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Abstract:

The aim of this paper is to prove some results for equivalence of moduli of
smoothnes in  approximation theory , we used a"non uniform” modulus of
k

smoothness @ (f,t) = sup Ap(F,%)

O<h<t

and the weighted Ditzian —Totik moduli of

p
k

smoothness  @!, (f,1) = suply ()’ A, (f,X)

O<h<t

in L,[-11,0< p<ooby spline

P

functions ,several results are obtained .For example , it shown that ,for
anyl<¢g<r+1, 1< p<ow the inequality
9 '@y, (8©,9), ~@}(S,3), 1<v<min[g,m+1] s satisfied finally, similar

result for chebyshev partition and weighted Ditzian —Totik moduli of smoothness are
also obtained.

Key words: Univariate splines , moduli of smoothness , *"'non uniform" modulus
of smoothness , weighted Ditzian —Totik moduli of smoothness.

Introduction:

Equivalence moduli of smoothness degree<r on each
was proved by Hu and Yu [1] and by subintrrval[Z,,Z,.,]
Hu [2] for uniform and quasi-uniform Usually piecewise polynomials from

partition , respectively. In fact , if we
set m=k-1, then corollary (1.5 )
(with an additional restriction k <r )

S,(Z,) are called "splines” if they
possess continuous (r —1)st derivatives

becomes theorem 1 in [2] ,also in the .We emphasize that if S S, (Z,) and
case k=r+1 and m=r-1 , meN then S™ €5, mo(Z,) and
corollary (1.5 ) follow from theorem 2 m . ’
Of[2] S =0 ae ifm>r+1.

A function S is called a spline if :

[3]

1- the domain is an interval [a,b].
2- S,5°,5"...,S“® are all continuous

Now a moduli of smoothness
are intended for mathematicians
working in approximation theory
,numerical analysis and real analysis

function on [a,b] .Measuring the smoothness of function
3- there are point (the knot of S)such by differentiability is too crude for
that a<Z,<Z,<..<Z,,<Z,=b many purposes in  approximation
and such that S is a polynomial of theory . more suitable measurement are
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provided by moduli of smoothness.

[4]

L,(J),0< p<oo , denotes the space
of all measurable function f on J

Such that| f ||
p(J)
The kth symmetric of f is given by

<00 .,

zk:(—l)“mf (x+iB) if [x,x+kg]c[a,b]

A;(f,x,[a,b]):

0 other wise

then the kth "non uniform" modulus of
smoothness of f el [-11]0<p<oo

is define by
_k
@, (f,t)=sup|As(f,x)
O<h<t b
Where
B =B(x,h) =v1-x"h+h? ¢(x) =v1-x*
and
The weighted Ditzian -Totik

moduli of smoothness of a function

f el [-11],0<p<oo is define by
_ k

W(-)VAhy/(.)(f1X) ,[5]

p

@y, (f,t)=sup

O<h<t
Where y(X) = v/1-x°

A
Z,={Z,,..2,}=
-1<Z,<Z,<..<Z,,<Z,=1 of
the interval [-11] denote the scale of
3, %1
9
with

partition

parition Z, by -z )=max

where Jj=[Zj,Zj+l
Z,=-1j<0and Z; =1 j>n.

Auxiliary results
The following properties of the moduli
of smoothness are well known[6],[7]
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Q) for
fel,(J),0<p<oo,wehave

0 (1.13), <2 P, (1.4,3) keN
2.1)

(id)

o,(,24,3), <Clk, p)(a+D "™

a)k(f ita\])p,/l > 0

(2.2)
(iii) suppose that
fel,[-11]0<p<o and k,uzeN

then

gt e fo(k,A oy (f,n )]
f, )b <
2 HJ')"<{c(k,u,p)wf(f,nl)s
(2.3)
Lemma 1 (Whitney::s

inequality ). [8 ]
For any f el [a,b],0<p<o such
thatq, , € IT, , such that

|| f— qk*l”Lp[a,b] < C:a)k (f '[a’ b])
2.4)

Lemma .2
For any polynomial
q. €Il, ,0<p<oo and intervals |

and Jsuch that | < J we have
)

{ <

1
|J|p <
Ly(2)

~

(v)
Qr L)

(2.5)

0<v<r
L, (D)

C(r,|J||I|, p)9["[a,

The main result
The following theorem is not satisfied
forall fel,,0<p<oo but satisfied

for spline functions

Theorem .1 (local estimates)
Let SeS, (Z,),reN and

J=[2, ,Zy,] with M, =M, <c, for
some constant c,

if z, =u>

ifz, =t,
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Then for 1<¢<r+1 0<p<oo we
have

@},(5.9), <c(r.0.c, PP @ (S.9),
forall v=12,...,¢.
proof:

Every where in this proof g, , denote a

polynomial

of degree
<k-1s|s—q,_ k
-0l ook

(2.4)

for any 1<v<g¢. denoting s, :%i
and using [(2.5),[7 ] ] we have
‘Akh_v (s™,x,J )‘ < ‘Z“p‘v (s™,x,J )‘ since
w(';(f,t) za);(f,t)o0

= |87 (s ~ 0%, )

<2¢Vs™ — gl
L ()
<C(k) max [s™ —q)
M, < j<M,—1 k-1 LOO(J J)

1
<crp)maxy [ "o, —acd (g
p

b
<C(r,6,c,, p)‘J j‘ s — 0y

L))

1
<C(r,0,6,, P);| P a)(s.9),.

Corollary .2 (equivalaence of
moduli of smoothness)

Let SeS,(Z,)()C"[-11reN and
J=|z,..Z,, | with M, -M, <c, for
some constant Co

Then for 1<¢<r+1 1<p<oco we
have
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9 '@y, (s©,9), ~@}(S,9),,
1<v < min[g,m+1]

Equivalaence constants above depend
onlyon r,é,c,.

that
J j‘ and

Suppose
Orax = Opex (Z,,) = MaX
5min (Zn) :\min
VA

0<j<n-1

J.

]

we say that
. Is A-—quasi if
A=35,../6. 1sbounded by a constant

independen of n, and denote such
partition by u; , if Z, =u’ then

0<j<n-1

uniform

0Z)<A

Therefore &, ~ 5, ~N~"  with
Equivalaence constants  depending
onlyon A.

Theorem.3 (quasi uniform
partition)

Let u®, neN be a quasi uniform

partition ~ of  [-11] and let
SeS, (ul),reN then for any
1<p<r+1, 0<p<owo we have

@y, (S, nh), <c(r,A p)n'm;(S,n),
forall v=12,..,4.

proof

Since u’ is a A- quasi uniform
Srax ® Oin = || =07 for all
0<j<n-1 with equivalence
constants depending only A .
Using (2.2) we have
R

<CA PTG, ),
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Now , for any 0<,B<5m%

xeJ;0<j<n-1 such that
N (5™, x)#0

All point
X_(¢_V)'B 0<i<¢g-v are

Lip
either in J, lUJ or J;(JJ

j+l

NI AT

sup [0

03ﬁ35m% '

= sup Z k(¢ V)(S(V) )
0£ﬂg5m%’ - P
<2
sup  S[EEVW, o, oy

Lp(‘]rlUJJ)

osﬂg%% =0

n-1
<2> @,V 3,430
j=1

n-1 -vp
<cr,apYL.Ud| @59,.U3)8
j=1
n-1

<C(r, A p)n™> @y (s, HU‘]J)E

j=1
<C(r,A p)n™@y(s,n )P,
Where the last inequality follow from
(2.3)

Corollary .4

Let u®, neN be a quasi uniform
partition of [-11] and let
Se

S,(uM)C -1 reNoO<m<r-1

then for any 1<¢<r+1 1<p<owo
we have
V@, ,(SY.n"), @, (S,n?),,
1<v < min[g,m+1]
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Equivalaence constants above depend
onlyon r,A..

Let Z, is a chebyshev partition
, f Z =t =()., where
ti=cos((n HiT ),0<i<n.

Theorem.5 (chebyshev knote)

Let t, be a chebyshev partition of
[-11] if seS,(t,),reN then , for
any 1<y <r+1 0<p<1l we have
@, (S, n M), <c(r,p)n'm, (S,n7),
forall 1<v<y.

Proof:

let
denote

Chebyshev
= [tjf?:(yHV) 'tj+4+3(1//7v)] )
and , foreach 0< j<n-1

q; €ll,,, be
st) _quLp(Jj) <Cwm,,(s".J)),

knote:
J

J jp-v

Let

Jip-v

such that

[6 ], and we assume that q; =0 if
v =y . Then using theorem 3.1 and the

inequality w(X) < n‘Jj‘, xed;,w
have
a)w,\,'\,(s(v),nfl) - sup l//vAk_V(S(v),.>{

k ’ 0<h<n—1 hy D

n_

sup Vs )
0<h<n—1j: W Lp(‘]j)
< vap JJ‘Vp

sup ‘w"Ak Vst - )H
O<h<n—1 hy j Lp( ] j)

w53 Pl _
<C(k,p)n® ¥ ‘Jj‘ H
1=0 L))

W=l WP v
<C(k, p)n” ng\J,-\ o, (™. 35),
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