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Abstract 
       In this paper, there are some results about fixed point theory for multivalued  mappings. 

The reliable idea to get these results including some multivalued  mappings which admit 

selections satisfying the assumptions of  Carist's theorem, through they need  not have 

continuous  selections. Note that  some results in above will be known and present here to 

complete the idea. 
 

 الخلاصت
يخعمه ٌذا البحث بعط وخائج الىقطت الصامذة لذوال مخعذدة القيـــــم حيث أن الفكزة  المعخمذة لاسخحصال ٌذي         

(  Caristi's  Theoremخمذ على حقذيم بعط الذوال المخعذدة القيم الخي حسمح بخطبيقاث  ححقق مبزٌىت كزاسخي )الىخائج حع

بذون الأخذ بىظز الاعخبار كون ٌذي الخطبيقاث  المخخارة مسخمزة أو لا . وود أن وشيز إلى أن بعط الىخائــــج أعلاي معزوفً 

          زة .    ولكه أظيفج للبحث  لغزض اسخكمال عزض الفك
                            

Introduction and key wordes 
   The study of fixed points for multivalued contraction mappings using Hausdorff metric initiated 

by Nadler[6].After this ,fixed point theory has been developed further and applied to many 

disciplines to solve functional equations.The Banach contraction principle has been extended in 

different directions either by using generalized contractions for multi valued mappings and hybrid 

pairs of single and multi valued mappings, or by using more general spaces.   

The purpose of this paper is two folds .First ,in section one, it shows that the restriction of Caristi's 

theorem to continuous function can be derived directly from the Zermelo's theorem. In section two, 

there is a simple extension for Caristi's theorem due to jachymjki [9] .We give a new proof for this 

result depending on the concept of ω-distance . 

  Second, using an idea of jachymjki[8]we establish to selection theorems selections satisfying the 

assumptions of Caristi's theorem or its extension. Though they need not have continuous selections  

1-   If X is a Banach space, a net in X is a function from A to X in the form (X,α),which expresses 

that the element α in A is amapped to the element  in X. 

       For example every non-empty totally ordered set is directed . Therfore every function on such 

asset is anet. 

2-    Let (X,d) metric space,T is contraction mapping with the property that ther is asome non   

negative real number K<1 such that for all x and y in X   

        d(T(x),T(y)) ≤ k d(x,y). 

3-   A function f such that |f(x)_f(y) | ≤ |x_y| for all x and y ,where C is constant independent of 

x&y ,is called lipschitz function.for example any function with a bounded firste derivative 

must be lipschitz. 
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1-CARISTI'S THEOREM AND SELECTIONS OF 

 MULTIVALUED CONTRATIONS 
 

Introduction 
      The simplicity and usefulness of Banach contraction principle has inspired many authors to 

analyze it further. These studies have led to a number of generalizations and modifications of the 

principle, one of the deepest result is Caristi's theorem, [2] . 
 

Theorem  (Caristi’s  Therorem)(1.1) [7] 

         Let (X,d) be a complete metric space and ɸ: X→       be 1.s.c  function. Suppose  T: X →X  

is an arbitrary mapping which satisfies 

   d (x,Tx) ≤  ɸ(x) - ɸ(Tx) ,for all x  X ………………...…….. *  
 

Then  T   has a fixed point 
 

     An original proof of the above result is based an axiom of choice. 

Subsequently ,a number of authors found simpler proofs. In particular, Kirk [4] .Using an idea of 

BrØndsted ordering , gave an elegant proof involving this ordering Kirk and Saliga [5]. Using 

Brezis-Browder ordering , gave a short proof. 
 

   Here we need to recall  BrØndsted ordering[4]the partial ordering  ≤ defined on a metric space 

(X , d) by: 
 

  x ≤ y if d(x ,y) ≤ ɸ(x) - ɸ(y) , for all x,y,   X……………………………....** 
 

where ɸ is non-negative lower – semi continuous. The following result state that the Zermelo’s 

theorem implies the restriction of Caristi’s theorem to continuous function ɸ. This result is 

independed of the axiom of choice. 
 

Theorem (1.2 ) [4] 

         Let (X,d)be a complete metric space and T :X→X such that (* ) holds with continuous 

function ɸ:X→  ,then T and X endowed with BrØndsted ordering (**)satisfy the assumption of 

Zermelo’s theorem In particular ,the Zemelo’s theorem implies the Banach contraction principle. 
 

Proof : 

    Let ≤ be the ordering defined by ( ** ).It is straight forward that ≤ is partial ordering in particular 

the transitivity of ≤ follows from the triangle inequality. 

Clearly the inequality (*) means that T is a progressive mapping on (X,d) such that d(x,Tx)≤ (x)- 

ɸ(Tx)  then x ≤ Tx  

We may treat C as a net. Putting ∑: =C  and     =𝞼  for 𝞼  C. we may infer that {  }    is 

Cauchy. Obviously ,this net is increasing, i.e. ,if  𝞼1 ≤𝞼2, then: 
 

             0 ≤ d(       ) ≤ ɸ(      ɸ(      ……………………….………..(***) 
 

Hence  ɸ(𝞼2) ≤ ɸ(𝞼1), i.e, the      {ɸ(   }     is non-increasing and thus it is convergent if  ɸ is 

bounded below. 

Hence and by (***),{  }    satisfies Caushy’s condition so it converges to some    𝟄 X . and     ≤ 

   , i.e.,  

d(       ≤ ɸ(    ɸ(    , for all  𝞼𝟄C, which mean that    is an upper bound  

of C. Now, we show that      sup C . 
 

Let x be an arbitrary upper bound of  C . Then    

    (        (        (       (       ɸ(    ɸ(      
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     Hence taking limit with respect to 𝞼, we obtain by continuity of  ɸ that: 
             ɸ(     ɸ(          

     (       ɸ(    ɸ(   , i.e.,      ,which  yield  that      sup c. 

To prove the last statement of theorem (**) 

Let  T:X→X  be a Banach contraction with a constant  K  (0,1) , given  x X  
 

      d(x,Tx)=
 (     

   
 

  (     

   
 ≤

 (     

   
  

 (       

   
  ɸ(   ɸ(             

 

   where ɸ(x)=
 (     

   
  

clearly ,ɸ is continuous, so each nonempty well-orderd subset in (X,≤) has  

a supremum as shown above. 

 

Moreover T is a progressive on (X,≤), mean that  T satisfies of assumptions of the restrictions 

Caristi's `theorem .■ 
 

Theorem (1.3 ) 

          Let T is Nadler’s multivalued  contraction, on a complete metric space (X,d), then T admits a 

selection f:X→X, which is a Caristi’s mapping on (X,d)  generated by a lipschitzain function ɸ.  
 

Proof : 

    Choose a real  k’ such that  k is non negative real number and k  k’  1, then a given x X, then: 

A set {         (      (     } is a nonempty. By the axiom of choice there is a mapping  f 

:X→X, such that fx Tx  for all  x X  and   
 

 k’d(x,fx) ≤ D(x,Tx). 
 

D(fx,T(fx)) ≤ H(Tx,T(FX)) ≤ kd(x,fx) 

Hence : 

                              d (x,fx) =     
 

    
 (   (          (     ) 

                                                
 

    
( (       (    (     

 

So we get that f. satisfies (1.1) with ɸ(x)=
 (     

    
 .Moreover, ɸ is lipschitzain, since: 

                      |ɸ(   ɸ(  | = 
 (     

    
 

 (     

    
  

 

                                              ≤  
 (      (        (        (     

    
 

 

                                              ≤ 
 (      (      

    
  

 

                                             ≤ 
   

    
 d(x,y) 

 

By Cariti’s theorem has a fixed point    and         . ■ 
 

The following example(mentioned without details) in[6]shows that under the assumptions of 

theorem (1.3) a Nadler's  multivalued mapping T may have neither a lipschitzain selection nor even 

continuous selection, it is given here with all details since it seems that this example is not well 

known. 
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Example  (1.1) 

      Let X be the unit circle in the complex plane and for z    X, let Tz be the set of two square roots 

of z. For           denote  

                  Then 

                   T P  {    ⁄       ⁄ }  
 

If  α,β         and   β  then it can be easily verified that   

                   d (P  P          (     ⁄ , where 

                   H(T        {     (     ⁄              
    (     ⁄               

 
 

Hence we easily get that T is Nadler's set valued contraction with a contractive constant equal to 

√  ⁄ .We give an elementary proof of the fact that T has nocontinuous selections. 
 

          Suppose,on the contrary that f is such a selection of T . Consider the case in which  fp
 

 p
 
. 

By the continuity of f at p
 
 

 

There exist      such that fp
 

 p
  ⁄ for all         ]  Define 

             sup{   (       fp
 

 p
  ⁄  for  all         ]} 

Suppose        then,by the definition of    

          fp
 

 p
  ⁄ for          and there is a sequence {  }   

  , such that: 

                        
  and  fp

 
 p

     ⁄  
 

By the continuity of f at p
   

 

         p
   ⁄          fp     n→ fp   p     ⁄

  contradiction 

 

Then       , that is fp
 

 p
  ⁄ for all          

 

Then fp
    n⁄

 p
   2n→⁄ p

 
on the other hand  p

    n⁄
 p

 
, so by the continuity of f at p

 
 

           fp
    n⁄

 fp
 

 p
 
  contradiction 

 

A similar argument can  be used to show that we will get a contradiction also in the case in which 

fp
 
=p

 
. 

 

2-EXTENDING CARISTI'S THEOREM  AND  SELECYION OF MULTIVALUED  

CONTRACTIONS 
 

Introduction 
         Here  we  establish  a selection  theorem  stating  that  some  multivalued  contractions  admit  

selections  satisfying  the  assumptions  of  extending   Cariti’s  theorem  .The  extension  of   

Cariti’s  result  involving  a condition  of  the  type : 

         (D(x,Tx)) ≤  (     (     for  all  x  X  ………………….…………….(2.1) 

Where    is  a function  from     into    . 

         We  begin  with  recalling  the  following  definition: 
 

Definition (2.1) 
                  A  function    :   →     is  said  to  be  a subadditive  if: 

         (s+t) ≤ (s) + (t) , for  all  s,t      …………………….……(2.2) 

and    is said  to  be  subadditive if  the  revers inequality  holds. 
           

        The following result is a simple extension of Cariste's theorem we can derive it showing that 

the composition function od is a  -distance on X this proof is different from the original proof [2]. 
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Theorem (2.1)  

                    Let T be a self mapping of a complete metric space (X,d), be a nonnegative 

1.s.c.function on X and           be a non decreasing and subadditive function continuous at 0 

and such that     ({0})={0}.If (2.1) holds, then T has a fixed point. 
 

Proof:  
          We show that theorem (2.1) satisfy the assumptions of Cariste's theorem   

Let      od, we must prove that      od is  -distance  

            (x,y) = od (x,y) 

                      = (d(x,y))    (d(x,z) + d(z,y)) 

                      = (d(x,z) + d(z,y)) 

                         od(x,z) +  od(z,y) 
                        (x,z) +  (z,y) 

 

Then the condition (i)of definition of   -distance is satisfied .   

It clearly  od(x,0) : X [0, ) is a1.s.c since d is continuous, and for any    , there  exist     
 

 
  

such  that  (z,x) = 
 

 
  and   (z,y) = 

 

 
  

          d (x,y)   d(x,z) +d(z,y) ≤  (d(x,z) +  (d(y,z) 

                      ≤ (x,z) +  (y,z) 

                        ≤ 
 

 
 + 

 

 
     

 

Then the condition 3 of definition of  -distance is satisfied . 
 

By (2.1).  (d(x,Tx)) ≤  (x) –  (Tx). Let  f = x 

                  (d(x,Tx)) ≤ f(x) - f(Tx) 
then  f(Tx) +   (d(x,Tx))   f(x) 
then  f(Tx) +  (x,Tx) ≤ f(x) 
which means that T has a fixed point .   
 

Theorem (2.2) 

        Let(X,d) be a complete metric space and T:X  CL(X), is valued -contraction, such that  is 

superadditive and there exist a function t t- (t) , for all t     is non decreasing .Then there exist 

a selection f of T and a function          ,which satisfy the assumptions of theorem(2.1). 

Moreover,there is an equivalent metric  such that (X,  is a complete and f is a Caristi's mapping 

on (X,    
 

Proof:  

       Define   (t) =t – (t), for  t     . Then  is subadditive and non decreasing .since  is 

superadditive and non negative ,it is non decreasing,  

Hence 

                              0 ≤  (0) ≤  (t)   t, for  t   o 
 

Which implies the continuity of  (hence ) at 0. Define 

                              v(t) =
   (t)

 
  for  t      

 

Then v is continuous and v(t)   t for t   0.Therefore, given an  x   X ,the set  

{ y   Tx : v(d(x,y)) ≤ D(x,Tx) }  is nonempty. 

 

By the axiom of choice., there is a mapping  f : X  X such that 

                             v(d(x,fx)) ≤ D(x,Tx)  for  x   X . 
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Hence 

                             D(fx,T(fx)) ≤ H(Tx,T(fx)) ≤  (d(x,fx)). 

 

Let   (t) = 
   (t)

 
  for  t       and   (x) = D(x,Tx) for  x    X. Then 

    (d(x,fx)) = 
d(x,fx) –  (d(x,fx))

 
 

 
d(x,fx) +  (d(x,fx)) -   (d(x,fx)) -   (d(x,fx))

 
  

                     = v(d(x,fx) -  (d(x,fx))  D(x,Tx) - D(fx,T(fx))               

                                      ≤  (x) –   (fx) 
 

So (2.1) holds. Thus the assumption of theorem (2.1) are satisfied.  
 

EXAMPLE (2.1) 

Let X=  with the usual metric. Define f:X→X ,T:X→CB(X).Let Ais a bounded subset in (X,T) if 

there exist xϵX and M≥0 such that for all aϵA, we have aϵ(x,M),that is,T(x,a)≤T(a,a)+M. 

 

For A,BϵCB(X) and xϵX 

, 

T(X,A)=inf{ T(x,y):yϵA} ,T(A,B)=sup{T(a,B): aϵA}  
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