Journal of Kerbala University , VVol. 11 No.3 Scientific . 2013

Artin's characters table of the group (QzmxC>) when m=2",

heZz'
Ass .Prof. Naseer Rasool Mahmood Rajaa Hassan Abass
University of Kufa University of Kufa
College of Education for Girls College of Education for Girls
Department of Mathematics Department of Mathematics

Rajaahassanab@yahoo.com

Abstract
The main purpose of this paper is to find the general form of Artin's characters table of the

group (Qam %xC> ) When m=2" |h €Z* where Qan, is the Quaternion group of order 4m and C, is
the Cyclic group of order 2 this table depends on Artin's characters table of a quaternion group of
order 4m when m=2", heZ*. which is denoted by Ar(Q,""xC).
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Introduction

For a finite group G, let R(G) denote the group generated by z- valued characters of the group G
.Inside this group, we have a subgroup generated by Artin's characters (the characters induced from
the principal characters of cyclic subgroups) of G which will be denoted by T(G). the factor group
R(G)/T(G) which is denoted by AC(G) is called Artin's cokernal of G characters and it is a finite
abelain group of the exponent A(G) which is called Artin's exponent. Let x and y be two elements
of G, x and y are called I'-conjugate if the cyclic subgroups which they generate, are I'-conjugate in
G. this is defined at an equivalent relation on G, its classes are called I'- classes of G.

The square matrix whose rows correspond to Artin's characters and columns correspond to the

I'- classes of G is called Artin's characters table . this matrix is very important to find the cyclic
decomposition of the factor group AC(G) and Artin's exponent A(G).

In 1967 T.Y. lam [9] studied A(G) extensively for many groups.In 1970 K.Yamauchi[6] studied

2- part A(G).In 1976 G.David [3] studied A(G) of arbitrary characters of the cyclic subgroups.

In 1996 K.K Nwabuez [5] studied A(G) of p-groups. In 2009 S.J.Mahmood [8] studied the general
from of Artin's characters table Ar(Q2n ) when m is an even number.

The aim of this paper is to find the general from of the Artin's characters table of the group

(Qamx C, ) when m=2" h €Z".

1.Preliminaries
This section introduce some important definitions and basic concepts of the Artin's characters

tables, the Artin's characters table of C pe the Artin's characters table of the Quaternion group Qzm

when m is an even number, the Artin's characters table of the Quaternion group Qzm when m =2"
,heZ" and the Group (Q2mxC>).
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1.1 Definition: [7]
Two elements of G are said to be I'- conjugate if the cyclic subgroups they generate are conjugate
in G, this defines an equivalence relation on G. It is classes are called I'- classes.

1.2 Example:
Consider a cyclic group C4,=< x > such that:

1is I'- conjugate 1
Then the T'- class [1] = {1}
<x>=<x>>
Then xand x® are I'- conjugate , and [x] = { x, x*}
There is another T'- class [x?] = {x°}
So that there are three T'- classes of C4 :[1] , [x] and [X°]

In general for C ps Where p is any prime number, so that are s+1 distinct

s-1
I~ classes Which are [1], [X], [X" 1], ... ,[x P ].
1.3 Definition: [5]
Let H be a subgroup of G and let ¢ be a class function on H, the induced class function on G,
is given by :

Tk ||—|| 2. ¢ (x9x7)

where ¢ " is defined by:

. [¢h) if heH
Mh)'{o if heH

1.4 Proposition: [3]
Let H be a subgroup of G and ¢ be a character of H, then ¢'is a character of G and it is

called induced character on G

1.5 Example:

Take H=C, as acyclic subgroup of Qg the character ¢ on Cy is defined as follows : ¢ (1) =1, ¢ (x)
=0, (x) =0, ¢ x°) =0

Where o = e i

§ D= Y () - Z¢<1)
|H reQ, reQ,
= _(1+1+1+1+1+1+1+1) = % 8=2
¢ (X) = Z¢ (rxr?) =t D #(x)

| H

reQ, | reQ,

“H ‘[¢(X)+¢(X)+¢(X)+¢(X)+¢(X )+4(°)+4() + ()] = (1/4).4($(X) + $(X°)) = 0+ @’

¢'(x*) = Z¢ (rx.r) Z¢(X )
reQ, reQ,
Ifl (x)+4(x) + ¢(X)+¢(X)+¢(X)+¢(X)+¢(X)+¢(X2)]=(1/4)-8¢5(X2)=2w2
¢'(x* )— Z¢ (rx’r) z¢( x*)

reQ, reQ,
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\H\W(X )+ 9(C) + (X% + 4(X°) +(X) + (x) + () + 9] = (L/4).4($(X°) + §(X)) = @° + @
sincey, xy , Xy, Xy & C4 then ¢'(y) = ¢'(xy) = ¢'(x’y) = ¢'(x’y) =0
Hence ¢'is induced characters of Q.
1.6 Theorem:[4]
Let H be a cyclic subgroupof Gand h,, h,, ..., h, are chosen representative for

m-conjugate classes, then :

o | G(g)| . e
1- ¢'(9)= C. (g)|z o(h) if h;e HNCL(g)

2- ¢'(g)=0 if HACL(g) =¢
1.7 Example:
To find the Artin's character of C, ,there are three cyclic subgroups of C,, which are {1}, <X
> and < x* >, there are three I'-classes which are [1]={1},[x*]={x*} and [x]={x,x’}
So we have three distinct Artin's characters, then by using theorem (1.6)

| G(g)| .
AT )|Z o(h) if h,e HNCL(g)
9 (=0 if HNACL(Q)=¢.
(i if H={1}andG=C,
since H N CL (1) = {1}, then

' 2°
ol(1)= T 9 ()=21=2
since HNCL (x) =¢,then ¢/ (x)=0
since HNCL (x*)=¢,then ¢, (x*)=0
(i) if H=<x*>={1x%

2

ol (1) = 2— (1) =2.1=2, since H CL (1) = {1}

2

¢2(x) £ . p(1)=2.1=2, since H N CL (x%) = {x*}

since HN CL (X) =¢,then ¢/ (x) =0
(iii) if H=<x>={1xx°x’}

2

g03(1)—2 (1) =1.1=1, since H A CL (1) = {1}

2

go3(x) 2. p(1)=1.1=1, since H N CL (x%) = {x*}

2

P;(X) = 2 . (1) =1.1=1, since H n CL (x) = {x}

Then we get three Artin's characters ¢;, @, and ¢;.
1.8 Definition:[9]
Let G be a finite group, all characters of G induced from a principal character of cyclic
subgroups of G are called Artin’s characters of G.
In theorem (1.6) , if ¢ is the principal character , then ¢(h;) =¢(1)=1, where h;€ H
1.9 Proposition:[2]
The number of all distinct Artin's characters on a group G is equal to the number
of I'-classes on G.
Furthermore , Artin's characters are constant on each I'-classes.
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1.10 Definition: [1]
Artin’s characters of finite group G can be displayed in table called Artin’s characters table

of G which is denoted by Ar (G).
The first row is the I'- conjugate classes, the second row is the number of elements in

each conjugate classes, the third row is the size of the centralize |CG(CLa)| and the rest row

contain the values of Artin’s characters.
1.11Example:
In the Artin’s character table of C, there are three I'- classes, [1], [x] and [x] then, from

proposition (1.9) they obtain three distinct Artin's characters
And From example (1.7) we obtain the values of Artin’s characters, then the table of it as follows:

I'- classes [1] [X] [x]
|C|_a| 1 1 1
2° 2° 2°
ac,)= | |Ce, (CL,)
, 2

@ 2 0 0

?)
] 1 1 1

Table (1)

1.12 Theorem:[1]
The general form of Artin’s character table of C s when pis a prime number and s is an integer

number is given by:

1 s-1 §-2 s-3 p X
I'-classes g RS I P B DS [x"] [+
ICL,| 1 1 1 1 1 1
Ar(C ;s )= ‘Cps cL) | ps 5 s pS 5 s ; s pS
a E 0 0 0 0 0
¢ |pt| Pt 0 0 0 0
(l)é P s—2 P s—2 P s—2 0 0 0
o P P P P P 0
o 1 1 1 1 1 1
Table (2)
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1.13 Example:
Consider the cyclic group C ,,, ,To find the Artin’s character table we use theorem (1.12) as

follows : The group C,, = C , then Ar(C , )=

[ | x*]
I'- classes xXZ1 | %1 | X271 | [x%7 | [x*1 | [X]
|C|_a| 1 1 1 1 1 1 1 1
coe|2 |2 |27 [ 27 |2 7 2 | 2"
2 @, 27 0 0 0 0 0 0 0
o, 26 26 0 0 0 0 0 0
P 2° | 28 | 2° 0 0 0 0 0
@, 24 | 2* | 2¢ 2° 0 0 0 0
@' 20| 2% | 28 | 22 | 2 0 0 0
o, 22 | 22 | 22 | 22 | 22 2° 0 0
o) 2 2 2 2 2 2 2 0
®4 1 1 1 1 1 1 1 1

Table (3)

1.14 Theorem: [8]
The Artin’s characters table of the Quaternion group Q.m When m is an even number is given as
follows :

I'- classes I'- classes of C,py,
[1] | [X"] [yl [xy]
IcL,| 1 1 2 2 2 m m
A Qo) Cq, €L | 4m | 4m 2m  2m .. | 2m 4 4
rQom) =

D, 0 0

D, 2Ar(Com) 0 0

D, 0 0

D, m m 2 0

D, m m 0 2

Table(4)

where | is the number of T'- classes of Com and @ ; ; 1 < j< I+2 are the Artin characters of the

Quaternion group Qznm.
Let m=2", h €Z" then Ar(Q,m)=Ar(Q,™") and it is given by:
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I'- classes I'- classes of Cony,
| 7] M | Dol
cL,| 1 1 2 2 2 2" 2"
Ar(Q h+1)= A2 A2 AT AT AT
2 ‘Cthﬂ (CL,) 2 2 2 2 2 4 4
D, h 0 0
+1
®, ZAI’(C 2 ) 0 0
D, 0 0
@D, 2" 2" 0 2 0
D, 2" 2" 0| O 2
Table (5)
1.15 Example:
To construct Ar(Q12s) by using theorem (1.14) we get the following table :
Ar(Qu26)=Ar( Q)=
T-classes | [ | x271 | k271 | %1 | x¥1 | [x¥] | X311 DX | DI | D]
|C|—a| 1 1 2 2 2 2 2 2 64 64
‘Csz (CL,) 256 | 256 128 128 128 128 128 128 4 4
@, 28 0 0 0 0 0 0 0 0 0
@, 27 27 0 0 0 0 0 0 0 0
D, 26 26 26 0 0 0 0 0 0 0
@, 25 25 25 25 0 0 0 0 0 0
D, 24 24 24 24 24 0 0 0 0 0
@, 23 23 23 23 23 23 0 0 0 0
@, 22 22 22 22 22 22 22 0 0 0
@, 2 2 2 2 2 2 2 2 0 0
O, 26 26 0 0 0 0 0 0 2 0
D, 26 26 0 0 0 0 0 0 0 2
Table (6)

1.16The Group (Q,1XC,) [10]

The direct product group (QmXC2 ) where Q.m is Quaternion group of order 4m with tow
generators x and y is denoted by

Qam ={X*y:x®™ = y*=1,yxMy=x ™ 0=k=2m-1,j=0,1}
and C, is acyclic group of order 2 consisting of elements {l,z} .the generalized the group
(Q2m*&C;) is denoted by

(Q2mXC2) = {(a,¢):aEQzm ¢ €C; } and |Q2m*C2|=[Qzm|.|C2[=4m.2=8m
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2. The main results

In this section is to find the general form of Artin's characters table of the group (Qzm xC2 ) When
m=2" h €z*

2.1 Proposition:

The general from of the Artin's characters table of the group (Q,"™xC,) when m=2"heZ" is give as

follows:
Ar(Q"xCy)=

2Ar(Q,") 0

Ar(Q2h+1) Ar(Q2h+1)

Table (7)
Proof :
Let g € (Q2""xC,) ;g=(.1) or g=(d,2).9 €Q",1.2 € C;
Case (I):
If H is a cyclic subgroup of (Q,"**x {1}),then:
1-H=((x, 1)) 2-H=((v, 1)) 3- H=((xy, 1))

And ¢ the principal character of H, ®; Artin characters of Q" 1<j<I+2 then by using theorem
(1.6)

C m
1- q)j(g):| G(g)|2(p(hi) if h,e HNCL(Q)

|CH (g)| i=1
2- ®,(g)=0 if HNACL(g) =¢
1- IF H=((x, 1))
) Ifg=L0)
‘CQ axC (9)‘ 2" 2.2M? Z‘CQ . Q)
o, (@)="———- = A=— A= : 91)=2.0,(@1

since H NCL(L,1)={(1,1)}
(i) ifg=((x*,1),geH
‘CQZMIXCZ (g)‘ 2h+3 2.2h+2 Z‘CQZM (th )

R = 1= 9(g) =20, (x*
Cy (9) 7o) Cu(@)  [Cu(a) ‘%(th) 0(9) =2.2;(x")

q)(j,l)(g):
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since H NCL(9)={g},¢(g)=1
iy ifgz(X +1).0eH

‘CQM .. (g )‘ o2

®1(9) = C..(a) (p(9) + (9~ ))—|CH(g)|.(l+1)=

9 oh+l Z‘C

i (1 1) Q2h+1 (q)
1+1) =
C.i (9)]

C(x) (q)|

| (p(9) + (9 7)) =2.2,(a)

since HNCL(g )={g,¢ "} and ¢(g)=¢(g *)=1,0=(q.1),9€ Q;""* and q#x*

(iv) ifgeH
Dy (g)=20= 2.0, (q) SinceHNCL(g)=¢

2- IF H=((y, D) ={(L.1),(y.1),(y D.(y*. 1)}
(i)  Ifg=(1,D) HNCL(1,D)={(1,I)}

RL

(i) If g=(x¥,1)=(y’1) and ge H

‘Cthxcz( )‘ 2h h
Foe ) ) =821 00 20,0
Cu (@) .

Since HNCL(g)={g} ,¢(9)=1
@) If g;ré(x2h , 1) and ge H,i.e.{g=(y.!) or g=(y*,)}

D ,15(9) = 1=22"=20,,0)

D15 (9) =

® 4.1, (0) oy 9) (0(@)+0(g™) = >.A+1) =22 = 2.D,,(y)
1+1,1 =T~ + = Ut =cc=2D,
a1y (9 C.() »(9)+¢(9 1 y
since HNCL(g )={g.g"'} and ¢(9)=¢(g *)=1
Otherwise
D (9)=0 since HNCL(g)=0
3-IF H=((xcy, 1)) ={(L1,1),(xy, 1), (xy) % 1)=(y* D.((xy)%, D=(xy*, )}
(i)  Ifg=(1,]) HNCL(1,D)={(1,1)}
@ (g)zM (g)—82h 1=22"=2.0,,()
(1+2,1) |CH( )| - & — &2
(i) If g= (x¥,1)=((xy)2)=(y*1) and ge H
‘ 2“1C2(g)‘ 82h h 2"
(HZl)(g)_W »(9) = 1=22 :2.<1),+2(X )

Since HNCL(g)={g} , ¢ (9)=1
(i)  If g# (x2h ,1) and ge H,i.e.{g=(xy,I) or g=((xy)3,)}
Co,,e, (@)

Cy (9)]

since HNCL(g )={g,g"} and ¢(9)=¢(g *)=1
Otherwise

D, (9)=0 since HNCL(g)=¢
58
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Case (1D):
If H is a cyclic subgroup of (Q,"!x {z}),then:
l-H:<(X, Z)) 2- H:((y) Z)) 3- H:<(Xy, Z))

And ¢ the principal character of H, ®; Artin characters of Q1< j<1+2,
then by using theorem (1.6)

Cs(9)| & .
1- ®,(9) = |C T )|Z o(h) if h,e HNCL(g)
2- @,(g)=0 if HNACL(g) =¢
1- IF H=((x, 2))

Q) If g=(1,1) or g=(1,2)
Coc, (@) o3 5 o2 2c,,, @
Y 9(9) = 1= 1=

Cu @ 1) Ch @ 1) ‘c«xm @n) 2‘c<x> |
since H NCL(g)={(L,1),(1,2)}

() ifg=@Nor g=(x",Nor g=(x*,2)or g=(2),geH
if g=(1,1)or g=(1,2)

\CQZMXCZ (g)\
Cyi (9)]
o o 2C,,, @)

Cul@™ [cpm@  2c,

if g=((x*, 1)or g=(x*,2),geH

\C axc, (9)

ea@

since H NCL(9)={g}, » (9)=1

(i) if {g£(x* ,or g=(x*,2) hgeH

D2 (9) = p) = D, @

D (9) = -p(g) =

(1) = @; (1) since H NCL(9)={g}, » (9)=1

2h+3 2.2h+2 B Z‘C:szr1 (X2 )

A= A= o(xX Y= (x¥
C@™ @l 2e, ) o(x*) =@ (x*)

() =

(] 2)(9)

h+2

Co,c, (@)
D »(9)=———(0(9)+0(g™)) =

Cul0) S

2 2h+1 Z‘Cth 1 (q)

- (A+1
o e @

since HNCL(g )={g.¢"} and ¢(9)=0(9 )=1,9=(.2).9€ Q."" and g#x”

(iv) ifgeH

®;,(9)=0 SinceHNCL(g)=¢

2- IF H=((y, D) ={(LD.(.D.0°D.0° D). (L2). (0:2).0°2).(y* )}

Q) If g=(1,I) or g=(1,2) HNCL(g)={(1,I),(1,2)}

‘CQZMXcz( )‘ 8. 2h
O A

| (p(9) + (g ™) =2;(a)

1= 2h = '(Dl+l(1)

D .1, (9) =
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(i) If g=(x¥,1)=(1),(y%z) and ge H

Co. .xc, (9) g.on
D ,12(9) = % p(9) = 8

Since HNCL(g)={g} , ¢ (g)=1
(iii) If g#(x*,1)and g€ H,i.eg=(y.1),(v.2) or g=(*1),(y*2)}

Co,.e,(9)

P1an (0= = 0(0) +00 ) — A =2-0,,()

since HNCL(g )={g,g"} and ¢(g)=¢(g *)=1
Otherwise

D.12(9)=0 since HNCL(g)=¢
3.IF H=((xy, 1)) ={(L.1), (xy, 1), ((xy)%. D=0y, D, ((xy)* D=3y 1),(1,2), (xy,2),((x¥)*,2),
((xy)".2)}

'1= 2h = (DI+1(X2h)

(1) If g=(1,1) or g=(1,2) HNCL(g)=1{g}
C ne1%Cy (9) h
D (9) = %-«p(g) 22 1-2 -0,
(i) If g= (x*,1)=((xy)2D=(y21) ((xy)? 2) and g€ H
C 01%Cy (g) h h
D112, (9)= %'(p(g) = %'1: 2" = D, (x*)

Since HNCL(g)={g} , ¢ (9)=1
(i) If g# (x¥ 1) and g€ H i.e.g={(xy.).((xy)*),(xy.2).(x)°.2)}

‘CQZhAXCZ (g)‘ a 8
D122(9) = ca@ (P(@)+9(g 7)) =5 (U] =2=D,(xy)

since HNCL(g )Z{g,g'l} and ¢(9)=¢(g 'l)=1
Otherwise

® ., (9) =0 since HNCL(g)=¢

2.2 Example:
To construct Ar(Q128%C>) by using proposition (2.1) we have

1. @gy(X )=20(x"); X' €Qam when m=2" |heZ*,d;1)(y,)=2D;i(y), ®(1)(Xy,1)=2D;j(xy) and

®(;,1)(9)=0 otherwise ;g€(Q2mxC>) when m=2" hez".
2. DX, 1)=D;(x"); X' €Qzm when m=2" |heZ" d2(y,)=®;(y), D.1y(xy,1)=D;(xy) and
D 2(X,2)=Dj(X); X' €Qom When m=2" heZ* @ 2(y.2)=Dj(y), D 1)(xy.z)=Dj(xy)
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Then Ar(Q,'xC,)

o |lo |o |o |o o |lo |o |o |o |o |o ISEIN
o |lo |o |o |o o |lo |o |o |o |o |o ~ o
o |lo |o |o |o o |lo |o |o |o |o |o o |o
o |lo |o |o |o o o |o |o |o |o |o o |o
o |lo |o |o |o o |lo |o |o |o |o |o o |o
o |lo |o |o |o o o |o |o |o |o |9 o |o
o |lo |lo |lo |o o o |lo |o o |§ |8 o |o
o |o |lo |o |o o o o o |& IS |8 o |o
o |o |o |o |o o lo |lo |8 |g |y |9
N |© |m |+ < (=
© |o©
© |o
< | |©
o |o |o |o |o © o v & B |8 |4 S S
o | |o |o |o |o |o o |«
o |lo |o |o |o
<+ |o |o |o |o |o |o ~ (o
o |lo |o |o |o
o o |o |lo |o o |o
o |lo |o |o |o o |o
o o |o |lo |o o |o
o |o |o |o |o o |o
© o o |o |lo |o o |o
o |lo |lo |o |« o |o
~ o o o |lo o |9 o |o
o |lo |lo |m |« o |o
NI
© |l¢ |a o o |lo |o | |9 o |o
o © | |—= o |o
©
< | |©
© Yy ¢ | | © © & |m |« o |©
© | |—= o |o
© | © |o ©
< | |©
re B IN] N N o |&
¥ | |© S | |- < |
R T Y- S B T =1 AR A — © |[©
© | © |0 |© |o
< | |© < | |©
o N SN [N e k1 < |
S e T LR O N R SV R L RO A © |[©

Table (8)
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