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Abstract:

In this paper, we introduce a class of operators on a Hilbert space namely quasi-

posinormal operators that contain properly the classes of normal

operator,

hyponormal operators, M—hyponormal operators, dominant operators and posinormal
operators . We study some basic properties of these operators .Also we are looking at

the relationship between invertibility operator and quasi-posinormal operator .

Key words: posinormal operators , Hyponormal operators ,M- hyponormal

operators, dominant operators.

Introduction:

Let B(H) denote the set of all
bounded linear operators on a Hilbert
space H., an operator T is said to be
posinormal operator if there exists a
positive operator P €B(H), such that

TT =T PT .Also, T is posinormal

operator if and only if
Range (T ) cRange(T ), [1,2].An
operator T is called hyponormal
operator if TT-TT >0,0r

equivalently ‘P’ X Hs”l’x | forall x in

H [3] ,and T is called dominant
operator if for each Ae ¢ there exists a
number M ,> 0 such that

| =2)x| <M | = 2)x] for all xe
H. Furthermore , if the set of constants
M , are bounded by a positive number

M then T is called M-hyponormal
operator [4,5,6,p480]. Let

o(l),0,(T),0,(T)and
r(T)=sup{|4|,Acc(T)} denote the

spectrum, the point spectrum , the
approximate point spectrum of T and

the spectral radius of T, [6,p196,502] .
An operator is said to be normaloid if

"T ||:r(T),[7,8 ,p267]|n this paper ,

we give some types of operators
namely quasi-posinormal operators .

1- Some basic properties of
guasi- posinormal operator .
We start this section by giving the
definition of quasi-posinormal operator
,and we give some basic properties of
these operators
Definition 1.1

Let TeB(H). We call T is a quasi-
posinormal operator if
Range (T *) cRange(T ") .
Example 1.2
Let H= £2(¢) ={X:X=(X1,X2,X3,. . -».X , ,..):

- 2
D> x| <o}, the Unilateral shift
i=l

operator on H is defined by U(x1, Xz,
X3,) =(0,X1, X2, X3,...).It is known that

U *(Xl, Xo, X3,...) :(Xz,Xg, ) VT ) and
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U 2 (X1, X2, X3,...) :U(O,Xl, X2, X3,...)
:(0,0,Xl, X2, X3,...).

Now let yeRange(U ?) then y=(0,0,X1,
X2, Xs,...) for some x in H .If we
assume  x=(0,0,0,X1, X2, Xs,...) then
U (x)= (0,0,X1, X2, X3,...) =y, and Yy
eRange(U *) . Hence U is quasi-
posinormal operator .

Now we give an operator that is not
quasi-posinormal operator.
Example 1.3
Let H= €(¢) ={x:Xx=(X1,X2,X3..,.X , ..):

- 2
D> |x;| <o} , the Bilateral shift
i=l

operator on H is defined by B(x1, Xz,
X3,...) =(X2,X3, X4,...... ). It is known
that B (X1, X2, X3,...) =(0,X1, Xo,
X3,...). Now let vy=
(1,0,0,0,...,0,...) then yeRange(B?)
and B (xX)=y for all x in H .Hence
ye Range(B") and therefore B is not
quasi-posinormal operator.

The above example also shows that if
T is quasi-posinormal operator then

T " is not quasi -posinormal operator .

In [9]. Douglas proved the following
theorem
Theorem 1.4 [9]
For AB € B(H) the following
statements are equivalent :
1-Range (A)c Range (B)
2-AA’< 1% BB for some 4> 0
3-there exists a Te B(H) such that
A=BT.
Moreover if one of 1, 2, and 3 holds
then there is a unique operator T such
that

2
a-[r [ =
BB}
b-KerA = KerT; and
c-Rnage(T) < Range(B") .
If we put A= T?and B=T we geta
special case from Douglas theorem

inf {g: u>0and AA'< u
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Which gives a characterization of
totally quasi-posinormal operator.
Theorem 1.5

Let TeB(H), the following statement
are equivalent ;

1- Range(T ?)cRange(T ") ,i.e. Tis
quasi-posinormal operator.

2- T <AT'T for some A>0 ;
and

3- there exists an operator C, eB(H) ,
suchthat T? =T "C,

Moreover if 1,2,and 3 hold then there
is a unique operator C; eB(H) such
that

a- [C, [ =inf{u, TT " <al T3},
b-KerT *=ker C; ; and

c-Range(C;) < Range(T).

Let [T]={AT : AeB(H) } the left
ideals in B(H) generated by T. We
have the following corollary.

Corollary 1.6

T is quasi-posinormal operator if and
only if T~ [T].

Proof :

Let T be a quasi-posinormal operator

then T?=T"°C for some bounded
operator CeB(H) and T =C'T
implies T e[T].Conversely, if
T e[T] then T =KT for some

KeB(H), andhence T*=T 'K~ soT
is quasi-posinormal operator .

Proposition 1.7

Let TeB(H) ,then T is quasi-
posinormal operator if and only if for
each x in H , there exists a constant

M> Osuchthat [T x| <M [rx]| .

Proof :
Let T be a quasi-posinormal then

*2
I

2 2
‘ =<TTXTTX><TT"x,x>
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2

<M <T TX,x >=M <Tx,Tx >=M [Tx|
.for some M> 0.
Conversely

Jetr x| <M [rx|
<T T % X >=<T “x,T“x >= ”T “x HZ

M| =M 2 <Tx,Tx >=M 2 <T Tx X >
,this implies for each x in H , then

TT"<MZTT , hence T is quasi-
posinormal operator .

Proposition 1.8

Let TeB(H),if T is posinormal
operator then T is quasi-posinormal.
Proof:

Since

Range (T *) c Range (T ) — Range (T )
then T is quasi-posinormal .

Corollary 1.9

Every Dominant operator in particular
every M-hyponormal operator,
hyponormal operator , normal operator
are quasi-posinormal operators.

The converse of the above Proposition
IS not true, see the following example .

Example 1.10
Let

H=02(¢)={X:X=(X1,X2,X3,...X  ,..):
© 2

> |xi| <oo} we define T by
i=l

T(Xl, X2, X3,...) :(XZ,0,0,0,..).

It is easy to check that

T "(X1, X2, X3,...) =(0,%1,0,0,0,0...) but
T 2 (X]_, X2, Xas,.. ) =T(X2,0,0,0,
=(0,0,0,0,0,0...)and Range (T 2) = Range (T *)
hence T is quasi-posinormal operator.
Easily we see thatRange(T ) « Range(T *) .
Therefore T is not posinormal operator.

2- Invertibility, translates and quasi-
posinormal operator

In this section we are looking at
the relationship between invertibilty
operators and quasi -posinormal
operator .A quasi- posinormal operator
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need not be an invertible operator (see
example 1.2) ,we start this section by
the following theorem

Theorem 2.1
Let TeB(H),be an invertible operator
then

1- T is quasi-posinormal operator

'T - quasi-posinormal
operator.

Proof :

1 1| <[l el

for all x in H ,we take M:‘ﬁ N ‘wl' ’1H,

hence T is quasi-posinormal operator

2-
RIS Ul Sl
Tl

for all x in H, we take M:H(I' )7
T quasi-posinormal

2- is

hence is

operator.

Corollary 2.2
Let TeB(H), and A¢ o(T ) then T-Al
is quasi-posinormal operator.

Before we state the next theorem
we need the following lemma which
appeared in [10].

Lemma 2.3
Let {a,} be a sequence of positive
numbers , which satisfy the relation
a’<a, and a*<a,_

n+1

for n=23,... then a' <a  for
n=1,2,3,4,5,...
Theorem 2.4
Let T be an invertible operator and
‘TI’ ‘1H <1 then
1- ”T 2y n+l <M "(+D72 ”T n+2y H for

||x ||:1 and n=1,2,...., there exists a
constant M>0 such that
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2- if T"™"x =0 then T ?x =0 for all x
inH.
Proof :
1-Let k=n+1. We want to show that

k
”T 2X H <M k (k-1)/2 ”T k+1x H

Let a, = ‘TI’ X H ,and
a, = M K (k-2 HT kly H k=2,3,...
Since

2 *2
\Tr 2y H =<T2X,T?X >=<x,T T >

Tr*% 2 “|x||£M I

2
a <3, .
Now
aﬁ =M k (k -1) HT k+lX

*2, _
=M KO T TR T x>

*2, _
<M k (k -1) T k+lX ”T k lX H
<M k(k—l)M ”T k+2x Hh— k—lX H

Pl [«

then by Lemma 2.3

< then

2
‘ — M KED T k+lx’-|- kely

<M k2—k +1

< a‘k+la‘k -1
aik <a, and HT 2y Hk <M kKD HT kly H

Pl g
%

S”X ”n M (D72
T ?x=0forall xinH .

n

=T

n+1 X

d

<0 , hence

Theorem 2.5

Let T be a quasi-posinormal operator
and then

1-AT is a quasi-posinormal operator
for A e¢

2- the translate T+Al need not be a
quasi-posinormal operator

Proof :

1-

o x| = A x| <m P e <m ]

o
forall x inH.
2- consider the case T=B-51 ( where

B is the operator defined in
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examplel.3). Since 5 ¢o(B), then T

is an invertible operator by theorem
2.1 T is quasi-posinormal operator.

But T+51=B is not quasi posinormal
operator
Definition 2.6

Let TeB(H), the quasi-spectrum of T
, denoted Q(T) is the set {A: T -Al is
not quasi-posinormal operator }
Proposition 2.7
let TeB(H),be a quasi- posinormal
operator then

1- QM c o).
2- If reo,(T) and (T —A4) x %0
forall x£0 € H then A €Q(T).
3- If reo,, (T) and (T —A) x %0
forall x20 € H then A €Q(T).
Proof :

(1) By corollary 2.2 makes that Q(T)
is a subset of o(T ).

(2 ) Suppose AgQ(T) then T-Al is
quasi-posinormal operator
andH(T —M)*ZXHSM T —2)x| for
all x in H. Now Ae o, (T ) then there
exists x= Osuch that (T —4A)x =0 and

T —ﬂ)*zx =0 contradiction , hence

A eQ(T)

(3) by the same way we can prove it .

Remark 2.8

The sum and the product of two
quasi-posinormal  operators need not
be quasi-posinormal operator. We can
see that by the following examples

1- Let H= 0x(¢), Let T, =U the
unilateral shift operator and T, is the
operator  defined on H by
T, (X1,X2,X3,...)= (0,0,0,—X 3, —X 4, X, ......)
it is clear that T, is hyponormal
operator hence T, quasi-posinormal
operator .Now (T,+T,) ( X1, X2, X3,...)=
Tl( X1, Xo, X3,...)+T2( X1, Xo, X3,...):
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(0, X1, X2,0,0,0,0,0....),and (T, +T,) (
X1, X2, X3,...):( X2, X3,0,0,0,.....).If we
take x=( 0,0, Xs, X,,X;...) such that
x,# 0 then (T, +T,)x | =[o|" which
T, +T,)x| =0, but
1) x| = |47 0%,,0,0,0)] =

|(5,0,0,0,0,...)|" =[x,| then for all
M >0 that H(rl +-|-2)*2XH2M 4T, and
(T,+T,)
operator.
2- Let H= 2(¢), T, =U the unilateral
shift operator and T, be the operator
defined on H by

T,( X1, X2, Xs,...)= ( X1, X2,0,0,0,...)
then T, is self-adjoint operator hence
IS quasi-posinormal operator but
Tsz( X1, Xo, X3,...): Tl( X1,
X2,0,0,0,...)= (0,X1, X2,0,0,0,0,...) and
T.T, is not quasi-posinormal operator
by above example (1) .

implies

is not quasi-posinormal

Remark 2.9

Let TeB(H) be a quasi-posinormal
operator then T is not normaloid
operator. i.e. the spectral radius of T is

not necessarily equal to |[T| for

example let {e }~_, be an orthogonal

basis of a Hilbert space H and T be the
a weighted shift defined by Te, =e, ,

Te,=2e, and Te;, =¢,,; for i=3 ,in
[11]. Wadhwa.B.L proved that T is M-
hyponormal  operator, and  not

normaloid operator but by Corollary
1.9 T is quasi posinormal operator and
not normaloid operator.

References:
1- Amelia Bucur 2003." Posinormality
versus hyponormality for cesaro

1286

oerators" General math. Volll,
nol-2,pp33-46.

2-B.P. Duggal and C.Kubrusly .
2006."  Weyls  theorem  for

posinormal operators ",J Korean
Math.Soc.No.3,pp.529-541.

3- S.Mecheri 2005 " ON normality of
operators " Revista Colomiona de
Math. Vol.39, pp.1-9.

4-Ahmed Bachir 2004 " Generalized

Derivation" SUT Journal of Math.

Vol.40,No.2 , pp111-116.

Stampfli  J.G.,, and Wadhwa

B.L..1976. " An asymmetric

Putnam-Fuglede  theorem  for

dominant operators” . Indiana

Univ.math.,J 25.359-365.
Balmohan V.Limaye, 2006.

"functional analysis" second E

ditor , New age international

LTD.Delhi

Raul.E. Curto and Young Min Han

2003 " Weyls theorem for

algebraically paranormal

operators” Integral Equations and
operator theory vol.47,pp.307-314.

Istratesca,V. 1981. "introduction to

linear operator theory" Marcel

Dekke,ing, New York

Douglas, R.G. 1966. "On
majorization,Factorization and
range Inclusion of Operators on

Hilbert Space” , Proc Amer.Soc.

17,pp.413-416.

Stampfli, JG .1976.
spectral Theory for

V:spectral subspaces for

hyponormal  operators ,Trans.

Amer.Math.Soc.Vol.217:pp.285-

298.

11-Wadhwa. B.L. 1974
hyponormal  operators
Math. J vol.41:pp.655-660.

(0 0]
1

O
1

"Alocal
operators

10-

. "M-
" Duke,



Baghdad Science Journal Vol.7(3)2010

T sal) & guad) Al il il

*J.«AL?Q_)UJJL@
Mk daala - slall IS il ) i
+ dadAl)
pasl o yualic e (3Lt o g o pala sliab e 48 yrall < jigall (o lila (i Casll 138 b
353 Gl gl 54 sll (358 Dl il g gl Dl Sisall Ciia (e S aiay s o sall (g gl 4l il
L) Cilinall (s (w0 g s Ao sall 4y gl ) iall 5 diaggall ol isalle M Tl (e A guadl
o Ld 5 ally Catall 13 oy 5 48] e ) SIS 5l i) (e il 13g]

1287



