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Abstract:

In this paper, the concept of semi-a-open set will be used to define a new kind of
strongly connectedness on a topological subspace namely "semi-a-connectedness”.
Moreover, we prove that semi-a-connectedness property is a topological property and
give an example to show that semi-a-connectedness property is not a hereditary
property. Also, we prove thate semi-a-irresolute image of a semi-a-connected space

IS a semi-a-connected space.
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1- Introduction

Njasted [1] introduce the concept
of semi-a-open sets in 1965. This
concept dependeds on the concept of
o-open set, see [1], [2], [3] and [4]. Al-
Tabatabai [5] introduced semi-a-
continuous  and  semi-a-irresolute
functions in 2004. In 2005 Maleki [6]
introduced and studied semi--a-
connected (resp. o-connected) on a
topological space (X,t). In this paper a
new type of connectedness on a
topological subspace, namely semi-a-
connected subspace, is introduced and
studied. Also, we prove that semi-a-
connectedness property is a topological
property and give an example to show
that semi-a-connectedness property is
not a hereditary property. Moreover,
we prove that the semi-a-irresolute
image of a semi-a-connected space is a
semi-a-connected space. Also, we
introduce and study a new kind of sets,
namely semi-a-seprated sets.

2- Preliminaries

2.1 Definition

A subset A of a space (X,1) is
called
(1) an oa-open set [1]
int(cl(int(A))).
(2) a semi-a-open set [1] if U < Ac
cl(U), for some a-open set U.
The family of all semi-a-open sets is
denoted by SoO(X).

if A c

2.2 Remarks [5]

(1) Every a-open set is semi-a-open
set, not conversely.

(2) Every open set is a-open set, so it
is semi-o-open set, not conversely.

2.3 Definition [6]

A topological space (X,1) is said
to be semi-a-connected (resp.o-
connected) space if and only if X can't
be expressed as the union of two
disjoint semi-o-open  (resp.o-open),
nonempty subset of X. Otherwise, X is
said to be semi-a-disconnected
(resp.a-disconnected) space.
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2.4 Proposition, [6]
The continuous image of semi-a-
connected space is a connected space.

2.5 Definition

A function f : (X,1) — (Y,7) is
said to be
(1) a-continuous [7] if f ~1 (V) is an a-
open set in (X,t) for every open set V
of (Y,1).
(2) a-irresolute [8] if f ~1 (V) is an a-
open set in (X,t) for every a-open set
V of (Y,7).
(3) semi-a-continuous [5] if f ~1 (V) is
a semi-o-open set in (X,t) for every
open set V of (Y,1).
(4) semi-a-irresolute [5] if f “1 (V) isa
semi-a-open set in (X,t) for every
semi-a-open set V of (Y,1).

2.6 Remarks

(1) Every open and continuous
function is a-irresolute, not conversely
[9].

(2) Every a-continuous function is a
semi-a-continuous, not conversely [5].
(3) Every a-irresolute function is o-
continuous and semi-a-continuous, not
conversely [5].

2.7 Definition, [10]

Let (X,7) be a topological space.
Two nonempty subset A and B of X
are said to be t-seprated
sets if and only if A n cl(B) = ¢ and
cl(A) "B =¢.

3- Some Properties of Semi-

a-Connected Space

In this section, we prove the semi-
a-irresolute (resp.o-irresolute, semi-a.-
continuous) image of a semi-a-
connected space is a semi-a-connected
(resp.a-connected, connected) space.
Also, the relationships between semi-
o-irresolute and semi-a-continuous
functions have been studied. Moreover,
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we prove the semi-o-connectedness
property is a topological property.

3.1 Proposition

Every quotient space of a semi-a-
connected space is connected.
Proof:

Let f be a function from a
topological space X on to quotient
space Y. It is known that f is
continuous and onto function, so by
proposition (2.4), we get Y is
connected space.

3.2 Proposition

The semi-a-continuous image of
a semi-a-connected space is a
connected space.

Proof:

Letf: (X,r)— (Y,7') be a semi-
a-continuous, onto function and X is a
semi-a-connected space. We want to
prove Y is connected space. Suppose Y
is a disconnected space. So, Y = AUB,
where Ap=B, AnB=¢and A, B
et. So, f “1(Y)=f "1 (AUB), then X
=f -1(A) Uf "1(B), but f is a semi-a-
continuous function then f ~1(A), f !
(B) are semi-a-open sets in X. Since A
# ¢ = B and fis onto, then f ~1(A) = ¢
zf 1(B)andAnB=¢,s0 f 1(A)
N f ~1(B) = ¢. Hence, X is a semi-a-
disconnected space, which is a
contradiction. Therefore, Y is a
connected space.

3.3 Corollary

Every a-continuous image of a
semi-a-connected space is a connected
space.
Proof:

This following immediately from
part (1) of remarks (2.6) and the above
proposition.

3.4 Proposition

Every a-irresolute image of a
semi-a-connected space is an o-
connected space.
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Proof:

Let f: (X,1) — (Y,7) be an a-
irresolute, onto function and X is a
semi-a-connected space. We want to
prove Y is an o-connected space.
Suppose Y is an a-disconnected space.
So, Y = AUB, where A= ¢ # B, An
B = ¢ and A, B are a-open sets in Y.
So, f "1(Y)=f "1 (AUB), then X =f -1
(A) U f ~1(B), but f is an a-irresolute
function then f ~1(A) and f -1 (B) are
o-open sets in X. Since A = ¢ = B and
fis onto, thenf "1 (A) = ¢ =f ~1(B)
and A N B = ¢, then f-1(A)
N f ~1(B) = ¢. Since every a-open set
is a semi-a-open set by part (1) of
remarks (2.2), hence, X is a semi-a-
disconnected space, which is a
contradiction. Therefore, Y is an
a-connected space.

3.5 Proposition

Every semi-a-irresolute function
IS a semi-a-continuous function.

Proof:

Let f : X —— Y be a semi-a-
irresolute function, to prove f is a semi-
o-continuous function. Let O be an
open set in Y, then O is semi-a-open
set in Y by part (2) of remarks (2.2).
Therefore, f -1 (0) e S.O(X) since f is
a semi-a-irresolute function. Then f is
a semi-a-continuous function.

3.6 Remark

The converse of the above
proposition is not true in general. Let
X={1,2,3}, ={X,0,{1,2}}. Then
S«O(X) = 1 Let Y={ab,c}
v={Y,d,{a},{b}.{a,b}}. Then S O(Y)
=1 v {{a,c}{b,c}}. Define f: (X,1)
—> (Y1) byf(Q)=1(2)=a, f(3) =
c. It is clear that f is a semi-a-
continuous function but it is not semi-
a-irresolute function, since {b,c} e
S<O(Y) but f -1 {bchH={3} ¢
S«O(X).
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3.7 Proposition

If f Xr) —> (Y, 1) s
continuous and open function, then it is
semi-a-irresolute function
Proof:

Let V e Sx<O(Y), then there exists
an a-open set U of Y such that U c V
c cl(U). By taking the inverse image,
we get f-1(U) = f-1(V) < f1(cl()).
Since f is open and continuous
function, then by part (1) of remarks
(2.6) f is a-irresolute function, so f-1!
(V) is an a-open subset of X. Since f is
an open function, we get -1 (cl(U)) c
cl(f~1 (U)). Now, we get f- 1 (U) = -1
(V) c cl(f -1 (U)) where f-1 (U) is
an a-open subset of X. Hence ™1 (V)
is a semi-a-open subset of X. Thus f is
a semi-oc-irresolute function.

3.8 Proposition

Every homomorphism is a semi-
a-irresolute function.
Proof:

Since every homomorphism is
open and continuous  function,
proposition (3.7) is applicable.

3.9 Proposition

The semi-a-irresolute image of a
semi-a-connected space is a semi-o-
connected space.

Proof:

Let f: (X,1) — (Y,7") be semi-
o-irresolute and onto function and X
be a semi-a-connected space. We want
to prove that Y is a semi-a-connected
space. Suppose Y is a semi-a-
disconnected space. So, Y = AUB,
suchthat A=p=Band AnB=¢and
A, B e S.O(Y). So, f ~1(Y) =
f "1(AUB), then X =f "1 (A) U T !
(B), but f is a semi-a-irresolute
function then f -1 (A) and f -1(B)
are semi-oai-open sets in X. Since A # ¢
#B,thenf "1(A)=z¢=f 1 (B)and A
NB=¢ thenf (A nf 1(B)=0¢.
Hence, X is a semi-a-disconnected
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space, which is a contradiction.
Therefore, Y is a semi-a-connected
space.

3.10 Corollary

Let XxY be a semi-a-connected
space, then X and Y are semi-o-
connected space.

Proof:

Follows from proposition (3.7)
and proposition (3.9). Since the
projection functions [IX and []Y are
continuous and open functions.

3.11 Corollary

A semi-a-connectedness property
is a topological property.
Proof:

Necessity follows from
proposition (3.8) and proposition (3.9).

4- On Semi-a-Connected

Subspace

4.1 Definition
Let (X,t) be a topological space
and (Y,ty) be a subspace of X. A
subset A of Y is called
(1) a-open set in Y
int(cl(int(A))) in Y.
(2) Semi-a-open set in Y if U € A <
cl(U) whenever U is a-open set in
(Y,ty). The complement of semi-a.-
open set in Y is called semi-a-
closed setin Y.

if A c

4.2 Definition
Let (X,t) be a topological space
and (Y,ty) be a subspace of X. A

subset A of Y is called Semi-a-closure
set of A in Y if A = the intersection of

all semi-a-closed sets in Y containing
A, denoted by semi-a-cl(A) in'Y.

4.3 Definition

Let (X,t) be a topological space
and (Y,ty) be a subspace of X. Y is
said to be semi-a-connected subspace
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if and only if Y can't be expressed as
the union of two disjoint semi-a-open,
nonempty subset of Y. Otherwise, Y is

said to be semi-a-disconnected
subspace.
4.4 Remark

The semi-a-connectedness
property is not a hereditary property.
4.5 Example

Let X={1,2,3,4}, T
:{X,(I),{Z},{l,2},{2,3},{112,3}}1

S<-O(X) =t v {{2,4},{1,2,4} {2,3,4}}.
Let Y = {1,3}, v = {Y,0.{1}.{3}} =
S<O(Y).

It is clear that (X,r) is a semi-a-
connected space while (Y,ty) is a
semi-a-disconnected subspace.

It is known that the union of any
family of connected sets whose
intersection is nonempty is connected,
but this fact is not true in general if we
replace  connected by semi-a-
connected as can be seen from the
following example.

4.6 Example

Let X={1,2,3}, T
={X,0{13.{2} {1,2}}, S.O(X) = 1 U
{{1.3}{2,3}}.
Let A = {13}, ta = {A0{1}} =
S.O(A).
Let B = {23}, ®w = {B¢{2}} =
S.O(B).

It is clear that A and B are semi-o-
connected space and AnB # ¢, but
AUB=X which is semi-a-disconnected
space.

It is known A is t-disconnected if
and only if A is ty-disconnected,
where (Y,ty) is a subspace of a
topological space (X,t), but this fact is
not true in general if we replace
disconnectedness by semi-a.-
disconnectedness.
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4.7 Remark

Let Y be a subspace of a
topological space (X,t) and A c Y. If
A is a semi-a-disconnected space in Y,
then A need not to be semi-a-
disconnected space in X as we seen in
the following example.

4.8 Example

Let X={1,2,3,4}, v = {X,0.{1},
{1,2}{1,3},{1,2,3}}, S«O(X) = © U
{{1.4}{1,2,4}{1,3,4}}.
Let Y = {234}, w = {Y,0, {2},
{3+{2.3}}
S<O(Y) = v U {{2,4},{3.4}}.
Let A={23}Y.
It is clear that A is semi-a-
disconnected space in Y, but it is semi-
a-connected in X.

4.9 Definition

Let (X,t) be a topological space.
Two nonempty subsets A and B of X
are said to be semi-o-t-
seprated set if and only if A N semi-a.-
cl(B) = ¢ and semi-a-cl(A) N B = ¢.

4.10 Remark

Every t-seprated sets are semi-a-
t-seprated, but the converse is not true
in general.

4.11 Example

Let X={1,2,3}, © ={X,$,{1}}, let
A ={2} and B = {3}.
It is clear that A and B are semi-a-t-
seprated sets, since semi-a- cl(A) =
{2} and semi-a- cl(B) = {3}, but they
are not t-seprated sets since cl(A) =
{2,3} = cl(B).

4.12 Remark

Every semi-o-t-seprated sets are
disjoint, but the converse is not true in
general.
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4.13 Example

Let X={1,2,3}, T
={X.0.{1}.{2}{1.2}}, let A = {1,2}
and B = {3}.

It is clear that A and B are disjoint, but
they are not semi-o-seprated sets, since
semi-a-cl(A)= X.

It is known that if Y is the union
of two nonempty t-seprated sets, then
Y is disconnected space but this fact
may be false in semi-a-connected as
we see in the following remark.

4.14 Remark

Let (X,t) be a topological space
and Y is a subspace of X. If Y is the
union of two nonempty semi-o-t-
seprated sets, then Y need not to be
semi-a-disconnected subspace.

4.15 Example

Let X={1,2,3,4}, v ={X,0,{1}},
letY ={2,3,4}, tv = |, let A = {2} and
B ={3,4}.
It is clear that Y is the union of two
nonempty semi-o-t-seprated sets, but
Y is a semi-a-connected subspace.

It is known that cl(A) in Y = cl(A)
in XNY, where A c Y and Y is a
subspace of (X,t), but this fact is no
more true if we replace cl by semi-a-cl
as it can be seen by the following
example.

4.16 Example

Let X={1,2,3,4}, v ={X,0,{1}},
let Y = {234}, v =1let A={2} c
Y.
Semi-a-cl(A) in X = {2} and semi-a-
cl(A) in Y =Y. Then semi-a-cl(A) in
Y # semi-a-Ccl(A) in XNY.

4.17 Definition

Let (X,t) be a topological space
and (Y,tv) be a subspace of X. Two
nonempty subsets A and B of Y are
said to be semi-a-ty-seprated sets if
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and only if A n semi-a-cl(B) inY = ¢
and semi-a-cl(A) in Y N B = ¢.

4.18 Remark

It is known that A and B are t-
seprated sets, where A and B are
subsets of Y and (Y,ty) is a subspace
of (X,7) if and only if A and B are tv-
seprate sets, but this fact is no more
true if we replace t-seprated (resp. ty-
seprated) sets by semi-a-t-seprated
(resp. semi-o-ty-seprated) sets as we
see in the following example.

4.19 Example

See example (4.13).
It is clear that A and B are semi-a-t-
seprated sets, but they are not ty-semi-
o-seprated sets since semi-a-cl(A) in
Y =semi-a-cl(B) inY =Y.

References

1. Njasted, Olav. 1965. On Some
Classes of Nearly Open Sets,
Pacific J. Math., 15 (3), 961-970.

2. Popa, Valeriu and Noiri, Takashi.
2001. On the Definitions of Some
Generalized Forms of Continuty
Under Minimal Conditions, Mem.
Fac. Sci., Kochi Univ. (Math.) 22,
9-18.

10.

Kumar, M.K.R.S.Veera. 2002.
Pre-Semi-Closed  Sets. Indian
Journal of Math., 44(2), 165-181.
Kumar, M.K.R.S.Veera. 2002. a-
Generalized Regular Closed Sets,
Acta Ciencia Indica, XXVIIIM
(2), 279.

Al-Tabatabai,Nadia M.Ali. 2004.
On New Types of Weakly Open
Sets "o-open and semi-o-open
Sets”, M.Sc. Thesis, University of

Baghdad.

Maleki, Najlaa Jabbar. 2005.
Some  Kinds of  Weakly
Connected and Pairwise
Connected Space, M.Sc. Thesis,
University of Baghdad.

Mashhour, A.S., Hasanein, LA.
and Deeb, S.N.EL. 1993. o-
continuous and o-open mapping,
Acta Math. Hung, 41(3-4), 231-
218.

Maheshwair, S.N. and Thakur,
S.S. 1980. On a-irresolute
Mapping, Tamkang Journal of
Math., 11, 209-214.

Maheshwair, S.N. and Thakar,
S.S. 1985. On a-Compact Spaces,
BULLETIN of the Institute of
Math. Academia Sinica, 13,341-
347.

Sharma, J.N. 2000. Topology,
Krishna Prakashan Media (p) Itd,
Twenty Fifth Edition, India.

o-Jeaiiall 4l (Al eladl) J g

*dase Gild Ll

ks el - gl ol A 01 RIS - il ) ok

-

sduadAl

Juai¥) (e 203 4 ggda Cay jad 8 oA gidall 4d Ao ganall 5 seda pladinly Gl 138 8 Ll adl
indaidiia ga Juatyl e g sl 1 ol ba WS g Jlai¥) 4l e 43 jall Gleliadll e (5 6l
O ANl Jady g-Jhatial) 4ni eliadl) 3 goa (o Lin o LS A0 5 Gl dualdd) sl (S Jla clacly Lidd g

O-Chatie 4nd oliad A o= yiall as aaill



