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Abstract 
   A higher order finite strip formulation based on the auxiliary nodal line 

(A.N.L.) technique for a dynamic analysis of curved box-girder bridges is presented. 

Newmark’s equations of numerical integration have been applied depending on the 

values of the coefficients (  , ), and adopted in the current study with a value equal to 

(0.5, 0.25) of a curved box girder bridge with simple support and exposed to the traffic 

of the moving vehicles represented by the system of the moving force. Where the 

dynamic interaction between the vehicle and the bridge is neglected. 

        The study has also required the application of Newmark’s method to find out the 

dynamic response values represented by (deflections, dynamic amplification factor, 

Impact factor) to solve the issues related to the bridge loaded by moving vehicles model. 

Each system is composed of a suspended mass joined with a damper and a spring of 

stiffness in addition to the unsuspended mass. 
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 للجسور الصندوقية المنحنية  التحليل الديناميكي
 الدكتور أياد امجد عبد الرزاق                                   زينة عادل محمد

        مدرس مساعد                          أستاذ مساعد                                                 

 جامعة الموصل /قسم الهندسة المدنية

 

 الخلاصة
طبقت طريقة الشريحة المحددة ذات النسق العالي مع تقنية الخط العقدي المساعد لإجراء التحليل الديناميكي 

د على قيم المعاملات )واستخدمت طريقة )نيومارك( للتكامل العددي بالاعتمالجسور صندوقية منحنية.  ( التي ,

الإسناد المعرضة لمرور  بسيط                    ( لجسر صندوقي منحن  0..5و 5.0اعتمدت عليها الدراسة الحالية بقيمة مساوية لـ)

طلبت المركبات المتحركة والمتمثلة بنظام القوة المتحركة ويتم بإهمال  الاقتران الديناميكي بين المركبة والجسر. كما ت

الدراسة تطبيق طريقة )نيومارك( لإيجاد قيم الاستجابة الديناميكية المتمثلة بـ)الإزاحات، عامل التكبير الديناميكي، عامل 

الصدمة( لحل المسائل المتعلقة بالجسور المحملة بالمركبات المتمثلة بنظام الكتلة المعلقة الذي يأخذ الاقتران الديناميكي 

                                                                                ف كل منظومة من كتلة معلقة مرتبطة بمخمد وبنابض جساءة فضلا  عن الكتلة غير المعلقة.بنظر الاعتبار إذ تتأل

 

 .، الشريحة المحددة ذات النسق العاليديناميكي تحليل الال الجسور الصندوقية المنحنية، الكلمات الدالة:
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Notation 
Auxiliary Nodal Line. L.N.A 
Strain matrix.  B 
Width of strip b 

Coefficient matrix for displacement function.  C 
Damping of tire and Damping of sprung mass respectively. PC, SC 
Damping matrix of vehicle.  vC 
Rigidity matrix  D 
Dynamic Amplification Factor. DAF 
Verticals displacement, Velocity and Acceleration of sprung mass 
respectively. 

mdmdmd  

Orthotropic material properties.  x,,x EEE  

Vectors of nodal force and Effective of nodal force respectively.  F ,  *F  

Interaction at contact point. cpf  

Vectors force of vehicle and effective force of vehicle respectively.  vf ,  *

vf  

Impact Factor. pIm  

Stiffness, Effective stiffness and Stiffness of vehicle matrices 
respectively. 

 K ,  *K , vK  

Stiffness of tire and Stiffness of sprung mass respectively. pK , sK  

External load. Q 

Mass of vehicle M  

Mass matrix and Effective mass matrix respectively.  

 cM ,  *cM           
Mass of tire and Sprung mass respectively. 

pm , sm  

Mass matrix of vehicle and Effective mass matrix of vehicle respectively.  vm ,  *vm  

Time. t  

Transformation matrix.  T  

Transverse coordinate of strip x 
Subtended angle of curved bridge.   

Parameters of  Newmark time integration scheme.  ,  

Verticals displacement, Velocity and Acceleration at contact point 
respectively. 

cp
m ,

cp
m


, m
cp  

Vectors displacement, Velocity and Acceleration of bridge respectively.  m , m
 , m

  

Strain and Stress vectors respectively.    ,  m 
Poison’s ratio.  

 

 

Introduction 
          Vibration of bridge structure under the passage of vehicles is an important 

consideration in the design of bridges. Dynamic response of bridges has assumed added 

significance with the advent of faster and heavier vehicles and the use of structural forms and 

materials that permits the bridge to be more slender. 

Interaction between the vehicle and the bridge is complex dynamic phenomenon. This 

complexity results from the large number of different parameters that may affect the dynamic 

response [1]. 
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       During the past decades, extensive works have been under taken to study the factors 

affecting the dynamic response of bridges, Mukherjee and Trikha [2] investigation the 

influence of span, radius of curvature, span/depth ratio and the speed of moving load have 

been indicated on the maximum values of dynamic factors for individual girders. 

     In 1997, Senthilvasan etal. [3] presented a simple procedure for modeling and analyzing 

the dynamic behavior of curved box girder bridges based on the curved spline finite strip 

method, investigation the influence of several important parameters such as: (1) The curvature 

of bridge, (2)mass ratio (mass of vehicle/ mass of the bridge), (3) speed of vehicle, (4) support 

conditions, etc. 

      To investigate the dynamic response of box –girder bridge Abdul-Razzak and Mohammad 

in (2005) [4] study a higher order finite strip with sixth order bending strips combined with 

third order in-plane displacements functions have been used to obtain the analysis of simply 

supported box- girder bridges under moving force. 

       In (2007)  Abdul-Razzak and Haido [5] studied the effects of some parameters on the 

vibration of the plates subjected to dynamic load. The forced vibration analysis by using a 

higher order finite layer formulation based on the auxiliary nodal surface (A.N.S.) technique 

for analysis of rectangular plates, by applying the Newmark  method for investigating the 

vibration characteristics and finding the response of the rectangular plates under the action of 

dynamic loads 

    In (2008)  Abdul-Razzak and Haido [6] investigated the dynamic response of beam 

under moving vehicles. The bridge is idealized by a rectangular isotropic or orthotropic plate 

and vehicle is represented by a one-foot dynamic system with the unsprung mass and sprung 

mass interconnected by a spring and a dashpot. Higher order finite layer method have been 

used to simulate the dynamic interaction between abridge deck and moving vehicle.   

       In present study, a refined finite strip method is applied for the force vibration of curved 

box-girder bridges using higher order conical frustum shell strip. The auxiliary nodal line 

(A.N.L.) technique has been adopted for both bending and membrane actions. The vehicle has 

been represented by single moving force with the same velocity as the vehicle.  

 

Formulation of Shell Strip Characteristics: 

Basic Assumption  

For the general conical shell strip with one auxiliary nodal line, a sixth order 

displacement function to represent the variation of the normal displacement components W 

was used, and a third order displacement function to represent the variation of the membrane 

displacements U and V were used, as follows [7]: 

 

  


m
sinWCW m

n

m
w





1

                                                                                                 (1) 

          


m
sinWC,C,C,C,C,C,C m

n

m






1
7654321                                                            (2) 

where:  
65432

1 64216276162391 SSSSSC             

 5432
2 828382581 SSSSSxC             
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65432
3 12838443224448 SSSSSC           

 432
4 1640328 SSSSxC                                                              (3) 

 4322
5 82426122 SSSSxC         

65432
6 64168156629 SSSSSC           

 5432
7 820187 SSSSSxC           

 

in which   bxS /  

   Tjmjmcmcmcmimimm WWWW  ,,,,,,                                                                 (4) 

    


m
sinUCU m

n

m
U





1

                                                                                           (5) 

          


m
UCCCC m

n

m

sin,,,,
1

4321


                                                                         (6) 

  


m
cosVCV m

n

m
V





1

                                                                                              (7) 

     


m
VCCCC m

n

m

cos,,,,
1

4321


                                                                    (8)  

in which     VU CC   

where:  
32

1 4851 SSSC   

2
2 44 SSC   

 2
3 462 SSbC                                                                                                    (9) 

32
4 44 SSSC   

in which   bxS /  

 
T

jm
cm

cmimm U
X

U
UUU 












 ,,,                                                                                 (10) 

 
T

jm
cm

cmimm V
Y

V
VVV 












 ,,,                                                                                      (11) 

 

Strain 
The equations of strain displacement relations for a conical shell have been derived by 

Novozhilov [8] , and they are found to be most appropriate.    
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in simple form:  
    mmm B                                                                                                               (13) 

Where:  

 
T

jmjmjmjmcmcmcm
cmcm

cmcmimimimimm WVUW
Y

V

X

U
VUWVU 
















  ,,,,,,,,,,,,,,      (14) 

 

Stresses  
 The stresses encountered in the strain energy of shell strip, for the orthogonal 

anisotropic material, are given by [7]   :  
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in which   :  

vv

hE
K

x

x
x




1
         ، hGK xx .       ، xKvK 2      ، 






vv

hE
K

x


1
 

 



vv

hE
D

x


112

3

 ، 
12

3h.G
D

x
x


    ، xDvD 2   ،    

 vv

hE
D

x

x
x




112

3

 

in simpler form   :  

            mmm BD                                                                                             (17) 

    

 

 

 (16) 
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Stiffness and Force Matrices 
 The total potential energy of a conical shell strip subjected to a load q can be 

expressed as [7, 9]   :  

      

Aq

TT

A

t dAqdAU 
2

1
                                                                             (18) 

               














1 1 0 1
2

1

n m

a

m Aq

T
m

jr

ir

mm
T

n
T

m rdrdCqrdrdBDB           (19)   

 Due to the orthogonality of the displacement functions , when m=n the double 

products vanish and for m n the equation becomes   :  

2
cossin

0

2

0

2 










  d

m
d

m aa

                                                                    (20) 

substituting Eq. (20) into (19) and minimizing the resulting expression with respect to 

all of deformation amplitudes leads to   :  

        




jr

ir

n

m Aq

m
T

n

n

m

rdrdCqrdrBDB

11
2




                                                       (21) 

 The strip stiffness matrix of size (15 * 15) , for a typical harmonic m follows from Eq. 

(21) can be expresses as    :   

      rdrBDBK m

jr

ir

T
m

2


                                                                                    (22) 

 The strip force vector of size (15 * 1) , for a typical harmonic m follows from Eq. (21) 

as    :   

   

Aq

rdrdCqF                                                                                                      (23) 

Before assembling the strip stiffness matrix to form the structure stiffness, Eq. (22) 

has to be transformed in to global coordinates   .  

     TTKTK 
                                                                                                         (24) 

in which [T] is the transformation matrix and  K  is the global stiffness matrix 
  

Modeling of the vehicle and bridges 
       The use of curved bridges in interchanges of modern highway systems is popular because 

of increased demand for curved roadway alignments for the smooth passage of congested 

traffic and modern emphasis on aesthetic considerations. Box girders are the most preferred 

section for curved bridges on account of their high torsional capacity [10].  

The vehicle is idealized as a single moving force by neglected the dynamic interaction 

between the vehicle and bridge, also the vehicle is idealized as a moving mass consist of 

(sprung mass- damped-spring) with dynamic interaction is considered. 
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Equations of the dynamic response 
The forced vibration equation defining motion may be expressed as [11,12,13]:               

                                                                (25)           FKCM mmbmc    

In which  m  represent the nodal global degree of freedom including both bending and 

in-plane effects  cM ,  bC  and  K  are the mass, damping and stiffness matrix of structure, 

respectively,  m
 and  m

  are the acceleration and velocity amplitude vectors respectively. 

The load vector  F  represent the nodal loads caused by presence of vehicles upon the deck, 

which varies as the vehicle traverses across the bridge.  

 

Solution of the equation of motion 
 Equation (25) represents the matrix differential equation of system motion. Let 

 m denote the increment in  m  occurring during the time step from(t to t+Δt). By New 

marks finite difference scheme, the vector  m   and its derivatives at the instant  (t+Δt) can 

be related to those at the instant [14].   

        

         
tmtmmttm aaa  


320                                                                 (26)                                                                                          

         
ttmtmtmttm aa     

76                                                   (27)    

                                                                         (28)        mtmttm Δ   

where the quantities with subscript t are those occurring at time  t, assumed to be known. 

Using New mark’s parameters β and γ, the coefficient and those to be used later can be given 

as:      

  ta,ta,
t

a

,a,a,
t

a,
t

a,
t

a




























765

432120

12
2

11
2

111

             (29) 

The parametric value of β=0.25 and γ=0.5 are used throughout, implying that the  marching 

scheme is unconditionally stable. After calculate the initial acceleration vector m


0 at time 

t=0.   

             mmbcm KCFM    
0

1
0                                                (30) 

And forming the effective stiffness matrix  *K : 

       bc
* CaMaKK 10                                                                      (31) 

It will be possible , for each time step , to calculate the dynamic response in the following 

steps: 

1.calculate the effective force vector at time t+ Δt  as following 

            
        tmtmmb

tmtmtmctttt

aaaC

aaaMF*F









541

320



 
  

2. solve for the displacement at time t+ Δt: 

      tt
*

ttm
* FK                                                                               (33) 

(32)  
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      tt
**

ttm FK  


 
1

                                                                           (34) 

 Equation (34) sometimes called the pseudo-static equation. 

3. calculate the correct value of acceleration and velocities for contact point at time t+ Δt : 

 

         
tt

cp
mt

cp
mt

cp
mt

cp
mtt

cp
m aaa     

320                                  (35) 

       
tt

cp
mt

cp
mt

cp
mtt

cp
m aa     

76                                                   (36) 

The equation of motion for sprung mass express by the following matrix [13,15,16]. 

          vvvvvvv fKCm                                                                   (37)   

 

Calculate the effective force for sprung mass at time t+ Δt as following: 

     *v
*

vttv fm 1
                                                                                   (38)                                               

       vvv
*

v CaKamm 10                                                                    (39)  

          ttvvttvvttv
*

v KCff                                                    (40) 

Finally to calculate the response of bridge at time t+ Δt   for sprung mass according to: 

              
ttvtvtvttvttv t/tt      2121 22                

         ttvtvttvttv tt      1                                        (42) 

 

Numerical Example: 
Dynamic analysis of curved box-girder bridges with two cell (Bridge-1). 

The model, which was tested in ref.[17], was a two cell curved box girder bridge 

under (345 kN) moving force, the cross section dimensions are shown in Fig. (1) and the 

following data: Young
'
s modulus (E  =2.11x10

10 
N/m

2
), Poisson Ratio(0.3), Mass Density 

(ρ=2400 N/m
3
), Radius (R=305 m), Angle (α=0.1 rad). 

The transverse section is discredited using (11) higher order finite strips as shown in 

Fig. (2), the speed of vehicle is (110 km/hr) along the longitudinal centerline of the bridge. 

Figs. (3 and 4) show the mid-span static and dynamic deflection of the outer edge of the 

deck at (R=309 m). Figs. (5 and 6) show the med-span static and dynamic deflection  at 

center line of bridge. 

The dynamic increment factor (Imp.), for the center line of bridge is given in Fig(7)., 

results are in good agreement with the values obtained by the finite element method [17]. 
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Fig. (2) Box girder (Bridge-1) 

 divided by finite strips.   

(41) 

1.8

3m 

1.525

m 

7.3

2m 

0.02

5m 

0.203

m 

0.009

5m 
0.0095

m 

0.009

5m 

172.5

kN 

172.5

kN 

5kN 

Fig. (1) Cross section of (Bridge- 1). 
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Fig. (3) Mid-span static deflection at 

 outer edge of  (Bridge-1) 
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Fig. (6) Mid-span dynamic 

deflection at center line of 

(Bridge-1) 
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Fig. (5) Mid-span static deflection 

at center line of  (Bridge-1) 
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Fig. (7) Dynamic Impact Factor at center line of (Bridge-1)  
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Conclusions: 
   Sixth order finite strip and third order in plane strip with auxiliary nodal line are used 

successfully for the solution of curved box-girder bridges under dynamic response. 

       The normalized displacement increased by increasing the distance of the moving force on 

the bridge until it reach a center of space after that is begin by decreasing. 

   Comparison of the results shows that an increase in the dynamic deflcetion compared to 

static deflection. The dynamic deflection is approximately (26.5%) greater than the maximum 

static deflection.  

Accurate results are found using the higher order finite strip method when compared the 

finite element solution. 
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