
Journal of Kerbala University , Vol. 11 No.3 Scientific . 2013 
 

481 

 

Some Results on Fuzzy SubKS-semigroups 
 

 KSالضبابيت  بعض النتائج حول شبه الزمرة الجزئيت
 

Sundus Najah                  Assp.sajda kadhum Mohammed 

College of education 

Kufa university 
 

 

Abstracts 
        In this paper we study a fuzzy subKS-semigroups, Cartesian product of fuzzy sets in KS-

semigroups and strong fuzzy relation in KS-semigroups , and prove some results about this . 
 

 المستخلص 
 KSوالضزب الكارتٍزي والعلاقت الضبابٍت القىٌت على شبه الزمزة  KSالزمزة الضبابٍت فً هذا البحث درسنا شبه      

 وبزهنا العدٌد من النتائج المتعلقت بهذا المىضىع . 
 

1.Introduction 
       The notation of BCK-algebra was proposed by Iami and K-Iseki [1] in 1966 in the same year, 

K-Iseki [2] introduced the notion of BCI- algebra which is a generalization of a BCK-algebra in 

1965 L.A .Zadeh[3] introduced the notion of fuzzy set ,  in 1971 A. Rosenfeld [4] introduced the 

notion of fuzzy group. and in 1991 O.G. Xi[5] introduced the notion of fuzzy BCK-algebra .The 

new class of algebraic structure introduced in 2006 by K.H. Kim[6] called KS-semigroups , which 

is the combination of BCK-algebra and semigroups , in 2007 D.R Prince Williams , Shamshad 

Husain [7] introduced the notion of fuzzy KS-semigroup .in this paper , we prove some results in a 

subKS-semigroup ,Cartesian product of fuzzy sets  and strong fuzzy relation on KS-semigroups . 
 

2.Preliminary 
      In this section , we introduce the fundamental definitions that will be used in the sequel . 
 

Definition 2.1 A BCK algebra is a non empty set X with a binary operation "*" and a constant 0 

satisfying the following axiom : 

1. ((x ∗ y) ∗ (x ∗ z)) ∗ (z ∗ y) = 0, 

2. ((x ∗ (x ∗ y)) ∗ y = 0, 

3. x ∗ x = 0, 

4. 0 ∗ x = 0 

5. x ∗ y = 0 and y ∗ x = 0 ⇒ x = y, for all x, y, z   X, [8] . 
 

Remarks 2.2  

• A partial ordering ” ≤ ” on X can be defined by x ≤ y if and only if x ∗ y = 0,[7] . 
 

Definition 2.3 A semigroup is an ordered pair (S,*), where S is a nonempty set and "*" is an 

associative binary operation on S .[9]. 
 

Definition 2.4 Let X be a non-empty set.A fuzzy subset of X is a function μ : X → [0, 1] .[3]. 
 

Definition 2.5 A KS-semigroup is a non-empty set X with two binary operation ∗ and . ,and a 

constant 0 satisfies the following axioms: 

1. (X, ∗, 0) is a BCK-algebra, 

2. (X, .) is a semigroup, 

3. x.(y ∗ z) = (x.y) ∗ (x.z) and (x ∗ y).z = (x.z) ∗ (y.z),for all x, y, z X.[6],[7],[9]. 
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Example 2.6 The set  X = {0, a, b, c, d} with two binary operations "*" and "."  defined by the 

following tables: 
 

* 0 a b c d 

0 0 0 0 0 0 

a a 0 a a 0 

b b b 0 0 0 

c c c c 0 0 

d d d d 0 0 
 

X is a KS-semigroup,[7] . 
 

Definition 2.7 A non empty subset S of a KS-semigroup X with two binary operation "*" and "." is 

called a  sub ks-semigroup if it satisfies the following conditions : 

1. ,* Syx    

2. ., SyxSxy  [7],[6],[9] . 
  
Example 2.8 Let X = {0, e,f} be a KS-semigroup with the following tables: 

  

* 0 e f 

0 0 0 0 

e e 0 e 

f f f 0 

 

The subset  S={0,e} of X is a subKS-semigroup of X ,[7] . 
 

Definition 2.9 A fuzzy set   of  X is called a fuzzy subKS-semigroup of X if 

   )(),(min)(.2)(),(min)*(.1 21212121 xxxxxxxx    .[7] 
 

Example 2.10 Let X = {0, e,f} be a KS-semigroup with the following tables: 
 

  

* 0 e f 

0 0 0 0 

e e 0 e 

f f f 0 

 

The fuzzy subset   of X which is defined by  03.0)(,6.0)0(  xx  is a fuzzy subKS-

semigroup of X ,[7] . 
 

Definition 2.11 Let  X be a KS-semigroup and  μ be a fuzzy subset of X.for a fixed 0 ≤ t ≤ 1,the set 

t = {x X|μ(x) ≥ t} is called an upper level set of μ.[7]. 
 

Definition 2.12 The Cartesian product of two fuzzy sets   and   in X is defined by : 

      Xyxallforyxyx  ,)(),(min),)((  .[3] ,[7] . 
 

Definition 2.13 Let v be a fuzzy set in X the strong fuzzy relation on X is a fuzzy set 

 1,0:  XXv         defined by  Xyxyvxvyxv  ,)(),(min),( .[3] ,[7] . 
 

 Definition 2.14 Let A and B be a fuzzy sets on X ,define the fuzzy set BA  as follows : Xx  

)}(),(min{))(( xBxAxBA   , [3] ,[10] . 

  

. 0 a b c d 

0 0 0 0 0 0 

a 0 0 0 0 0 

b 0 0 0 0 b 

c 0 0 0 a b 

d 0 a b c d 

. 0 e f 

0 0 0 0 

e 0 e 0 

f 0 0 f 

. 0 e f 

0 0 0 0 

e 0 e 0 

f 0 0 f 
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Proposition 2.15 If ,  be two fuzzy set of X  and ba   such that ,]1,0[, ba then ab    , [3] 

,[10] . 
 

3.Main Results  
     In this section , we find some results about subKS-semigroup of X and fuzzy subKS-semigroup 

and Cartesian product of fuzzy sets  and strong fuzzy relation on KS-semigroups . 
 

Proposition 3.1 Let A and B be a  subKS-semigroup of X then BA  is a subks-semigroup . 
 

Proof: Let A and B are subKS-semigroup  and let ., BAyx    Then  

.

,.***

,sin,,

semigroupsubKSaisBAHence

BAxythereforeBxyandAxyso

NowBAyxthenByxandAyxso

semigroupsubKSareBAceByxandAyx














 

 

Proposition 3.2 Let A and B are fuzzy subKS-semigroup of X. Then BA  is a fuzzy subKS-

semigroup . 
 

Proof: Let A and B are the fuzzy subKS-semigroups and let BAyx ,  then  
 

           (1) )}*((),*(min{)*)(( yxByxAyxBA   

                                

   
   

 .)(),(min

})(),(min,)(),(min{min

})(),(min,)(),(min{min

yBAxBA

yByAxBxA

yBxByAxA







 

 

              (2) )}((),(min{))(( xyBxyAxyBA   

                                     

   
   

 .)(),(min

})(),(min,)(),(min{min

})(),(min,)(),(min{min

yBAxBA

yByAxBxA

yBxByAxA







  

 

Hence BA  is a fuzzy subKS-semigroup . 
 

Lemma 3.3  If   is a fuzzy subKS-semigroup of X , then Xxx  )()0(  . 
 

Proof :Let   be a fuzzy subKS-semigroup  and let Xx  so  x*x=0  for all  Xx ,therefore   

              )()(),(min))*()0( xxxxx    that is mean Xxx  )()0(  . 

Which completes the proof .  
 

Proposition 3.4 Let   be a fuzzy subKS-semigroup of X with finite Im(  ) .if ts    for  some  

tsthents  )Im(,   . 
 

Proof: Let )Im(),Im(,  wherets   is finite ,let tyandsxtsXyx  )()(.,   then 

,ts yandx   since  )1....()( txssoxthenx ttsst    , 

also )2....()( sytyy sst    frome (1) and (2)  ts   . 
 

Proposition 3.5 Let   and   be two fuzzy subKS-semigroup of X with the same family of 

levels.if Im(  ) = mtt ,........,1  and Im(  ) = pss ,....,1
 where 

pm sssandttt  ........... 2121  then  

1- pm   

2- .,.....,1 mifor
ii st    

3- If  .,....,1)()( misxthentx ii    
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Proof: (1) Let   and   be two fuzzy subKS-semigroup of X, since   and  we have the same 

family of levels then .pm   

(2) let Im(  ) = mtt ,........,1  and Im(  ) = pss ,....,1
 where 

pm sssandttt  ........... 2121
 , since   and   have the same family of levels, so first 

if we take  i=m then since  
11

........,....... sstt pm
  and by (1) we have  

pm st    now 

let 1 mi   then we have  
11 


pm st     and so on mi

ii st ,....,1   . 
 

 to proof (3)  let 
ji sxandtxtsGx  )()(.   from (2) and itx )( we have  

.)(  4.3,

)2(

,)(sin

)(

iji

sssttstt

jits

ssijis

sxthereforesscorollarybybut

thusbyeconsequenctheinand

sotxthavewexce

meanisthatssandsxthusx

jijjiiji

jj

iji

















 

 

Corollary 3.6 If a fuzzy sub KS-semigroup   and  defined on X  have the same finite family of 

levels  then  =  if and only if Im(  )=Im(  ) . 
 

Proof:  Let  =   )Im()Im()()(   Xxxx . 

Conversely let  },....,{)Im()Im( 1 ntt   

nitxandXxLet i ,.....,1)(   since    and    have the same finite family of levels  

so by  corollary 3.5 nifor
ii st ,...,1   and 

  Xxxtxtxthentx iii )()()()( . 
 

Theorem  3.7 A fuzzy set   of X is a  fuzzy subKS-semigroup if and only if for every   tt ,1,0  

is either empty or a sub KS-semigroup of X ,[7] . 
 

Lemma 3.8  Let X be a KS-semigroup and let   ,   be a fuzzy subKS-semigroup then   is a 

fuzzy subKS-semigroup . 
 

Proof:  Let   ,   be a fuzzy subKS-semigroups XXyxyx  ),(),,( 2211  then  

   

 

  

  



 

  

  

 )},(,),(min

)(),(min,)(),(minmin

)(),(min,)(),(minmin

).(),..(min

)).,..(()),).(,)(((

)},(,),(min

)(),(min,)(),(minmin

)(),(min,)(),(minmin

)*(),*(min

))*,*(()),(*),)(((

2211

2211

2121

2121

21212211

2211

2211

2121

2121

21212211

yxyx

yxyx

yyxx

yyxx

yyxxyxyx

yxyx

yxyx

yyxx

yyxx

yyxxyxyx









































 

   Hence   is a subKS-semigroup . 
 

Remark 3.9  It is important to note that the converse of above lemma is not true since if we take 

two fuzzy sets   and   such that Xxxx  )()(  . 

 the Cartesian product of   and   depends only on  .  
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Theorem 3.10 Let  X be a KS-semigroup and   ,  be two fuzzy sets in X such that   is a 

fuzzy subKS-semigroup of XX   then : 

1. either Xxallforxorx  )0()()0()(  . 

2. if )0()(  x   Xxallfor   then either )0()()0()(   xorx . 

3. if )0()(  x   Xxallfor   then either )0()()0()(   xorx . 

4. either   or   is a fuzzy subKS-semigroup of X . 
 

Proof: (1)Suppose that Xyxsomeforyandx  ,)0()()0()(  .then 

    )0,0)(()0(),0(min)(),(min),)((   yxyx   

which is contradiction .so either Xxxorx  )0()()0()(  . 
 

(2) Let Xyxsomeforyandx  ,)0()()0()(   then )0,0)((   =min )0(),0(  =

)0(   so 

   )0,0)(()0()(),(min),)((   yxyx This is a contradiction . 

Therefore  (2) holds . 
 

We can prove (3) in a similar way of (2) . 
 

(4) Since by (1) either Xxallforxorx  )0()()0()(    

without loss of generality we may assume that )0()(  x  

 it follows from (3) that either )0()()0()(   xorx if Xxx  )0()(  then  

 

 

   

 .)(),(min

})(),0(min,)(),0(min{min

),0()(),,0()(min

)),0(*),0)(((

)*,0*0)((

)*,0)(()*(),0(min)*(

21

21

21

21

21

212121

xx

xx

xx

xx

xx

xxxxxx

























 

 

 

 

   

 )(),(min

})(),0(min,)(),0(min{min

),0()(),,0()(min

)),0).(,0)(((

).,0.0)((

).,0)(().(),0(min).(

21

21

21

21

21

212121

xx

xx

xx

xx

xx

xxxxxx

























 

 

So     is a a fuzzy subKS-semigroup in X . 

 

       If )0()(  x  is not satisfied then Xysomefory  )0()(   

 and by the assumption , Xxallforx  )0()(   we have 

Xxxeixy  )()0(.)()0()()0(  . 

Therefore    )()0(),(min)0,)(( xxx    and , in the consequence  
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.)}(),(min{

)}0,)((),0,)(min{(

))0,(*)0,)(((

)0*0)(*)((

)0,*)(()*(

21

21

21

21

2121

xx

xx

xx

xx

xxxx





















 

.)}(),(min{

)}0,)((),0,)(min{(

))0,).(0,)(((

)0.0)(.)((

)0,.)(().(

21

21

21

21

2121

xx

xx

xx

xx

xxxx





















 

Which proves that   is a fuzzy  subKS-semigroup in X .this completes the proof . 
 

Theorem 3.11 Let X be a KS-semigroup   be fuzzy set Then v  is fuzzy subKS-semigroup if and 

only if  is fuzzy subKS-semigroup . 
 

Proof: Let    be  fuzzy set on X and  let Xyyxx 2121 ,,,  

 

   

   

 

 

   

   

 ),(),,(min

)(),(min,)(),(minmin

)(),(min,)(),(minmin

)(),(min

),()),).(,((.2

),(),,(min

)(),(min,)(),(minmin

)(),(min,)(),(minmin

)*(),*(min

))*,*(()),(*),((.1

2211

2211

2121

2121

21212211

2211

2211

2121

2121

21212211

yxyx

yvxvyvxv

yvyvxvxv

yyvxxv

yyxxyxyx

yxyx

yvxvyvxv

yvyvxvxv

yyvxxv

yyxxyxyx

vv

vv

vv

vv





























 

 

v  is fuzzy a subKS-semigroup . 

Conversely, 
    

Let v  be a fuzzy subKS-semigroup and XXyx ),(  then  

)0,0()*,*(),(*),(  yyxxyxyx  ,so 

XXyxyxvv  ),(),()0,0(    by lemma 3.3 , now   

  

Gxxvv

xvxvxvxxvvv vv





)()0(

)()(),(min),()0,0()0(),0(min)0( 
 

 

XxxLet 21,  So  
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
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




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


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


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