif 2

(m, n)-PIP.
Proof:- (1) trivial
(2) =) Let %and % be (m, n)-

pure submodules of %.We want to

show that Aﬂ B _ ANB
N N N
(m, n)-pure. Now, Aand B are

(m, n)-pure in M [3,Proposition(1.9-
4)]. And since M has the(m, n)-PIP,
then ANBis  (m, n)-pure.  Then

2220 2 s (m, n)-pure in
M .-
N [4,Proposition(1.9-3)].

<) Let E andF are (m, n)- pure
submodules inM .Then E and F s

N N
(m, n)-pure submodules of M .
N
[3,Proposition(1.9-3)]. Since M has
N
E F
the(m, n)-PIP, then — N —=
(m, n) b
ENF 5 (m, n)-pure in M. hence
N N
ANBis (m, n)-pure inM

[4,Proposition (1.9-4)]. Thus M has
the(m, n)-PIP.

Remarks 2.3:-

(1) Let A and B be R-modules, it is
clear that(ANB)" = A"NB"

(2) Every summand submodule N of an
R-module M is(m, n)-pure
submodule.
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In [ 2, CH 2, theorem 3.1] an
R -module M has the PIP, if and only
if (ANB)I= AINBI for every
finitely generated ideal | of R and for
every pure submodules A andB of
M.

Theorem 2.4:- Let M be an R-
module. Then M has the(m, n)-PIP,
if and only if (ANB)I =AINBI for
every n-—generated submodule | of
<R™and for every(m, n)- pure
submodules A and BofM .

Proof:- Suppose that M has the(m, n)
-PIP and let each of AandBis (m, n)-
pure. Let 1 be n-generated submodule
of ;R™, then
(ANB)"NMI = Al NBI

< R™, [3,theorem (1.5)]. It is clear that
(ANB)lc  AINBI.ButAINBI
(MINA™)NB"=MI N(A" NB")=
MIN(ANB)"=(ANB)I. Conversely,
let Aand B be (m, n)-pure
submodules inMand letlbe n-
generated  submodule  of ;R™.Then
MIN(ANB)"=(MINA")NB" =
AlNB™.

Similarly, MIN(ANB)"= BINA",
because AandBare (m, n)-pureinM .
Thus, MI N(ANB)"= Al NBI =(ANB)I.
ThereforeM  has the(m, n)-PIP.

Corollary 2.5:- Let Mbe an R-
module, then M has the(l, *)-PIP, if
and only if (ANB)I=AINBI for
every finitely generated ideal | of R
and for every for every (1, *)-pure
submodules A and Bof M.
Proof:- It follows by [3, corollary 1.6]
In [2, CH 2, theorem 3.3 ], an

R -module M has the PIP, if and only
if for every pure submodules A and B of
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M and for every R- homomorphism
f:(ANB)—> M such that
ANImf =0and A+Imf is pure in
M, ker fispureinM .

Theorem 2.6 :- Let Mbe an R-
module, then M has the(m, n)-PIP, if
and only if for every (m, n)-pure
submodulesAandBof M and for
every R-homomorphism f:(ANB)
—M such that AN Imf =0and
A+Imf is (m, n)-pure inM ,ker f
is (m, n)-pureinM .

Proof:- Assume thatM has the(m, n)
-PIP. Let AandBbe (m, n)-pure
submodules ofM and f:(ANB)—
M  be an R- homomorphism such
that AImf =0and A+Imfis
(m, n)-pure inM. Let T=
{x+f(x)/xe ANB},

It is clear that T is a submodule of M
.To show that Tis (m, n)-pure in M
. Let I be n- generated submodule of
<R™,1=Rb, +Rb, +...+Rb,, b,

]

Z(alj...,amj) eR™and yeMINT",

m; e M ,b,eR",V j=1,...,n .Hence

y=_2n:mjbj:(ul...,um), U,...u, eT,
u:;<_1+f( ), i=1...m.For some
X, e ANB.Siney= ijbJ
(¢ (X e Xy +F (X )= (Xgoo X )+
(F(x0). T (xm)) € (AﬂB) (lmf)
c A+(Imf)"=(A+Imf)"an

A+Imfis (m, n)-pure inM . Thus

y:Zn:mjbj e MIN(A+Imf)" =
-1

(A+Imf)l

[4,theorem(1.5)]. Therefore > m b, =
=1
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n

Z(aj +c,b,,a,eAc eimf.

=

Thus y:Zn:mjbj = Zn:ajbj +Zn:cjbj ,
=1 1 1

xm)-;ajbj = Z;Cjbj -

i= i=

f(x,))e (ANIm f)" .Since

hence(xl,...,

(f(x),...,

ANIm f :O,then(xl,...,Xn):zn:ajbj
j=1

e AIN(ANB)".  ButANB s
(m, n)-pure inM, hence ANB s
(m, n)-pure in A thus AIN(ANB)"
=(ANB)I. Then(Xy,... X, ) €

(ANB)I. m):iwibj !
then (f(Xl),---:f(Xm)):

Y = (X X )+

Let(Xy,...,X

w, e ANB,
J_Zril:f(wj))j' Now,
(F(xq)....f Zw
J_Zn_;,f(W,-)b,- =JZ_1:(W,- +f(w, )b, eTI.

Therefore T is (m, n)-pure inM .
Next we show that ker f =(ANB)NT
. Let xekerf, then xe A(1Band
f(x)=0.Hence xeT.Now, letxe
(ANB)NT,

then x=y+f(y),ye ANB.x-y=
f(y)e ANImf =0.Therefore f(x)=
f(y)=0 and x e ker f .Since M has
the(m, n)-PIP, (ANB)NT =ker fis
(m, n)-pure inM . Conversly, let A
andBbe (m, n)-pure submodules of
M. Definef:(ANB)— M by f(x)=0
V x € A(B.Itis clear that ANImf =0
and A+Imf=A is(m, n)-pure inMm
.Then ker f =ANBis (m, n)-pure in
M .Then M has the(m, n)-PIP.
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By the same argument one can prove
the following:

Theorem 2.7:- Let Mbe an R-
module. Then M has the(m, n)-PIP
if and only if for every (m, n)-pure
submodules Aand B of M and for ever
R -homomorphism f:(ANB)—>C
where Cis a submodule of M such
that ANC=0and A+C is (m, n)-
pure, inM , ker fis (m, n)-pureinM

Proof:- it is clear
Corollary 2.8:- Let Mbe an R-
module with the (m, n)-PIP. Then for

every decomposition M =A® Band
for everyR- homomorphism f:

A—B, ker fis (m, n)-pureinM .

Proof:- Since (ANB)=0 and A+B=
M is (m, n)-pure, in Mand A=
AN M .Then by (theorem 2.9) , ker f
is (m, n)-pureinM .

Corollary 2.9:- Let Mbe an R-
module with the(m, n)-PIP. let A

andBbe (m, n)-pure submodules in
M such that (ANB)=0 and A+B is
(m, n)-pure, inM .Then for each R -
homomorphism f:A—>B, kerfis
(m, n)-pureinM .

Remark 2.10:- LetA be (m, n)-
pure submodule of an R-module, M
then there exists (m, n)-pure A inM
such that A is maximal with respect
property A+A is (m, n)-pure inM
and ANA=0.

Proof :- Let F={B:Bis (m, n)-
pure inM such that (ANB)=0 and
A+B is (m, n)-pure inM LIt is
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clear that (0)e Fand hence F #4.

Let {C,},, be a chain in F.It is
clear that U, C_is a submodule of
Mand since C,NA=0 Vael

Then (U, C,)NA=0.To show that
U, C, is (m, n)-pureinM .Let | =
Rb, +Rb, +......... +Rb,be  n—generated

submodule  of ;R™and, imibi €
i=1

S mpb, €
i=1

some e, | .Thus,

MIN(U,o C, )" . Then

MIN(c,, )" for

Zn:mibi ec, | c(U,, C, ) .Therefore,
i=1

MI r1(Ljozel Ca)m:(Uael Ca)l To
show that A+U_, C, is (m, n)-

pure inM .Let > mb, e
i=1

MIN(A+U,_,C,)" then

Zn:mibi e MIN(A+C, )"for some

i=1

a, €l,and hence > mb, e (A+C,,
i=1

).
Thusznlmibi e(A+U

i=1
zeron 's lemma F has a maximal
elementsayA=U,_ C,.
In [ 2, theorem 3.8], let M be
an R -module such that for every pure
submodules Aand B of M either

AcB®BorBc A®A then M has
the PIP if and only if for everyR-
homomorphism  f: AN(B®B)— A,
ker f IS pure inM .

C,)I. By

acl

Theorem 2.11:- LetMbe an R-
module such that for every (m, n)-
pure submodules AandB of M either
AcB®BorBc A®A then M has
the (m, n)-PIP if and only if for every
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R -homomorphism f: AN(B®B) - A,
ker f is (m, n)-pureinM .

Proof:- Suppose that M has the
(m, n)-PIPand AandBare (m, n)-

pure submodules of M. Let f:
AN(B®B)—>A, be an R-
homomorphism, then by (theorem 2.9),
ker fis  (m, n)-pure  inM .The

converse ,let AandBbe (m, n)-pure
submodules of M .Assume that
AcCB®B.7z,:A®A > Aand 7,
B@® B — B be the natural projections.
Put h=m,m1|pnuaeB)-

We show that kerh=(BNA)®(BNA).
Let xekerh,xe BN(A®A) and
then x=a+a,aeA,aeA. Now,
mom(a+a)=r,(@)=0 .So aeB,
then . Thus aeB,xe (BﬂA)@(BﬂK).
Now, let x e (BN A)®(BNA), thenx
=a+a,aeBNA,aeBNA.

Thus, m,om(a+a)=r,(a)=0
Therefore kerh=(BNA)®(BNA) is
(m, n)-pure inM .BNA is (m, n)-
pure in kerh (Remark 2.12), then

BNA is (m, n)-pure inM
[3,prop.1.9]. That is M has the
(m, n)-PIP.

In [ 3, proposition 3.10 ], for
any two pure submodule A and B of an
R-module M , if A+B is flat, then M
has the PIP.

Proposition 2.12:- LetM be an R -
module such that for any two (m, n)-
pure submodules AandB ofM , A+ B
is (m, n)- flat R-module, thenM
has the (m, n)-PIP.

Proof:- Let AandBbe (m, n)-pure

submodules of M. Consider the
following short exact sequence
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0O>ANB—sA—- A -0
ANB
0 5B sarB_= ATB 5

Wherei,,i,are the inclusion maps and
f,, f, are the natural epimorphism by
the second isomorphism theorem,
A _A+B

ANB ~
(m, n)- flat R-module, andBis
(m, n)-pure submodule of M then
A+B

.Since A+B is

[4, theorem 3.6 ] is (m, n)-
flat andBis (m, n)-pure in A+B.

Thus

A s (m, n)-flat and hence
ANB

ANB is (m, n)-pure inA.But Ais
(m, n)-pure inM, so ANB s
(m, n)-pure inM, thus M has the
(m, n)-PIP.

Lemma 2.13 :- Let M =@, , M,

where M; is a submodule of M Vi e
I and let W, be a submodule of M, ,for

each i,jel. Then®Ww, is (m, n)-
pure in M if and only if W,is (m, n)-
pureinM; V i.

Proof :- Assume®, W, is (m, n)-
pure inM .since W, is a summand of
@®W,, then W,is (m, n)-pure in
®,, W,. So W, is (m, n)-pure inM
[3,proposition1.9].  SinceW, is a
submodule of M, thenW,is (m, n)-
pure inM, Vi, [3proposition 1.9].
The converse ,let Jbe n-—generated
submodule of ,R" andx €

MIN(@,, W, ). x=3mb, .m, e
=

®.

iel

M,. Then mjzzmij , m; e M,

il
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for iel. Thus xe sz”bj
j=1 iel

> > myb;. SinceZmijbj eM, M=

iel j=1 j=1

@,,, M.. The element x can be

iel

written uniquely as» > m;b; .But x

iel j=1

e®,_,W,. Thus

iel

n mb, eW Vi
Z i i

j=1
and hence Zn:mijbj eMJINW )" =
j=1
(m,

WJ (W, s
Zm b -Zw” ; w; eW,for each j.

n)-pure inM,),

Thus x = ZZW,JbJ c(@,W)J.

iel
iel j=1

Proposition 2.14 - Let M=
@,., M, be an R-module where each
M,is a submodule of M, If M has
the (m, n)-PIP, then each M has the
(m, n)-PIP. The converse is true if
each (m, n)-pure submodule of M is

fully invariant.

Proof:- Suppose thatM has the
(m, n)-PIP. SinceM, is a summand

of M, then M is(m, n)- pure inM
[Remark 2.3 ], and hence M,has the
(m, n)- PIP .To prove the converse,
letS be(m, n)- pure submodule of
Mandz,:M — M, be the natural
projection onM,, foreach i e | . Let x
e S ,then XZZmi ,m, eM, 7 (X)=

iel

m,. Since Sis (m, n)-pure in M,
thenSis  fully invariant  (By
assumption),and hence 7, (S)

c SMM,.Thusz; (x)=m, € S(M,.
ie Xxe & (SNM;). Therefore S ¢
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@, (SNM,). But @, (SNM;)

, 0 S=@&,, (SNM;) . Now supposeS
andT are(m, n)-pure submodules of
M, then SNOT=(®, (SNM,)N
@i (TNIM;))=

@(SsNM,))N(TNM,)). Since S=
®,, (SNM;), then sNMm;is (m, n) -
pure in S [Remark 2.3 ]. But Sis
(m, n)-pure inM, so SNOM,is
(m, n)-pure inM . Then SNM, is
(m, n)-pure inM,. By lemma 2.13,
®(SNM,)NTNM,))is(m, n)-
purein®,_, M,=M .

iel

Proposition 2.15 :- Let M andN
beR-module with the(m, n)- PIP,

such that ry(M)+ry(N)=R, then
M @ N has the (m, n)-PIP.

Proof:-Let Cand D be (m, n)-pure
submodules of M @ N .Since ry(M )+
r.(N)=R, then by the same way of
the proof of ([5],proposition 4.2,CH.1),
C=A®Band D=A ©B, where A
and A, are submodules of M ,Band B,
are submodules of N .Since M and N
has the (m, n)-PIP then ANA is
(m, n)-pure in M andBNB;is
(m, n)-pure inN.Thus by lemma
2.13 (ANA)®(BNB,),
is (m, n)-pure in M@N. But
(ANA)e(BNB) = (ANA)N(BNB) =
CND.So CNDis (m, n)-pure in

M@N and that is M &N has(m, n)-
PIP .
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