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Abstract:

This paper is concerned with pre-test single and double stage shrunken
estimators for the mean (w) of normal distribution when a prior estimate (u0) of the
actule value (u) is available, using specifying shrinkage weight factors wy(-) as well as
pre-test region (R).

Expressions for the Bias [B(-)], mean squared error [MSE(:)], Efficiency
[EFF(-)] and Expected sample size [E(n/u)] of proposed estimators are derived.
Numerical results and conclusions are drawn about selection different constants
included in these expressions. Comparisons between suggested estimators, with
respect to classical estimators in the sense of Bias and Relative Efficiency, are given.
Furthermore, comparisons with the earlier existing works are drawn.

Key words: Shrinkage estimator, single- stage shrinkage estimator, double- stage
shrinkage estimator, mean square error, expected sample size, efficiency.

Introduction:

Assume that Xi, Xo, ..., Xp be a using shrinkage weight factor [y(-)],
random sample of size (n) from a so that the resulting estimator though
normal  population with  known perhaps biased, has a smaller mean
variance (o) and un-known mean (p). squard error [MSE] than that of (f)
In conventional notation, we write ) _

2 in some interval around ().
XN(.o). P ingl hrink

In this paper we suggest the re-test single stage s rinkage
problem of estimating the mean (u) estimator of () is a testimator (f1) of
when some prior information (uo) level of significance (o) for test the
regarding the mean (u) is available. hypothesis Hy :n = po against the
More specifically we assume that the hypothesis Ha :u # po using test
prior information regarding due the statistic T/ _A-p
following reasons, Thompson [1]: (/1) = oidn
1. we believe that (uo) is close to the If Hy accepted we feel comfortable in
true value of p, or using the prior information (pg) with

2. we fear that, (uo) may be near the

(1) in estimati ing shrink
true value of (w), i.e.; something bad (M) In estimating () using shrinkage

happens if (i) approximately equal to weight factor y; (1) ; 0 <y (A1) <1.

(1o) and we do not known about it. ie; i=y,()a+0-w,(@Wly, ---1)
In such a situation it is natural to however, if Ho is rejected, we suggest

start with the MLE (j:L) of pu and modify shrinkage estimator using

modify it by moving it closure to (uo)
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another  shrinkage weight factor
v2([1); 0<y, () <1.
e =y, [@a+L-y,[@)n, -2

therefore, the general pre-test single
stage shrunken estimator (PSSSE) for
the mean will be:

- :{wl(ﬁ)M[l—wl(ﬂ)]uo, if fieR,
I VA (1) TR W RV (1)) TP if igR.
..(3)

where yi ([1), 0 < wi(f1) <1Ti=1,
2] is shrinkage weight factor

specifying the belive in po which can
be a function of ﬁt or a constant. In
this paper we suggest that (]:l) =0,

) (}:l) =k [constant] and (R) is a pre-
test region.

Pre-test double stage Shrunken
estimator for the mean (u) that utilize a
prior estimate (up) is represents as
following steps:-
1.Select two positive integers (n;) and

(nz).

2.0btain a random sample of size (n;)
on x [first stage sample]. Compute
sample mean ;fll [MLE].

3.Choose a suitable region (R) around

Ho.
In this work we suggest pre-test

region.

4.If ]:ll € R, we suggest the shrinkage
estimator which is defined in (1) [here,
we suggest (L — )

¢’ o’

W, (}11) =

However, if }fll ¢ R, obtain a second
stage random sample of size n, on x
and suggest the estimator of u as the

polling of two samples mean (LAlp ).
ie; =[N0, +n,a,]/n .4

where }flz is the mean of the second

sample and n =n; + n,.

Thus, the general pre-test double stage
shrunken estimator (PDSSE) has the
following form:
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I VAR S T T
Hos =1 g, if i 2R,
Furthermore, in this paper we suggest
the following forms of (PSSSE) and
(PDSSE) respectively:-

. Ko, T aeR, (g)
Hss =9, A i A

Ki+[1-Kly, if fgR.
and

A 3

o) L i peR,
Hos = Co

[, +n,a,1/n, if (LR,
(7

where R is the pre-test region for
testing the hypothesis Hy :n = o
against Ha :n # po with level of
significance (o) using test statistic
‘i in figs  and

. fi-p
T/ )= 0
(/) oidn

1

T( /1) MM in .
G/a/n
ie.;

o o} ~
R= {Uo L ﬁu“o +Z,0 \m} for g

o o ~
orR= |:ﬂ0 L= Mo+ Lo :l for zips
Jn, N,

...(8)

Z 12 1S 100(o/2) percentile point of
standard normal distribution. For
simple notation we shall assume that
R=[a,b].

Several authors have been studied
(PSSSE) and (PDSSE) for the mean
and variance of different distributions,
for example, Thompson [1], Katti [2],
Mehta and Srinivasan [3], Pandy [4],
Waikar, et al. [5], Handa, Kambo and
Al-Hemyari [6], Al-Bayyati and
Armnold  [7], Al-Hemyari  and
Al-Juboori [8] and Al-Juboori [9].

Pre-Test Single Stage

Shrunken Estimator (PSSSE)

In this section, we suggest
(PSSSE) defined in (6) which has the
following form:



Baghdad Science Journal

Vol.7(4)2010

[Th iIf LeRr,

{kﬁw[l—k]po, if igR.
The expressions for Bias [B(-)] and
mean squared error [MSE(-)] of [l

are  represented  respectively as
follows:
Bias (fiss| 1, R) = E(fis — )

={1[—(u—uo)]+;[km—uo)+<uo—u)]}f(mu)dn
|

Hss =

= =)D T kG =)+ (1, -] -

[k(ﬁl—uo)+(uo—u)]}f(ﬁ\u)dﬁ

where R is the complement region of
R=[a,b] in real sample and f(m n) is
2

A o
p.d.f. of L~ n(u,?).

MSE(ﬂss‘ H, R) = E(ﬁss - M)Z

The previous expression will
result

B(fiss| 1.R) =%[—/1[1— k+kj,(@,b")]-kj(@,b")]

..(9)

where
i (@b :\/;_bfz’ exp(—2°/2)dz, / =0.1,2,...
TT a*
..(10)
,n@-p  nw-p)
(e) ’ (e)

(1)
a*=—-A—-2zy/2 b*:_}\""Za/Za
.(12)

and k = 0.1(0.1)0.5.

=m0+ TR0 =0 =TG-+ 1, =0T [FG 0GR

we conclude,

K2+ 22)- 22 (2K -1)-
MSE([[SSLU,R):UT K?[j,(@",b")+22j,(a",b")+ 22}, (2" ,b" )|+ |..(13)
2K A[j,(a" ")+ 4j,(a”,b")|

The Efficiency of [i. relative to [1 is
given by

MSE (0| 1)
MSE(fi|u,R)

R.Eff (fig -.(14)

wR)=

Pre-Test Double Stage
Shrunken Estimator (PDSSE)

In this section, we suggest
(PDSSE) defined in (7) as follows:

nl(ﬁl_uo)3+u , if pl ER, ..(15)
fiy=y ¢t 1

i if 0, 2R.
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where (i =[n,4, +n,0,]/n, n=n

+nyand ¢ = (2 ,2)x10°.

The expressions for Bias [B(-)]
and mean squared error [MSE(-)] of
[l are respectively given below:

Bias (fiys |1, R) = E(fl,s — 1)

{ IR Iy j,mp—ul}fm\\mda‘,

and by simple calculations, we get
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~ 1 - * % - s % 2= % * 3 * *
B(umu,m:ﬁ—{&ug(a b)+32),a"b) +34% @) + @ N -
N T
HE )~ ), 6)
+r

02

MSE (fips| 1, R) :n{;[je(a*,b*) +64j,(a’,b") +154%,(a",b") + 204%j,(a",b") +

152%j,(@",b") +62%j,(a",b") + 2°j,(a",b")] - 022/1[j3(a*,b*) +
31j,(@",b")+34%,(a",b") + 2%j,(a",b")]+ 2%j,(a",b") —

1 . r. 1
——L@,b)+——j@,b)+—7¢, (17
Gy D)yl )+1+r} 0
where r = ny/ny iv. The consider estimator [l

Also, the expressions for the Expected

sample size E(|wR) and the dominates ([1) with large sample

percentage of the overall sample saved size () in the term of MSE,
(p.0.s.s.) of [l are respectively given o e .
— <0.
as follows LILQ[MSE(“S_S) MSE()]<0 _
E(n \ i,R) = ny [1 +r(1 — jo(a*,b*)] v. Practically, the consider
...(18) estimator [l is unbiased when p =
N2 jo(@*b*)x100 ...(19) Ho
p.0.s.s. = —= Jo(a*,b*)x ia-li o —
N ie.; IJL‘{)] B(fi|u,R) =0.
The efficiency of [i, relative to [ is 2) The computations of Relative
given by ) Efficiency [R.Eff({i;)] and Bais
REff (o 1, R) = MSE(R] 1 ratio [«/nB(fi)/o] of consider
[MSE figs Ju, RYILE(| 11,R)] (o) o
...(20) estimator [l were made on
_ ) different constant involved in it
Conclusions and Numerical some of these computations are
Results: given in tables (1), (2), (3), (4) and
1. From the expressions of Bias and (5) for some samples of these
MSE of ﬂss’ the following could be constant e.g. a = 0.02, 0.01, 0.135,

k = 0.0 (0.1)0.5 and % = 0.0(0.1)1,2.

easily seen . .

) - _ The following numerical results
I B(“ss‘“’R) Is an odd from the mentioned tables were
function of A. made:-

i I\/ISE(QSS‘M,R) is an even i Relative Efficiency of [ig is
function of 1. maximum when p ~ po, and

iii. The considered estimator gss decreases with increasing value of A.

is a consistent estimator of p, ii.  Relative Efficiency of L is
i.e; maximum when the value of o is

limMSE (fis | 1, R) = 0. small.
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i.e.; the Relative Efficiency of [l
decreases with size o of the pre-test
region in neighbourhood of pu ~ po.
iii. The Bias ratio of [l are
reasnobely small when p ~ p.

i.e.; The Bias ratio decreases as A
decreases.

iv. The Bias ratio of

increases when o increases.

V. The Relative Efficiency of
[l decreases with increasing value
of k.

vi.  The Effective Interval [the

value of A that makes R.Eff. greater
than one] using proposed estimator

g is [-1,1].
3) The consider estimator [ly is

better than the classical estimator
(MLE) and the existing estimators,
for example Thompson [1], Hirano

Hss

[10], Kambo, Handa and Al-
Hemyari [6], Al-Hemyari and Al-
Juboori [8], Al-Juboori [9] and

others in terms of higher Relative
Efficiency specially at p = po.

From the expressions of Bias and
MSE of [i,. we can see the following

1) i. The consider estimator [, is

consistent of .
L.€.; 1im MSE (i,

u,R)=0-
ii. The consider estimator [l

dominates ﬁt with large sample size
I.e.;
lim[MSE(fi,,) - MSE()] <0.
iii. Estimator [l . is unbiased
when p = py.

ie.; lim B(fi|u,R) =0-
2) The computations of Relative
Efficiency [R.Eff(-)], Bias ratio
[B(:)], Expected sample size

[E(n|p,R)], Expected sample size

1436

proportion, Percentage of the overall
sample saved and probability of a
voiding the second sample were used

for the estimator [l . These

computations were performed for
n = 12, r =05, 1,24,8,12, A =
0.0(0.1)1,2, .= 0.01,0.05,0.1.

Some of these computations are
given in the tables (6), (7), (8), (9),
(10), (12), (12), (13), (14) and (15).
The observations mentioned in the
tables lead to the following results:

i.  REff(,s) are adversely
proporational with small value of a.
ii. REff(fl,s) are maximum

when p = po and decreasing with the
increasing value of A.

iii. B(}]DS) are reasonably small
when p ~ pp, otherwise B([1) will be
maximum.

iv. B([lps) are reasonably small
with small value of a.

v. REff(Hi,) and B([,s) are

decreasing function with respect to
first sample size n;.
vi. The Expected values of sample

size of }JDS is closure to n; specially

when p =~ po and start faraway
slowly with increasing of A.
vii. Percentage of the overall sample

n
saved [—2 jo(@*,b*)x100] is a
n

decreasing function of A, and has a
maximum value when p = p.

viii. R.Eff([l,s) is an increasing
function with respect to r (r = ny/ny).
3) The suggested estimator }JDS IS

more efficient than the estimators
introduced by Waikar et al. [5], Al-
Hemyari [6] and Al-Nazal [11].
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Table (1) Shownﬁ B(-) and R.Eff(-) for ﬁss w.rt.a, A, Rwhen k=0.1

O
a’" 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 2
0.01 R.Eff(-) 1194.8 93.449 24.829 11.173 6.3175 4.0567 2.8251 2.0814 1.5983 1.2669 1.0298 0.27249
: B() (0) (0.09916) | (0.19826) | (0.29727) | (0.39612) | (0.49477) | (0.59316) | (0.69123) | (0.78892) | (0.88616) | (0.98289) | (1.910)
0.05 R.Eff(-) 358.31 81.289 24.509 11.34 6.4812 4.186 2.9266 2.1628 1.6652 1.3232 1.0781 0.28823
: B() (0) (0.09719) | (0.1943) | (0.29123) | (0.38791) | (0.48424) | (0.58015) | (0.67558) | (0.77045) | (0.86472) | (0.95833) | (1.857)
01 R.Eff(-) 227.68 73.527 24.278 11.487 6.6216 4.2945 3.0095 2.2274 1.7167 1.365 1.1126 0.29543
: B() (0) (0.09559) | (0.19109) | (0.28641) | (0.38147) | (0.47618) | (0.57048) | (0.6643) | (0.75759) | (0.85031) | (0.94245) | (1.8348)
0.135 R.Eff(-) 191.51 70.075 24.165 11.567 6.6966 4.352 3.0531 2.2609 1.7429 1.3859 1.1295 0.29823
: B() (0) (0.09476) | (0.18944) | (0.28395) | (0.3782) | (0.47213) | (0.56567) | (0.65878) | (0.75139) | (0.8435) | (0.93507) | (1.8265)
n ~
Table (2) Shown 2= B(-) and R.Eff(:) for Hgg w.r.t. a, A, Rwhen k=0.2
o
A 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 2
o
0.01 R.Eff(-) 298.7 76.092 23.535 10.954 6.2748 4.0573 2.8387 2.0993 1.6177 1.2867 1.0498 0.29423
: B() (0) (0.09831) | (0.19652) (0.29453) (0.39224) | (0.48954) | (0.58632) | (0.68246) | (0.77783) | (0.87232) | (0.96578) | (1.8202)
0.05 R.Eff(-) 89.578 49.19 20.937 10.722 6.3889 4.2179 2.9904 2.233 1.7343 1.3891 1.1404 0.33091
’ B(-) 0) (0.09439) (0.1886) (0.28247) (0.37581) (0.46848) (0.56031) (0.65116) (0.74091) (0.82944) (0.91666) (1.7139)
01 R.Eff(-) 56.921 38.219 19.273 10.58 6.5047 4.3655 3.1254 2.3487 1.8322 1.4721 1.2114 0.34953
: B() (0) (0.09439) | (0.1886) (0.282471) | (0.37581) | (0.46848) | (0.54095) | (0.62859) | (0.71518) | (0.80063) | (0.8849) | (1.6697)
0.135 R.Eff(-) 47.877 34.275 18.526 10.516 6.5706 4.4474 3.1996 24117 1.8848 1.5162 1.2484 0.35715
: B() (0) (0.08953) | (0.17888) (0.26789) (0.3564) (0.44426) | (0.53135) | (0.61755) | (0.70278) | (0.78699) | (0.87014) | (1.6531)
n ~
Table (3) Shown ~— B(-) and R.Eff(-) for Hgg w.r.t. a, A, R when k =0.3
o
A 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 2
o
001 R.Eff(-) 132.75 57.726 21.437 10.486 6.1262 4.0015 2.8175 2.0934 1.6194 1.2929 1.0586 0.31382
: B() (0) (0.09746) | (0.19478) | (0.2918) | (0.38836) | (0.45272) | (0.57948) | (0.67369) | (0.7667) | (0.85848) | (0.94868) | (1.7303)
0.05 R.Eff(-) 39.812 29.34 16.425 9.5023 5.9994 4.0886 2.9574 2.2402 1.7598 1.4234 1.1792 0.37626
: B() (0) (0.09158) | (0.1829) (0.2737) | (0.36372) | (0.45272) | (0.54046) | (0.62674) | (0.71136) | (0.79416) | (0.87498) | (1.5709)
01 R.Eff(-) 25.298 20.967 13.873 8.897 5.9475 4.1905 3.0954 2.3783 1.8874 1.5384 1.2821 0.41182
: B() (0) (0.08678) | (0.17328) | (0.25924) | (0.34441) | (0.42854) | (0.51143) | (0.59289) | (0.67276) | (0.75094) | (0.82735) | (1.5045)
0.135 R.Eff(-) 21.279 18.276 12.856 8.628 5.9315 4.2514 3.1746 2.4567 1.9592 1.6024 1.3385 0.42724
: B() (0) (0.08429) | (0.16832) | (0.25184) | (0.3346) (0.4164) | (0.49702) | (0.57633) | (0.65418) | (0.73049) | (0.80522) | (1.4796)
Table (4) Shown+n B(-) and R.Eff(-) for llos w.r.t. a, A, Rwhen k =0.4
o
A 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 2
a
001 R.Eff(-) 74.674 43.021 18.959 9.8306 5.8864 3.894 2.7631 2.064 1.6035 1.2849 1.0557 0.32967
: B(-) ©) (0.09662) | (0.19304) | (0.28907) | (0.38449) | (0.47909) | (0.57264) | (0.66492) | (0.75567) | (0.84464) | (0.93157) | (1.6404)
0.05 R.Eff(-) 22.394 18.67 12.474 8.0578 5.4118 3.8258 2.8338 2.1832 1.7377 1.4211 1.1891 0.42076
: B() 0) (0.08878) (0.1772) (0.26493) (0.35163) (0.43696) (0.52062) (0.60232) (0.68182) (0.75887) (0.83331) (1.4278)
01 R.Eff(-) 14.23 12.79 9.8243 7.108 5.1485 3.8234 2.9277 2.3092 1.8705 1.5507 1.3118 0.47922
: B(-) ©) (0.08237) | (0.16438) | (0.24566) | (0.32588) | (0.404731) | (0.48191) | (0.55718) | (0.63035) | (0.70126) | (0.7698) | (1.3393)
0.135 R.Eff(-) 11.969 11.002 8.865 6.7164 5.0370 3.8332 2.9858 2.3839 1.9482 1.6258 1.3821 0.5063
’ B() 0) (0.07906) (0.15776) (0.23579) (0.3128) (0.38853) (0.4627) (0.5351) (0.60557) (0.67399) (0.74029) (1.3062)

1437




Baghdad Science Journal Vol.7(4)2010

Table (5) Shown+n B(-) and R.Eff(:) for flss w.r.t. a, A, Rwhen k=0.5

O
o 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 2
0.01 R.Eff(-) 47.791 32.357 16.451 9.0606 5.5765 3.743 2.6792 2.0131 1.5708 1.2632 1.0414 0.34024
: B() (0) (0.09577) | (0.1912) | (0.28633) | (0.38061) | (0.47386) | (0.5658) | (0.65615) | (0.74458) | (0.8308) | (0.91446) | (1.5505)
0.05 R.Eff(-) 14.332 12.696 9.4691 6.6729 4.7435 3.4784 2.641 2.0712 1.6714 1.3826 1.1686 0.45898
’ B(-) 0) (0.08597) (0.17151) (0.25617) (0.33953) (0.4212) (0.50077) (0.5779) (0.65227) (0.72359) (0.79164) (1.2848)
01 R.Eff(-) 9.1073 8.5004 7.0923 5.5746 431 3.3577 2.6632 2.1576 1.7852 1.5066 1.2945 0.54455
: B() (0) (0.07796) | (0.15547) | (0.23207) | (0.30735) | (0.38091) | (0.45239) | (0.52148) | (0.58794) | (0.65157) | (0.71225) | (1.1741)
0.135 R.Eff(-) 7.6604 7.2619 6.288 5.1532 4.1322 3.3131 2.6861 2.2127 1.8545 1.5809 1.3693 0.58706
: B() (0) (0.07382) | (0.1472) | (0.21973) | (0.29101) | (0.36066) | (0.42837) | (0.49388) | (0.55696) | (0.61748) | (0.67536) | (1.1327)
Table (6) Shownvh B(-) and R.Eff(-) for Ly w.r.t. a, A, Rwhenr=05
o
A 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 2
a
001 R.Eff(-) 2.105 1.6536 1.0066 0.60965 0.39313 0.27019 0.19574 0.14788 0.11556 0.092811 0.076258 0.023193
. B() (0) (0.094024) | (0.18764) | (0.28045) (0.372) (0.46184) | (0.54948) | (0.63439) (0.716) (0.79371) | (0.86687) | (1.2133)
0.05 R.Eff(-) 0.0.60156 0.5572 0.45654 0.35141 0.26638 0.20383 0.159 0.12677 0.10327 0.08582 0.072644 0.029141
: B() (0) (0.079592) | (0.15837) | (0.23552) | (0.31024) | (0.38175) | (0.44927) | (0.51207) | (0.56945) | (0.62078) | (0.6655) | (0.70238)
01 R.Eff(-) 0.36504 0.34887 0.30814 0.25836 0.2113 0.17187 0.14064 0.11646 0.09783 0.08344 0.072242 0.034841
: B() (0) (0.06723) | (0.13351) | (0.19791) | (0.25954) | (0.31753) | (0.3711) | (0.41954) | (0.46224) | (0.49868) | (0.52849) | (0.47295)
Jn Ll =
Table (7) Shown ¥ B(-) and R.Eff(:) for Hlpg w.rt.a,A, Rwhenr=1
o
A 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 2
a
0.01 R.Eff(-) 3.5272 2.4395 1.2671 0.70354 0.43356 0.29031 0.20681 0.15436 0.11944 0.095096 0.77489 0.021221
: B() (0) (0.09526) | (0.19016) | (0.28434) | (0.3774) (0.4689) | (0.55842) | (0.64545) | (0.72942) | (0.80977) | (0.88585) | (1.2695)
0.05 R.Eff(-) 0.96468 0.8564 0.64079 0.45159 0.31975 0.23272 0.17487 0.1354 0.10765 0.087602 0.072745 0.025098
: B() (0) (0.083415) | (0.16605) | (0.24711) | (0.32583) | (0.40142 | (0.47313) | (0.54019) | (0.6019) | (0.65758) | (0.70661) | (0.76879)
01 R.Eff(-) 0.56204 0.52348 0.43426 0.33845 0.25892 0.19923 0.15583 0.12434 0.10124 0.084038 0.0713 0.02937
: B() (0) (0.07288) (0.1448) | (0.21479) | (0.28195) | (0.34539) | (0.40427 | (0.45783) | (0.50542) | (0.54645) | (0.58048) | (0.5353)

Table (8) shown B(-) and R.Eff() for [lgs w.r.t. o, A, Rwhenr =2

(o2
Py 0 01 0.2 03 0.4 05 0.6 07 08 0.9 1 2
o
oo | REMC | 7108 | 3760 | 15620 | 078991 | 046583 | 030428 | 021317 | 05703 | 012009 | 000453 | 007613 0'02783
! ) 8 (00965 | (01926 | (02882 | (03828 | (04759 | (05673 | (06565 | (07428 | (08258 | (09048 | o Do,
B(-) (0) ) 8) 3) ) 7 7 ) 4) ) 2) ’ )
oo | REMC | 1798 | 14511 | 001754 | 056745 | 036863 | 02532 | 08242 | 013663 | 0061 | 08378 | 00675 | o147
. ) 6 (00872 | (04737 | (02587 | (03414 | (04211 | (0.d4%69 | (05683 | (0343 | & | R | (08352
B() (0) 4) 2) ) 2) ) 9) 2) 6) -8) '2) )
REf( | 0977 | 086017 | 063133 | 043648 | 0.30395 | 021797 | 0.16155 | 0.12346 0'03696 0'02800 0.06412 0'02226
01 ) 9 (0.0785 | (01560 | (0.2316 | (0.3043 | (03732 | (04374 | (0.4961 (0.6324
05486 | (0.5942 0.5976
B() © 3) 8) 8) 7 n 3) 3) ( | ( > 7) ( )
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Py 0 01 0.2 03 0.4 05 06 07 08 09 1 2
o
oo | REMC [ 7108 | 3769 | 15620 | 078091 | 046563 | 030428 | 021317 | 015703 | 012009 | 0.09453 | 0orers | OO/
i ) 8 (0965 | (01926 | (02882 | (03826 | (04750 | (0673 | (06565 | (07428 | (08258 | (09048 | (y O
B() (0) ) 8) 3) ) 7 7) ) 4) ) 2) ’ )
0o | REMC | 1798 | 14511 | 001754 | 056745 | 0.36863 | 02532 | 08242 | 0.13663 | oaoser | 08378 | 00575 g 01047
. ) 6 (00872 | (01737 | (02567 | (03414 | (04211 | (04969 | (05683 | (06343 | (o &0 | % | (08352
B | @ | 4 2 ) 2 ) 9 2 D) B B )
REM( | 0977 | 086017 | 063133 | 043643 | 030305 | 021797 | 016155 | 02346 | 0909 | 00800 | g gee1p | 002226
01 ) 9 (0.0785 | (01560 | (0.2316 | (0.3043 | (03732 | (0.4374 | (0.4961 (0.6324
0.5486 | (0.5942 0.5976
BO | © 3 8 8 7 1) &) 9 | ¢ n |
) 2) 4)
fn ~
Table (9) Shown~— B(:) and R.Eff(-) for g w.r.t.a, A, Rwhenr=4
o
Py 0 01 0.2 0.3 0.4 05 0.6 07 08 0.9 1 2
3
0oL | REf | 16265 | 53531 17718 | 083384 | 047617 | 03049 | 021026 | 015263 | 011498 | 008908 | 0070523 | 0.013345
: B() ©0 | (09749) | (0.1947) | (020134) | (0.3871) | (0.48162) | (0.57452) | (0.66534) | (0.75358) | (0.8387) |  (0.92) (1.3706)
oos | REfO | 36239 | 23022 1.1783 06325 | 03793 | 024731 | 017132 | 012415 | 009314 | 0.07185 | 0056732 | 0.013341
: BE) © | (0.000207) | (0.17987) | (0.26798) | (0.3539) | (0.43684) | (0.51608) | (0.59082) | (0.72382) | (0.7238) | (0.7806) | (0.8883)
o1 | REMC) | 1773 1.382 082757 | 04916 031 020771 | 014634 | 010737 | 0081439 | 006353 | 0.0507886 | 0.014956
: BO) © | (0083052 | (0.16511) | (0.24518) | (0.3223) | (0:39553) | (0.46396) | (0.52676) | (0.63244) | (6.3244) | (0.67406) | (0.64751)
/n ~
Table (10) Shown=— B(-) and R.Eff(-) for s w.r.t. a, A, Rwhenr =8
(o2
P 0 0.1 0.2 0.3 04 05 0.6 07 08 0.9 1 2
(3
oo | REMC | 3843 | 64383 | 18282 | 082476 | 046045 | 028945 | 019598 | 013048 | 0.10285 | *O7783 | 00808 | 00881
i 3 8 | (00%15 | (01960 | (02334 | (03899 | (04853 | (05793 | (06712 | 7607 | (o Zor | (oo 81
B() © ) 8 2) 8) 9 ) 3) 3) P > (1.4006)
oo | REMC [ 7.000 | 32839 | 12407 | 059663 | 033722 | 021086 | 0.14102 0'02894 0'073200 0'052395 0'0‘23143 0'02815
5 Bz ) ((1)) (0'0?234 (0_5539 (0'2)741 (0'3)622 (0.1;173 (0'5)288 (06058 | (06776 | (07434 | (08025 | (0.9237
3) ) 4) 3) 5)
REM( | 5007 | 1879 | 086867 | 04492 | 02619 | 016652 | 011268 | 007992 | o.0sggs | 003409 | 00387 ) 000900
0.1 3 : (0.08506 | (01711 | (0.2541 | (03342 | (0.4103 | (0.4816 | (0.5471 | (0.6061
0 06579 | (0.7017 | (0.6807
By | © 6) 3 8) b) 9 5 8 7 ( o ©e
) ) )
Table (11) Shown ¥n B(-) and R.Eff(:) for [l ¢ w.r.t. a, A, R whenr =12
o
~ 0 01 0.2 03 0.4 05 0.6 0.7 0.8 0.9 1 2
o1 | REfO) | 62247 6.668 1.7936 07957 | 043881 | 027242 | 018192 | 012751 | 0092464 | 0.068746 | 0.052105 | 0.006576
: BO) © | (0.098404) | (0.19656) | (0.29422) | (0.39108) | (0.39108) | (058112) | (0.6735) | (0.76349) | (0.85053) | (0.93402) | (1.4121)
o5 | REMC) | 10013 | 34937 1.1605 05334 | 029368 | 0.17983 0118 | 0.081311 | 0.058164 | 0042887 | 003245 | 0.0587
: BO) © | (0093121) | (0.18554) | (0.27654) | (0.3654) | (0.3654) | (05337) | (0.6116) | (0.68429) | (0.75099) | (0.81096) | (0.93737)
01 | REf() | 39066 | 19962 079549 | 03867 | 021812 | 0.13554 | 009005 | 0.062858 | 0.04563 | 0.34222 | 0.026407 | 0.00644
: B() © | (0087225 | (017344) | (0.25765) | (0.33886) | (0.33886) | (0.58845) | (0.55504) | (0.61503) | (0.66771) | (0.71245) | (0.69355)
Table (12) Shown Expected Sample Size E(n | u,R) when o =0.01 and n; = 12
4 0 01 0.2 03 0.4 05 0.6 07 0.8 0.9 1 2
0. | 120502 | 120615 | 12068 | 120797 | 120964 | 121187 | 12.0475 | 121834 | 122274 | 12.2803 | 123433 | 13.6857
5 86 24 25 58 26 9% 34 44 12 86 62 66
L | 121185 | 121230 | 12136 | 121505 | 121928 | 122375 | 122950 | 123668 | 124582 | 125607 | 126867 | 153715
72 12 5 16 52 88 68 88 4 72 2 32
o | 122371 | 122860 | ,,-o | 123190 | 123857 | 124751 | 125901 | 127337 | 120006 | 131215 | 133734 | 18.7430
44 2 : 32 04 76 36 76 48 44 48 64
L | 124742 | 124920 | .. | 126380 | 127714 | 129503 | 131802 | 134675 | 138102 | 142430 | 147468 | 25.4861
88 48 : 64 08 52 72 52 9% 88 9% 28
o | 129485 | 129840 | o | 132761 | 135428 | 139007 | 143005 | 14931 | 156385 | 164861 | 174937 | 389722
76 9% - 28 16 04 4 04 92 76 92 56
o | 134228 | 1476l | | 139141 | 143142 | 148510 | 155408 | 164026 | 174578 | 187292 | 202406 | 524583
64 44 : 92 2% 56 16 56 88 64 88 84
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B 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 2

0.5 0.66996 0.670084 0.67046 0.671097 0.67202 0.67327 0.67486 0.67686 0.67931 0.68224 0.68574 0.76032
1 0.50494 0.50513 0.50569 0.506645 0.50804 0.5099 0.51229 0.51529 0.51895 0.52337 0.52861 0.64048
2 0.33992 0.34017 0.34092 0.342195 0.34405 0.34653 0.34973 0.35372 0.3586 0.36449 0.37148 0.52064
4 0.20791 0.2082 0.2091 0.21063 0.21286 0.21584 0.21967 0.22446 0.230322 0.23739 0.24578 0.42477
8 0.119894 0.12022 0.12122 0.12293 0.125396 0.12872 0.13297 0.13829 0.144802 0.15265 0.16198 0.36086
12 0.08604 0.08639 0.08742 0.08919 0.09176 0.0952 0.09962 0.10515 0.11191 0.12006 0.12975 0.33627

Table (13) Shown Expected Sample Size Proportion E(n | K,R)/n when a =0.01

andn; =12

R A 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 2

0.5 0.66996 0.670084 0.67046 0.671097 0.67202 0.67327 0.67486 0.67686 0.67931 0.68224 0.68574 0.76032

1 0.50494 0.50513 0.50569 0.506645 0.50804 0.5099 0.51229 0.51529 0.51895 0.52337 0.52861 0.64048

2 0.33992 0.34017 0.34092 0.342195 0.34405 0.34653 0.34973 0.35372 0.3586 0.36449 0.37148 0.52064

4 0.20791 0.2082 0.2091 0.21063 0.21286 0.21584 0.21967 0.22446 0.230322 0.23739 0.24578 0.42477

8 0.119894 0.12022 0.12122 0.12293 0.125396 0.12872 0.13297 0.13829 0.144802 0.15265 0.16198 0.36086

12 0.08604 0.08639 0.08742 0.08919 0.09176 0.0952 0.09962 0.10515 0.11191 0.12006 0.12975 0.33627

Table (14) Shown Probability of Avoiding Second Sample p(z; € R)

A 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 2

o
0.01 0.990119 0.989749 0.988625 0.986707 0.983929 0.980201 0.975411 0.969426 0.962098 0.953269 0.942773 0.719039
0.05 0.950002 0.948856 0.945408 0.93963 0.931481 0.920906 0.907849 0.892256 0.874083 0.853307 0.829932 0.484009
0.1 0.900027 0.898332 0.893249 0.8884797 0.873004 0.857916 0.839602 0.818155 0.7937 0.766398 0.73645 0.361162

Table (15) Shown Percentage of the Overall Sample Saved N p(4 € R)*100
n

when o =0.01and n; =12

A 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 2
r
0.5 33.00397 32.991633 32.954167 32.890233 32.797633 32.673367 32.5137 32.3142 32.069933 31.775633 31.425767 23.967967
1 49.50595 49.48745 49.43125 49.33535 49.19645 49.01005 48.77055 48.4713 48.1649 47.66345 47.13865 35.95195
2 66.007933 65.983267 65.90833 65.780467 65.595267 65.34733 65.0274 64.6284 64.139867 63.551267 62.851533 47.935933
4 79.20952 79.17992 79.09 78.93656 78.71432 78.41608 78.03288 77.55408 76.96784 76.26152 75.42184 57.52312
8 88.010578 87.977689 87.877777 87.707288 87.460356 87.128978 86.7032 86.1712 85.519822 84.735022 83.802044 63.914578
12 91.3956 91.361446 91.257692 91.080646 90.824215 90.480092 90.037938 89.485476 88.809046 87.994062 87.0252 66.372831
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