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Abstract Article Info. 

The ground-state properties of exotic 18N and 20F nuclei, including the 

neutron, proton and matter densities and related rms radii are investigated using the 

two-body model of [Core +  n] within Gaussian (GS) and Woods Saxon (WS) 

wave functions. The long tail is evident in the computed neutron and matter 

densities of these nuclei. The plane wave Born approximation (PWBA) is used to 

calculate the elastic form factors of these exotic nuclei. The variation in the proton 

density distributions due to the presence of the extra neutrons in 18N and 20F leads 

to a major difference between the elastic form factors of these exotic nuclei and 

their stable isotopes 14N and 19F. The reaction cross sections for these nuclei are 

investigated using the Kox and Glauber models. Furthermore, the Glauber model is 

employed to calculate the matter rms radii of these exotic nuclei. The calculated 

results for the selected exotic nuclei are in a good agreement with the experimental 

data.          
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1. Introduction 

Due to their exotic properties, studying exotic (halo) nuclear structures at the 

proton and neutron drip lines has become a hot subject in modern nuclear physics [1-

5]. The halo effect is caused by the last few nucleons' low separation energy and 

occupation of states with ℓ =0,1 which allows the halo nucleon wave functions to 

extend to large matter radii [6].  Studying the halo structure is very useful for 

understanding the nuclear structure in both theories and experiments. Because halo 

nuclei have a short lifetime, they should be investigated by radioactive beam facilities 

[7]. Few body models can be used to represent the halo nuclei, which are considered 

to be produced by coupling a compact core with a few weakly bound nucleons. As a 

result, the halo systems can be divided into two types: the two-body system, in which 

one valence nucleon surrounds the nucleus core, likely the one neutron halo 19C; and 

the three-body halo, in which two valence nucleons surround the nucleus core, likely 

the two-neutron halo 14Be [8]. 

 Abdullah [9] investigated the ground state in the (6He, 11Li, 12Be, and 14Be) halo 

nuclei using a three-body model (Core + 2n). The neutron density and predicted 

matter density for these nuclei demonstrate the characteristics of the long tail. The 

computed values for the density of matter were in good agreement with the 

experiment results. Abdullah [10] has investigated the ground state features such as 

the proton, neutron, and matter densities and the rms nuclear radii of unstable neutron-

rich 14B, 15C, 19C, and 22N nuclei using the cosh potential radial wave functions within 

the two-body model of (Core + n). The obtained results showed that the cosh potential 

radial wave functions of the two-body model are capable of reproducing neutron halo 

in these nuclei. 
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In this work, the Gaussian (GS) and Woods-Saxon (WS) wave functions within 

the two-body model (TBM) of [Core +  n] were used to investigate the properties of 

the ground state for exotic 18N and 20F nuclei, including the neutron, proton and 

matter densities, and the corresponding rms radii and elastic form factors. The Kox 

and Glauber models were used to investigate the reaction cross-sections (σR) for 

these nuclei. 

2. Theory 

The matter density ρm(r) of halo nuclei can be obtained by adding the core 

density ρc(r) and the valence density ρv(r) [11]: 

ρm(r) = ρc(r) + ρv(r)                                                                                                         (1) 

 

       The GS and WS techniques were employed in this investigation. Both core and 

valence densities in the GS technique are described by the Gaussian wave functions 

[11]: 

 

ρc(r) = Ac
1

(√πac)
3 e−r2/ac

2
                                                                                                       (2) 

ρv(r) = Av
1

(√πav)
3 e−r2/av

2
                                                                                                      (3) 

ρm(r) = Ac G3(ac, r) + Av G3(av, r)                                                                               (4) 

G3(ag, r) =
1

(√πag)
3 e−r2/ag

2
 ;    g ≡ c, v                                                                                 (5) 

where G(3) is the Gaussian function; 

∫ G(3)(ag, r)dr⃗ = 1                                                                                                                (6) 

In the WS technique, both core and valence densities are described by the WS 

radial wave functions obtained from the radial part solution of the Schrödinger 

equation with WS potential [12]: 

ℏ2

2m

d2Rnℓj(r)

dr2
+ [εnℓj − V(r) −

ℏ2

2m

ℓ(ℓ+1)

r2
] Rnℓj(r) = 0                                                      (7) 

where: m, εnℓj and V(r) are the reduced mass, single-particle binding energy (ε)  and 

the core potential, respectively. V(r) can be written as [9]: 

 

V(r) = V0(r) + Vso(r) L. S + Vc(r)                                                                                       (8) 

where V0(r), Vso(r) and Vc(r) are the central, spin-orbit and Coulomb (for protons 

only) potentials, respectively, which take the following forms [9]: 

V0(r) =  
−V0

1+[e(r−R0)/a0]
                                                                                                             (9) 

Vso(r) = Vso
1

r
[

d

dr

1

(1+e(r−Rso)/aso)
]                                                                                      (10) 
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Vc(r) = {

Ze2

r
                                 for     r > Rc 

Ze2

Rc
[

3

2
−

r2

2Rc
2]              for     r ≤ Rc

                                                                  (11) 

Vc(r) = 0 for neutrons. 

ρm(r) in Eq.(1) can be written in terms of neutron ρn(r) and proton ρp(r) densities 

[13]: 

ρm(r) = ρn(r) + ρp(r)                                                                                                         (12) 

where  

ρn(r) = ρn
c (r) + ρn

v(r)                                                                                                          (13) 

ρp(r) = ρp
c (r) + ρp

v(r)                                                                                                          (14) 

where ρn
c (r) (ρp

c (r)) and ρn
v(r) (ρp

v(r))  are the core and valence neutron (proton) 

densities, respectively. The neutron (rn), proton (rp), core (rc) and matter (rm) rms 

radii are given by [9]: 

 

rg = 〈rg
2〉1/2 = [

∫ r2ρg(r)dr

∫ ρg(r)dr
]

1/2

                    g = n, p, c, m                                                (15) 

The elastic form factor is given as [14]: 

F(q) =
4π

Z
∫ ρp(r)j0(qr)r2dr

∞

0
                                                                                            (16) 

 

The Kox and Glauber models have been used to investigate the reaction cross 

sections for these nuclei. The  σR  in the framework of the Glauber model is given as 

[15]: 

σR =  2π ∫[1 − T(b)]b db (1 −
Bc

Ecm
),                                                                           (17) 

where T(b) is the transparency function. In the Optical Limit Approximation (OLA), 

the T(b) is written as [16]: 

  

T(b) =  |Sel
OL(b)|

2
                                                                                                                   (18) 

Sel
OL(b) = exp[iOPT(b)]                                                                                                         (19) 

OPT(b) = ∫ dR3
∞

−∞
∫ dr1 ∫ dr2ρP(r1)ρT(r2)fNN(|R + r1 − r2|)                                 (20) 

The σR in the framework of the Kox model is given as [17]: 

 

σR(E) =  π r0
2( Ap

1
3⁄

+ At

1
3⁄

+ a
Ap

1
3⁄

At

1
3⁄

(Ap

1
3⁄

+At

1
3⁄

− C(E) )2 (1 −
Bc

Ecm
)                                 (21) 
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3. Results and Discussion 

The GS and WS wave functions within the TBM of  [Core +  n]  were utilized to 

investigate the ground-state characteristics of exotic 18N (Sn=2.828 MeV, τ1/2=619.2 

ms) and 20F (Sn=6.601MeV, τ1/2=11.163s [18,19] nuclei, including ρn(r),
ρp(r) and ρm(r) distributions, related rms radii and elastic form factors. σR for these 

nuclei was investigated using the Kox formula and OLA of GM with the single-

particle HO wave functions. 

The analysis was performed assuming 17N (Jπ, T=1/2-, 3/2) and 19F (Jπ, T=1/2+, 

1/2) cores plus one valence proton structure for 18N (Jπ, T=1-, 2) and 20F (Jπ, T=2+,1), 

consecutively. The core and valence densities in the GS technique were described by 

the Gaussian functions. In the WS technique, both core and valence densities were 

described by the WS radial wave functions. The configurations of the 17N and 19F core 

nuclei are: 

                              {(1s1 2⁄ )
4

, (1p3

2

)
8

 , (1p1

2

)
3

, (1d5 2⁄ )
2

}  

and 

                                {(1s1 2⁄ )
4

, (1p3

2

)
8

 , (1p1

2

)
4

, (1d5 2⁄ )
3

}  

 

consecutively. It was assumed that the valence neutron of both 18N and 20F occupied 

the  2s1 2⁄  orbit.  

Table 1 displays the WS parameters and GS size parameters (ac, av) used in the 

present work. Tables 2 and 3 present the calculated and experimental results of 

rn, rp, rc, and  rm for the exotic 18N and 20F nuclei. The calculated ε for the selected 

exotic nuclei is displayed in Table 4. 

Table 𝟏: The WS parameters and 𝑮𝑺 size parameters. 

Nuclei 
V0 (MeV) Vso  

(MeV) 
a0 = aso  

(fm) 
r0 = rso 

(fm) 
rc 

(fm) 
a(fm) 

Core Valence ac av 
18N 62.532 44.260 6.0 0.742 1.296 1.399 2.03 4.15 
20F 58.137 42.110 6.0 0.532 1.286 1.386 2.09 4.57 
14N 70.962 6.0 0.715 1.319 1.431 2.017 
19F 62.515 6.0 0.538 1.282 1.392 1.758 

 
Table 2: The calculated 𝒓𝒑 𝒂𝒏𝒅  𝒓𝒏 for 18N and 20F. 

Nuclei 
〈rp

2〉1/2 〈rn
2〉1/2 〈rn

2〉exp
1/2

 

 [20] GS WS GS WS 
18N 2.48 2.54 2.92 2.91 2.89 ± 0.04 
20F 2.61 2.63 2.98 2.96 2.90 ± 0.06 

 
Table 3: The calculated 𝒓𝒄 𝒂𝒏𝒅  𝒓𝒎 for 18N and 20F. 

Nuclei 
〈rc

2〉1/2 〈rc
2〉exp

1/2
 

[20] 

〈rm
2 〉1/2 〈rm

2 〉exp
1/2

 

[21] GS WS GS WS 
18N 2.48 2.50 2.49 ± 0.15 2.69 2.71 2.69 ± 0.05 
20F 2.61 2.65 2.61 ± 0.07 2.82 2.82 2.79 ± 0.03 
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Exp. data 

 
Exp. data 

 
Exp. data  

Exp. data 

Table 4: The calculated ε for the selected halo nuclei. 

    

 

 

 

 

 

 

 

 

 

 

 

 

 Fig. 1 shows the ρc(r) (black lines), ρv(r) (blue lines) and ρm(r) (dashed-red 

lines) for 18N and 20F using the GS (left panel) and WS (right panel) techniques. In 

this figure, the experimental matter densities (grey region) [22] of 18N and 20F were 

also plotted. The top and bottom figures represent the densities of 18N and 20F, 

consecutively. The dashed-red lines and grey region for selected nuclei have a very 

good agreement, as illustrated in these figures. Furthermore, the dashed-red curves 

indicate that these nuclei have expanded matter distributions. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

Figure 1: The 𝝆𝒄(𝒓), 𝝆𝒗(𝒓) and 𝝆𝒎(𝒓) distributions for 18N and 20F halo nuclei. 

Nucleus 𝐧𝓵𝐣 
Proton Neutron 

𝛆𝐜𝐚𝐥 (MeV) 𝛆𝐜𝐚𝐥 (MeV)  

18N 

1s1/2 37.798 40.965 
1p3/2 23.037 25.975 
1p1/2 22.475 25.406 
1d5/2 ----- 10.859 
2s1/2 ----- 2.828 

20F 

1s1/2 36.728 40.842 
1p3/2 23.553 27.402 
1p1/2 20.630 24.503 
1d5/2 9.660 13.227 
2s1/2 ----- 6.601 
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Fig. 2 shows the ρp(r) (blue lines), ρn(r) (black lines), and ρm(r) (dashed-red 

lines) for 18N (top figures) and 20F (bottom figures). The ρn(r) distributions in this 

figure clearly show the typical behavior of an exotic nucleus (i.e. long-tail property). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 2: The 𝝆𝒏(𝒓) , 𝝆𝒑(𝒓) and 𝝆𝒎(𝒓)  distributions for 18N and 20F. 

 

Fig. 3 demonstrates the ρm(r) for 19,20F and 14,18N nuclei. The dashed-red and 

blue lines, respectively, refer to the ρm(r) for unstable (18N, 20F) and stable (14N, 19F) 

nuclei. The blue and dashed-red lines are obviously different, as shown in these 

figures.  The dashed-red lines have a longer tail than the blue lines because the last 

neutron in 18N and 20F is weakly bonded. 

Theoretical C0 form factors for 18,14N Fig. 4(a) and 20,19F Fig. 4(b) calculated by 

PWBA within proton densities obtained by the WS potential are shown in Fig. 4. The 

black and red curves respectively, correspond to the C0 of unstable (18N, 20F) and 

stable (14N, 19F) nuclei. The experimental results of stable nuclei 14N [23] and stable 
19F [24] are displayed as blue-dotted symbols for comparison. According to these 

results, each of the black and red curves has only one diffraction minimum. In 

comparison to the minimum of 14N [19F], the minimum position of 18N [20F] has an 

outward [inward] shift. The variation in the ρp(r) due to the presence of the extra 
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neutrons in 18N and 20F led to this major difference between the elastic form factors of 

unstable (exotic) nuclei and their stable isotopes. 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Figure 3: The 𝝆𝒎(𝒓) distributions for 14,18N and 19,20F nuclei. 

 

The Kox formula and Glauber model with an OLA were used to compute the σR 

of 18N and 20F on the 12C-target and the results are reported in Table 5 along with the 

experimental data [20]. The obtained results of σR are in good agreement with 

experimental data, as seen in Table 5. 

Fig. 5 shows the dependence of the σR calculated via the GM (blue line) on the 

rms radius to compute the matter rms radius of 18N and 20F from σR. The 

experimental σR is shown by the horizontal red line, with the error bar represented by 

the shaded area. The obtained matter rms radius (< rm
2 >1 2⁄ )  for the exotic nuclei is 

represented by the intersection point of the blue line with the horizontal red line. The 

computed (< rm
2 >1 2⁄ ) for 18N and 20F are 2.67 and 2.73 fm, respectively, as shown 

in Fig.5, which matches well with the equivalent experimental results of the values 

2.69 ±  0.05  and 2.79 ±  0.03 fm [21], respectively. 
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 Figure 4: The C0 form factors for 14,18N and 19,20F. 

Table 5: The 𝝈𝑹 of 18N and 20F on 12C-target. 

Halo nuclei Energy (MeV) [20] 
𝛔𝐑 (𝐂𝐚𝐥. ) (mb) 

𝛔𝐑 (𝐄𝐱𝐩. ) (mb) [20] 
Kox formula GM 

18N 1020 1.053 1047 1046 ±8 

20F 950 1118 1015 1113 ±11 

 

 

 

 

 

 

 

 

 

 

 

 
Figure 5: The dependence of the 𝝈𝑹 on the 𝒓𝒎𝒔 radius for 18N and 20F. 

 

4. Conclusions 

The GS and WS wave functions within the TBM of  [Core +  n]  were utilized to 

investigate the ground-state characteristics of halo 18N and 20F nuclei, including ρn(r),
ρp(r) and ρm(r) distributions and related rms radii. According to the calculated 

results, the TBM provides a good description of the nuclear structure for the above 

neutron-rich exotic nuclei. The PWBA was used to calculate the elastic form factors 

of exotic nuclei 18N and 20F as well as their stable isotopes 14N and 19F. The variation 
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in the ρp(r) due to the presence of the extra neutrons in 18N and 20F leads to a major 

difference between the elastic form factors of exotic nuclei and their stable isotopes. 

The σR for these nuclei was investigated using the Kox formula and OLA of GM with 

single-particle HO wave functions. Furthermore, the GM was employed to calculate 

the exotic nucleus matter rms radii. The calculated results for the selected exotic 

nuclei were in good agreement with the experimental data. 
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   الغنية بالنيوتروناتلنوى المادية لبعض اتوزيعات الكثافة عوامل التشكل المرنة و
 

 1و أحمد نجم عبدالله 1حوراء كاظم مهدي

 قسم الفيزياء، كلية العلوم، جامعة بغداد، بغداد، العراق 1

 

 الخلاصة 
للنوى          النووية  الاقطار  وانصاف  والمادية  البروتونية  النيوترونية،  الكثافة  توزيعات  مثل  الارضية  الحالة  خصائص  دراسة  تم 

ساكسون. تم الحصول على خاصية الامتداد    -وودزلجهدي كاوس  باستخدام أنموذج الجسيمين مع الدوال الموجية    F20و    N18الغريبة  

الطويل في توزيعات الكثافة النيوترونية والمادية لهذه النوى. تم استخدام تقريب بورن للموجة المستوية لدراسة عوامل التشكل المرنة  

  بين  الاختلاف  أدى الى  F20و    N 18النوىالتباين في توزيعات الكثافة البروتونية نتيجة وجود النيوترونات الإضافية في  لهذه النوى. ان  

التشكل المستقرة النوىلهذه   عوامل  ونظيرتها  للتفاعلF19 و N 14الغريبة  العرضية  المقاطع  النوى  .  باستخدام    لهذه  دراستها  تمت 

أنموذجي كوكس وجلوبر. بالإضافة الى ذلك تم استخدام انموذج جلوبر لحساب انصاف الاقطار النووية المادية لهذه النوى تم دراستها  

 باستخدام. النتائج المحسوبة لانصاف الأقطار النووية تتفق بشكل جيد مع القيم العملية.

 


