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Abstract 
 Let R   be a ring. Given two positive integers m and n , an R  moduleV is said to be 

 nm, -presented, if there is an exact sequence of R  -modules

00  VRK m  with K is n -generated. A submodule N of a right  R  -

module M is said to be  nm, -pure in M , if for every  nm, -Presented left R  -

module V the canonical map VMVN RR   is a monomorphism. An R  -module

M has the  nm, -pure intersection property if the intersection of any two  nm, -pure 

submodules is again  nm, -pure. In this paper we give some characterizations, 

theorems and properties of modules with the  nm, -pure intersection property. 

 

Key words:- (m,n)-pure submodule, (m,n)-flat module, module with (m,n)-pure 

intersection property. 

 

Introduction
Throughout, this paper, R  is an 

associative ring with non-zero identity, 

and all modules are unitary right R-

modules. A submodule N of an R-

module M is called pure submodule, if 

for every finitly generated ideal I of R 

NINMI  [1]. Following [2], an 

R -module M has the PIP, if the 

intersection of any two pure 

submodules is again pure. For an 

abelian group G , we write nmG   for the 

set of all formal nm  matrices with 

entries in G  and write 
nG  (resp. nG ) 

for nG 1  (resp. 1nG ) . For two position 

integer nm, . A submodule N of an R - 

module M  is  nm,  –pure in M  if and 

only if NINMI m  , for all n –

generated submodule I of m

R R  [3] . An 

R -module M is  nm, -flat, if 

IM L1  : m

RR RMIM   is  

monomorphism  for all n-generated 

 

 

 submodule I  of RR
m

 [4].  In this paper, 

for two fixed positive integers m and n, 

we introduce the concept of an R-

module M has  nm, -PIP. We prove 

that if M is an R -module such that for 

any two  nm, -pure submodules A

and B of M , BA  is  nm, - flat R -

module, then M  has the  nm, -PIP.  

           
Propeties of module which has 

 nm, -PIP 

Definition 2.1:-  An R -module M has 

the  nm, -pure intersection property 

(briefly   nm, -PIP )  if the  

intersection of any two  nm, -pure 

submodules  is again  nm, -pure. An 

R -module M has the  ,*m -PIP (resp.

 n*, ) if for all positive integer n

(resp. m  ) M has the  nm, -PIP. 

It is clear that if M  has the  1,1

-PIP, then M  has the PIP. The 

converse is not true.  
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Proposition 2.2:- 

(1) If an R -module M has the  nm, -

PIP, then every  nm, -pure 

submodule of M has the  nm, - PIP . 

(2) Let N be  nm, -pure submodule 

of an R -module M . M  has the

 nm, -PIP, if and only if 
N

M  has the

 nm, -PIP . 

Proof:- (1) trivial  

(2)  ) Let 
N

A and 
N

B  be  nm, -

pure submodules of 
N

M
.We want to 

show that 
N

A
  

N

B
 = 

N

BA
 is 

 nm, -pure. Now, A and B are 

 nm, -pure in M [3,Proposition(1.9-

4)]. And since M has the  nm, -PIP, 

then BA is  nm, -pure. Then 

N

BA
=

N

A
  

N

B
 is  nm, -pure in 

N

M
[4,Proposition(1.9-3)]. 

 ) Let E  and F  are  nm, - pure 

submodules in M .Then 
N

E  and 
N

F  is

 nm, -pure submodules of 
N

M . 

[3,Proposition(1.9-3)]. Since 
N

M  has 

the  nm, -PIP, then 
N

E


N

F
=

N

FE 
is  nm, -pure in 

N

M
.hence 

BA is  nm, -pure in M

[4,Proposition (1.9-4)]. Thus M has 

the  nm, -PIP. 

 

Remarks 2.3:-   

(1) Let A and B be R-modules, it is 

clear that   mmm
BABA    

(2) Every summand submodule N of an 

R-module M is  nm, -pure 

submodule. 

 In [ 2, CH 2, theorem 3.1] an 

R -module M  has the PIP, if and only 

if  IBA = BIAI   for every 

finitely generated ideal I of R  and for 

every pure submodules A  and B  of 

M . 

 

Theorem 2.4:- Let M  be an R -

module. Then M has the  nm, -PIP, 

if and only if   BIAIIBA    for 

every n generated submodule I of
m

R R and for every  nm, - pure  

submodules A  and B of M . 

 

Proof:- Suppose that M  has the  nm,

-PIP and let each of A and B is  nm, -

pure. Let I  be n -generated submodule 

of m

R R , then

  BIAIMIBA
m

   

 m

R R , [3,theorem (1.5)]. It is clear that 

  IBA  BIAI  .But BIAI  

  mm BAMI  =  mm BAMI  =

 mBAMI  =  IBA . Conversely, 

let A and B be  nm, -pure  

submodules in M and let I be n - 

generated submodule of m

R R .Then

 mBAMI  =   mm BAMI  =
mBAI  . 

Similarly,  mBAMI  = mABI  , 

because A and B are  nm, -pure in M . 

Thus,  mBAMI  = BIAI  =  IBA . 

 Therefore M  has the  nm, -PIP. 

 

Corollary 2.5:- Let M be an R -

module, then M has the  *,1 -PIP, if 

and only if  IBA = BIAI  for 

every finitely generated ideal I of R  

and for every for every  *,1 -pure 

submodules A  and B of M . 

Proof:- It follows by [3, corollary 1.6] 
 

In [2, CH 2, theorem 3.3 ], an 

R -module M  has the PIP, if and only 

if for every pure submodules A and B of
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M and for every R - homomorphism 

:f  BA  M  such that 

0Im fA and fA Im  is pure in

M , fker is pure in M . 

 

Theorem 2.6 :- Let M be an R -

module, then M has the  nm, -PIP, if 

and only if for every  nm, -pure 

submodules A and B of M  and for 

every R -homomorphism :f  BA

 M  such that 0Im fA and 

fA Im  is  nm, -pure in M , fker

is  nm, -pure in M . 

 

Proof:- Assume that M has the  nm,

-PIP. Let A and B be  nm, -pure 

submodules of M and  :f  BA 

M   be an R - homomorphism such 

that 0Im fA and fA Im is 

 nm, -pure in M . Let T =

 BAxxfx  /)( , 

It is clear that T is a submodule of M

.To show that T is  nm, -pure in M  

. Let I  be n - generated submodule of
m

R R , I = n21 Rb...RbRb  , jb

=  mjj  ...,1   mR and y  MI
mT ,

jm  M , jb  mR , n,...,1j .Hence 

y =


n

j

jjbm
1

=  muu ...,1 , m1 u...,u T , 

iu =  ii xfx  , m,...,1i  .For some 

ix  BA .Sine y =


n

j

jjbm
1

=

    mm11 xfx,....xfx  =  m1 x...x +

    m1 xf,...,xf   mBA +

 A + =  mfA Im and

fA Im is  nm, -pure in M . Thus 

y =


n

j

jjbm
1  

 MI   mfA Im  =

 IfA Im  

[4,theorem(1.5)].Therefore


n

j

jjbm
1

=

 



n

j

jjj bca
1

, ja  A , jc  fIm . 

Thus y =


n

j

jjbm
1

=  
n n

jjjj bcba
1 1

, 

hence  m1 x,...,x -


n

j

jjba
1

= 


n

j

jjbc
1

 - 

(  1xf ,…,  mxf )  mfA Im .Since

fA Im =0,then( n1 x,...,x )=


n

j

jjba
1

  mBAAI  . But BA  is 

 nm, -pure in M , hence BA  is 

 nm, -pure in A ,thus  mBAAI 

=  IBA . Then  m1 x,...,x 

 IBA . Let  m1 x,...,x =


n

j

jjbw
1

,

jw  BA , then     m1 xf,...,xf =

 


n

j

jj bwf
1

. Now, y =  mxx ,...,1 +

    m1 xf,...,xf =


n

j

jjbw
1

+

 


n

j

jj bwf
1

=   



n

j

jjj bwfw
1

TI . 

Therefore T  is  nm, -pure in M . 

Next we show that fker =   BA T

. Let x  fker , then x  BA and 

  0xf .Hence x T .Now, let x 

  BA T , 

then x = y +  yf , y  BA . x - y =

 yf  0Im fA .Therefore  xf =

 yf = 0  and x  fker .Since M has 

the  nm, -PIP,   BA T = fker is 

 nm, -pure in M . Conversly, let A

and B be  nm, -pure submodules of

M . Define :f  BA  M by   0xf

 x  BA .It is clear that 0Im fA

and fA Im = A  is  nm, -pure in M

.Then fker = BA is  nm, -pure in

M .Then M has the  nm, -PIP. 

   

 mfIm

 mfIm
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By the same argument one can prove 

the following: 

 

Theorem 2.7:- Let M be an R -

module. Then M has the  nm, -PIP 

if and only if for every  nm, -pure 

submodules A and B of M and for ever 

R -homomorphism :f  BA  C  

where C is a submodule of M such 

that CA =0 and  CA  is  nm, -

pure, in M , fker is  nm, -pure in M

. 

 

Proof:- it is clear 

Corollary 2.8:- Let M be an R -

module with the  nm, -PIP. Then for 

every decomposition M = BA and 

for every R - homomorphism :f

BA , fker is  nm, -pure in M . 

 

Proof:- Since  BA =0 and BA =

M  is  nm, -pure, in M and A =

MA .Then by (theorem 2.9) , fker

is  nm, -pure in M . 

 

Corollary 2.9:- Let M be an R -

module with the  nm, -PIP. let A

and B be  nm, -pure submodules in

M such that  BA =0 and BA  is 

 nm, -pure, in M .Then for each  R - 

homomorphism :f BA , fker is 

 nm, -pure in M . 

 

Remark 2.10:- Let A  be  nm, -

pure submodule of an R -module, M

then there exists  nm, -pure A  in M

such that A  is maximal with respect 

property A + A  is  nm, -pure in M

and 0AA . 

 

Proof :- Let F ={ BB : is  nm, -

pure in M such that   BA =0 and

BA  is  nm, -pure in M }.It is 

clear that  0  F and hence F  . 

Let  
I

C
 be a chain in F .It is 

clear that  CI is a submodule of 

M and since C  A =0  I

.Then   0 ACI   .To show that 

 CI  is  nm, -pure in M .Let I =

nRbRbRb  .........21 be n generated 

submodule of m

R R and, 


n

i

iibm
1



 mI CMI  .Then  


n

i

iibm
1



 mCMI  for some I .Thus, 




n

i

iibm
1

 IC    ICI  .Therefore, 

 mI CMI  =  ICI  .To 

show that A +  CI  is  nm, -

pure in M .Let 


n

i

iibm
1



 mI CAMI  ,then  




n

i

iibm
1

  mCAMI


 for some 

I ,and hence 


n

i

iibm
1

  ( A +


C

) I .  

Thus


n

i

iibm
1

( A +  CI ) I . By 

zeron 
,
s lemma F has a maximal 

element say A =  CI . 

In [ 2, theorem 3.8], let M be 

an R -module  such that for every pure 

submodules A and B of M either 

BBA  or AAB  ,then M  has 

the PIP if and only if for every R - 

homomorphism :f  BBA   A ,

fker is pure in M . 

 

Theorem 2.11:- Let M be an R -

module such that for every  nm, -

pure submodules A and B of M either 
BBA  or AAB  ,then M has 

the  nm, -PIP if and only if for every
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R -homomorphism :f  BBA   A , 

fker is  nm, -pure in M . 

 

Proof:- Suppose that M  has the 

 nm, -PIP and A and B are  nm, -

pure submodules of M . Let :f

 BBA   A , be an R - 

homomorphism, then by (theorem 2.9), 

fker is  nm, -pure in M .The 

converse ,let A and B be  nm, -pure 

submodules of M .Assume that 
BBA  . AAA :1 and :2

BBB  be the natural projections. 

Put  h =             .   

We show that hker =    ABAB   . 

Let x hker , x  AAB   and 

then x = aa  , Aa , Aa  . Now, 

 aa 12 =  a2 =0 .So Ba , 

then . Thus Ba  , x    ABAB   . 

Now, let x    ABAB   , then x

= aa  , ABa  , ABa  . 

Thus,  aa 12 =  a2 =0 . 

Therefore hker =    ABAB    is 

 nm, -pure in M . AB  is  nm, -

pure in hker  (Remark 2.12), then 

AB  is  nm, -pure in M  

[3,prop.1.9]. That is M  has the 

 nm, -PIP. 

 In [ 3, proposition 3.10 ], for 

any two pure submodule A and B of an 

R-module M , if A+B is flat, then M 

has the PIP. 

Proposition 2.12:- Let M be an R -

module such that for any two  nm, -

pure submodules A and B of M , BA  

is  nm, - flat R -module, then M  

has the  nm, -PIP.  

 

Proof:- Let A and B be  nm, -pure 

submodules of M . Consider the 

following short exact sequence 

                                        

00 11 
BA

A
ABA fi


  

00 212 



B

BA
BAB

fi

Where 21 , ii are the inclusion maps and 

21, ff  are the natural epimorphism by 

the second isomorphism theorem,

BA

A




B

BA 
.Since BA  is 

 nm, - flat R -module, and B is 

 nm, -pure submodule of M ,then 

[4, theorem 3.6 ] 
B

BA 
 is  nm, - 

flat and B is  nm, -pure in BA . 

Thus 
BA

A


 is  nm, -flat and hence

BA  is  nm, -pure in A .But A is 

 nm, -pure in M , so BA  is 

 nm, -pure in M , thus M has the 

 nm, -PIP. 

 

Lemma 2.13 :- Let M = iIi M  

where Mi  is  a submodule of M  i 

I and let iW be a submodule of iM ,for 

each Ij,i  . Then iW  is  nm, -

pure in M if and only if iW is  nm, -

pure in iM  i . 

 

Proof :- Assume iIi W  is  nm, -

pure in M .since iW is a summand of 

iW , then iW is  nm, -pure in 

iIi W . So
 iW

 
is  nm, -pure in M

[3,proposition1.9]. Since iW  is a 

submodule of iM ,then iW is  nm, -

pure in iM  i , [3,proposition 1.9]. 

The converse ,let J be n generated 

submodule of m

R R  and x

 m
iIj WMJ  . x =



n

j

jjbm
1

, jm 

iIi M . Then jm =
Ii

ijm ,
 iij Mm   
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for i  I . Thus x  bjm
n

j Ii

ij
 1

=


 Ii

n

j

jijbm
1

. Since


n

j

jijbm
1

 iM , M =

iIi M . The element x  can be 

written uniquely as
 Ii

n

j

jijbm
1

.But x

 iIi W . Thus 


n

j

jijbm
1

 iW   i  

and hence 


n

j

jijbm
1

  mii WJM  =

JWi  ( iW  is  nm, -pure in iM ), 




n

j

jijbm
1

=


n

ij

jijbw  iij Ww  for each j . 

Thus x =
 Ii

n

j

jijbw

1  

   JW
iIi . 

 

Proposition 2.14 :- Let M =

iIi M  be an R -module where each 

iM is a submodule of M , If M  has 

the  nm, -PIP, then each iM has the 

 nm, -PIP. The converse is true if 

each  nm, -pure submodule of M  is 

fully invariant. 

 

Proof:- Suppose that M  has the

 nm, -PIP. Since iM  is a summand 

of M , then iM is  nm, - pure in M

[Remark 2.3 ], and hence iM has the

 nm, - PIP .To prove the converse, 

let S  be  nm, - pure submodule of

M and i : iMM   be the natural 

projection on iM , for each Ii . Let x

 S ,then x =
Ii

im  , ii Mm   , i ( x )=

im . Since S is  nm, -pure in M , 

then S is fully invariant (By 

assumption),and hence i ( S )

iMS  .Thus i ( x )= im  iMS  . 

i.e  x   iIi MS  . Therefore S 

 iIi MS  . But  iIi MS   S

, so S =  iIi MS   . Now suppose S  

andT are  nm, -pure submodules of 

M , then TS  =    iIi MS

  iIi MT  =

    ii MTMS  . Since S =

 iIi MS  , then iMS  is  nm,  - 

pure in S  [Remark 2.3 ]. But S is 

 nm, -pure in M , so iMS  is 

 nm, -pure in M . Then iMS   is 

 nm, -pure in iM . By lemma 2.13,
 

    ii MTMS  is  nm, -

pure in iIi M = M . 

 

Proposition 2.15 :- Let M  and N  

be R -module with the  nm, - PIP, 

such that  MrR +  NrR = R , then 

NM  has the  nm, -PIP . 

 

Proof:-Let C and D  be  nm, -pure 

submodules of NM  .Since  MrR +

 NrR = R , then by the same way of 

the proof of ([5],proposition 4.2,CH.1),  

C = BA and D = 11 BA   where A

and 1A are submodules of M , B and 1B

are submodules of N .Since M and N

has the  nm, -PIP ,then 1AA  is 

 nm, -pure in M and 1BB is 

 nm, -pure in N .Thus by lemma 

2.13    11 BBAA   , 

is  nm, -pure in NM  . But 

   11 BBAA    =   1AA  1BB  =

C  D . So C  D is  nm, -pure in

NM  and that is NM  has  nm, -

PIP . 
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ح(m,n)-حظات ححظل حلمقاتات حلمي حمقيك ححاتية حلمياتع حلمقا حم حلمقق ملا
ح

ح

ح*مقتضرحعترفحلبرلهةمحح*ححححححححححححححححححححححمقىحجتامحمحقدحعك 
ح
 قسن الشياضيات/ كلية العلىم للبٌات/ جاهعة بغذاد/ بغذاد/ العشاق*

 

قفيتحظةه:حماتسحجزئ حنا حم حلمقق لمككقت حلم nm, حماتسحمسطححم حلمقق، nm,حماتسحيقيك حاتية ح،

لمياتع حلمقا حم حلمقق  nm,ح.ح

ح

ح:مخلاي ل
حلقة فأى الوقاس يسوى سئيسي هي الٌوظRلتكي nm, لكل عذديي طحيحيي هىجبييnm,   ا را

00وجذت هتتابعة هضبىطة بالشكل     VRK mبحيثK  هى هقاس هتىلذ بn  هي

يسوى ًقي هي الٌوظ Mهي الوقاس الأيوي Nالعٌاطش. الوقاس الجزئي nm, فيM  إرا كاى كل هقاس.

سئيسي هي الٌوظ nm, وليكيV بحيث إى التشاكل   VMVN RR هتبايي .أها الوقاسM  فأًه

يسوى هقاس يوتلك خاطية التقاطع الٌقي هي الٌوظ nm, ارا كاى تقاطع كل هقاسيي ًقييي هي الٌوظ nm, 

يكىى هقاس ًقي  هي الٌوظ nm, الهذف هي هزا البحث هى اعطاء بعض الخىاص والٌظشيات والخظائض.

طع الٌقي هي الٌوظ اللوقاسات بأستخذام خاطية التق nm,  للوقاسات. 

 


