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Abstract :

in this paper we introduce the notion of semi d-ideal of d-algebra, and investigate many theorems
and examples for this notion, Furthermore we investigate many relations and theorem between
semi d-ideal and each of d-ideal and BCK-ideal.
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1. Introduction

Y. lami and K. Iseki introduced two classes of abstract algebra BCK-algebra and BCI-
algebra ([1] , [2]) .It is known that the class of BCK-algebra is proper subclass of the class of BCI-
algebra . J. Neggers and H. S. Kim introduced the notion of d-algebra , which is another useful
generalization of BCK-algebra [3], and in [4] they introduced the notation of d-ideal on d-algebra .
We introduce the notation of semi d-ideal on d-algebra and investigate relations among each of
semid-ideal, d-ideal and BCK-ideal.

2. Preliminaries
In this section we recall the basic definition and information which are needed in our work.

Definition 2.1[3]: A d-algebra is a non-empty set X with a constant 0 and a binaryoperation
satisfying the following axioms:
. x*x=0
1. 0xx=0
. x*xy=0and y*x=0 implythat x=yforall x,yin X.
A BCK-algebra is a d-algebra (X ;*,0) satisfying the following additional axioms :

V. ((x*y)*(x*2))*(z*y)=0
V. (x*(x=*y))*xy=0forall x,y,z in X.

Definition 2.2[4] Let (X;*,0) be a d-algebra and ¢ =1 < X . | is calleda d-subalgebra of X if
x*yel whenever xel and yel.lis called aBCK-ideal of X if it satisfies:

(D,) Oel

(D,) xxyeland yelimply xel.

| is called a d-ideal of X if it satisfies (D,) and

(D,) xeland ye X imply x*xyel ie, I *Xcl.

Definition 2.2[3]Let (X;*,0) be a d-algebra and x e X . Define x* X ={x*a,ae X}. X is said to
be edge if forany x in X, x* X ={x,0}.
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Definition 2.3:Let (X;*,0) and (Y;*,0) be a d-algebra. A mapping f : X —Y iscalled a
1- d-morphism if f(x=*y)= f(x)* f(y) forany x,y e X . Note that f(0), =0, [3].
2- d-isomorphism If f is a bijective and d-morphism function

Definition 2.4 [4] : A d-algebra X is called a d"-algebra if it satisfies the identity (x* y)#x = 0for
all x,yeX.

Theorem 2.5 [4] : In a d -algebra, every BCK-ideal is a d-ideal .
Corollary 2.6 [4] : In ad -algebra, every BCK-ideal is a d-subalgebra.

3. Semi d- ideal
In this section we introduce the notation of semi d-ideal on d-algebra and investigate relations
among semi d-ideal, d-ideal and BCK-ideal.

Definition 3.1: A semi d-ideal of a d-algebra X is a non empty subset F of X satisfies
i) X,yeF imply xxyeF ,
i) xxyeFandyeFimply xeF ,forall x,ye X.

Note that X and {0} are semi d-ideal for any d-algebra X .and If X is a d-algebra then every semi
d-ideal of X is a d-algebra with the same binary operation on X and the constant O .

Examples 3.2:
1) consider the following d-algebra X [3] where X ={0,1,2,3} with the following table
*10(1|2]3
0/0(0]|0]0
1(1/0(0]1
2122|010
313[3]3]0

Itis clear that F = {0,1} and M={0,1,2} are a semi d-ideal in X since (i) and (ii) are hold in both .
2)Let X ={0,a,b,c,d} with the following table be a d-algebra [5]

O |00 |O0|T
oo | OO
O |T|O|o(a

o0 |TOo0o(L

0
0
A
B
C
D

OO0 (T | Ofx

d/d|O0

Then | ={0,a} is semi d-ideal and also J ={0,a,b}, L={0,a,d}, K={0,a,b,c}, M ={0,a,b,d}
all are a semi d-ideal in X .

3)Let R be the set of all real numbers and define x*y=x.(x-y), X,y € R, where - and — are the
ordinary product and subtraction of real numbers. Then (R;*,0) is a d-algebra [3]. Let Q R be
the set of rational number then Q is an infinite semi d-ideal in R since :

i) Let a,beQ , a*b=a.(a—b)=a’—ab, since a,beQ then a*>,abeQ so a’—-abeQ

thus a*beQ.

ii) Let a*xbeQ, beQ , axb=a’—-abeQ, beQso it is clear that a° —abeQ, since abeQ
and beQ then aeQ.
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Theorem 3.3: The intersection of a family of semi d-ideal in a d-algebra X is a semi d-ideal .
Proof : Let A,ie | isasemi d-ideal of d-algebra X

let x,yeQA,then X,yeA foralliinl,

sox*ye A (since Aisasemi d-ideal foralliinl), so x*yeQA.

Now let x*yeg/\ and yeQA,so xx*yeAand ye A, foralliinl,

since A is asemi d-ideal in X for all i in 1, then xe A, for all i in I thus XGQA , and this
complete the proof. m

Remark 3.4: The union of two semi d-ideal of d-algebra X not necessary to be semi d-ideal in X as
a following example

Example 3.5: Let X = { 0,a,b,c } with the following table
0

O

O|T| |Of *
QD
O|T|O|O|®
o
T|IT| OO0

c|O

X is a d-algebra [6] , and it is clear that | = {0,a}and J = {0,c} both are semi d-ideal of X . but U]
= {0,a,c}is not semi d-ideal of X, since a*c =D that mean the condition (i) not hold .

(@]

The condition that make the union of two semi d-ideal is semi d-ideal when X is edge d-algebra and
the following theorem showing that , but before the theorem we will take an important lemma .

Lemma 3.6 : If F isasemi d-ideal in d-algebra X then O F .
Proof : since ¢ # F , then there exist xe F, hence x*x=0cFby(i). =

Theorem 3.7 : Let | and J be a semi d-ideal in edge d-algebra X then 1 W J is a semi d-ideal .
Proof : Let x,yel ulJ.

If x,yel or x,yeJ,isclearthat xxyeluJ,nowif xel and ye J, since X is edge d-algebra
x*y=0 or xxy=x, if x*xy=0 and sinceOeJ (by lemma 3.6) then x*xyeJ thus
Xxyeluld,if xxy=xthen x*xyel, thus xxyel Ul

NowLet x*yel uJ and yel U, itisclear thatif xxyelandyel or x*yeJ and yelJ
thenxelwd,nowif x*yel and yeJandy ¢ I, since X is edge d-algebra then either x*y =0
or xxy=x if x*xy=0 then x*xyeJ (sinceOeJ (by lemma 3.6)) and thus xeJ so xeluJ,
if xxy=x isclear that xelwJ. Similarly if x*yeJ and yelandyeJ we can prove that
xeluwdJ.Thus 1 UJ isasemid-ideal of X. m

Remark3.8 [3] : If (X, <) is an ordered set (poset) , then the operation * on X given by x*y =0 if
andonly if x<vy.

Proposition 3.9 : in asemi d-ideal 1'if xel and y<x then yel
Proof : it is clear that if y < x then y*x=0 thus y el (by lemma 3.6, and ii in Definition 3.1) m

Remark 3.10: Every semi d-ideal is a d-subalgebra . but the converse need not be true as showing
in following example

Example 3.11 : Let (X;*,0) in (Example 3.2 ,2) is a d-algebra so is clear that S= {0,c} is a d-
subalgebra , butisn't a semi d-ideal since b+*c=0 but b S, so the condition (ii) not hold.
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Theorem 3.12 : Every d- ideal is a semi d-ideal in d-algebra X .
Proof : let F be a d-ideal of X is clear that every d-ideal is a d-subalgebra , so the condition (i) is
hold and the condition (ii) is same condition (D,) in Definition 2.1, thus f is semi d-ideal . =

The converse of this theorem need not be true in general and the following example showing that .
Example 3.13 : Let X = {0,a,b,c} and a binary operation * is define as following table
0 b

O o0

O
o

O|T| | Of *
QD

OO0 O
o

0
It is clear that (X;*,0) is a d-algebra , and A = {0,b} is a semi d-ideal in X since (i) and (ii) are hold.
But it is not d-ideal since be A, ce X and bxc=cgAie. Fx*xX ¢ F.

The condition that make every semi d-ideal is a d-ideal , when X is edge d-algebra, and we will
prove that in the following theorem .

(@]

C

o

Theorem 3.14 : If X is edge d-algebra then every semi d-ideal in X is a d-ideal.
Proof : Let F be a semi d-ideal in edge d-algebra X, then 0 F (by lemma 3.6)
let axbeF, beF then acF forall a,be X

now let xe F, ye X, since X is edge d-algebra then x* X ={0,x}for all x e F there for
F+*X & F,thus F isd-ideal in X . [ ]

Theorem 3.15 : every semi d-ideal in d-algebra X is a BCK- ideal.
Proof : let F be a semi d-ideal in X then 0 F (by lemma 3.6) so (D, ) is hold and it is clear that

(D) is hold since it is same condition (ii) in Definition 3.1 thus F is a BCK-ideal . =

The converse of this theorem need not be true in general , i.e. a BCK-ideal need not be a semi d-
ideal as showing in the following example .

Example 3.16 : Let X ={0,a,b,c} be a d-algebra with the following table

*10la|bjc
0(0(0(0|0O
alal0|0|Db
bi{b|lc|0]|cC
c|clc|c|O

Itis clear that |1 ={0,a,b} is a BCK-ideal [5] , which is not a semi d-ideal since b*a=c that mean
the condition (i) is not hold.

The condition that make every BCK-ideal is a semi d-ideal, that when X is d”-algebra and we will
prove that in the following theorem.

Theorem 3.17 : In d"-algebra, every BCK-ideal is a semi d-ideal.
Proof : itis clear by corollary 2.6 and definition 2.2 =

The following diagram showing the relation between semi d-ideal, d-ideal and BCK-ideal.
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d-ideal
A
n edge d-algebra
v Ind-
Semi d-ideal algebra

In d”"-algebra

\ 4

BCK-ideal

Proposition 3.18 : The d-isomorphism image of semi d-ideal is a semi d-ideal.

Proof : Let f:X —Y be a function from d-algebra X to d-algebra Y , and let A is a semi d-ideal
in X,

Let x,ye f(A)then there exist tow element a,bin Asuch that f(a)=x f(b)=y, so
xxy=f(a)* f(b)=f(axb)e f(A), (since A isasemid-ideal in X).

Nowlet x*y e f(A)and y e f(A), then there exist tow element z,win A such that f(z)=xx*y,
f(wy=y,so f(zxw)=f(z)*f(w)e f(A), since f is onto, then there exist an element a in A
such that f(a)=xand f(z)=f(a)*f(w) then [f(a)* f(w)]* f(w)e f(A)there for
f[(a*w)*w]e f(A), since f isonetoonethen (a*w)*we A then ac Aso xe f(A).

Thus f (A)isasemid-idealinY. m

Proposition 3.19 : The inverse d-isomorphism image of semi d-ideal is a semi d-ideal..
Proof :: Let f: X — Y be a function from d-algebra X to d-algebra Y , and let B is a semi d-ideal

inyY,

let x,y e f*(B)then f(x),f(y)eB so f(x)* f(y)eB,then x*xye f*(B).

Now letx*ye f(B) and ye f *(B) so f(x*y)eB and f(y)eB then f(x)eB so xe f *(B)
. This complete the proof. =

Proposition 3.20 : Let f be a d-morphism function from d-algebra X to d-algebra Y , then ker( f )
IS a semi d-ideal.

Proof :
let x,yeker(f)so f(x)="f(y)=0 and f(x*y)=0,then x*yeker(f).
Now let x=yeker(f)and vyeker(f) so f(x*xy)=0 and f(y)=0, then

f(xxy)=f(X)*f(y)=0, but f(y)*f(x)=0*f(x)=0 then f(x)="f(y)=0 so xeker(f).
Thus ker(f)is asemi d-ideal. =
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