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1. Introduction

This work includes study the isolated singularities of harmonic functions and then it has been
described the features of positive harmonic functions near the isolated singularities in a bounded
domain of R™. Harmonic functions are the main part of the field of elliptic partial differential
equations [2]. Studying the isolated singularities of harmonic functions would lead to studying the
singularities of elliptic partial differential equations. Partial differential equations (PDES) are one
of the most desirable topics in mathematics that plays an important role in many scientific fields
such as physics, engineering, astronomy, and medicine. Recently, many researchers have been
focusing on using problems that arise from partial differential equations to solve them in numerical
study. For example, the stability of the heat pattern in porous media has been studied in [3-5]. The
numerical analysis of Newtonian and die swell flow have been studied in [6,7]. Inpainting
techniques and topological analysis have been used to develop the missing details of images with
involving PDEs can be found in [8]. For the domain decomposition based on system of partial
differential equations that have been treated in numerical programs have been shown in [9] and
[10]. Another type of work for the researchers that have used functional analysis and calculus of

variation to deal with elliptic partial differential equations can be seen in [11], and [12].

Laplace equation is the core part of the elliptic partial differential equations which can be
considered as the concrete base of all theorems that treated the elliptic partial differential equations.
In physics and in dimension three, Laplace equation can be derived from Maxwell’s equations.
For more information about the derivation see [13]. The purpose of this work is to generalize the
Bdcher’s representation of positive harmonic functions in the punctured unit open ball. In fact, in

[1], any positive harmonic function in B(0,1)\{0} has the following form

Alx|? + 1i(x), n > 3;
u(x) = Alog (%) + @i(x), n=2, M

where, 4 is a nonnegative constant and i is a harmonic function in B(0,1).
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First, Bocher’s representation has extended into a general punctured bounded domain in R™. That
IS, when Q is a bounded domain in R™, and u is a positive harmonic in Q\{x,}. The following

representation for u in Q\{x,} has been obtained,

~ a
Alo( )+vx, if n=2;
u(x) = & lx — xo] 2

' 2)
Alx — x|>™™ + v(x), if n=>3.
Where, A is a nonnegative constant, v is a harmonic function in , and
1 if dist(xy,0Q) > 1;
a=<1—¢ if dist(xy,00) = 1; 3

dist(x,, 0Q) if dist(x,,00) < 1,

forsome 0 < e < 1.

Moreover, the representation of positive harmonic functions extended into bounded domains with
two singularities. In other words, for a positive harmonic function u in Q\{a,, a,}, where a, and

a, be two isolated singularities of u in the bounded domain Q, where the closed neighborhood for

a, B(ay,6,) c Q, and the closed neighborhood for a,, B(a,, §,) < Q are disjoint, that is,

B(al, 51)ﬂB(a2, 62) = (D

The following representation has been obtained

%1 az ) _
u(x) = {Al log (Ix—a1|) + 4, log (Ix—azl) +v(x) if n=2, @
A lx —a > M+ A, |x — a, [P + v(x) if n>3,

for A, A, to be nonnegative constants, v is harmonic function in Q,

1 if 6, >1;
and,
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1 if 6,>1,
a={1—€ if 8§, =1, (6)
5, if 8§, <1,

forsome 0 < e < 1.

This paper is organized as follows: Section (2) includes all ingredients that are needed to clarify
the notion of the isolated singularities and the radial average of harmonic functions in a punctured
open unit ball. Furthermore, Bocher’s representation for the positive harmonic function in the
punctured open unit ball in R™has been stated. Section (3) generalizes the representation of positive
harmonic functions into a general punctured bounded domain of R™ instead of the punctured open
unit ball. Continuing further in section (4) for generalizing the representation of harmonic
functions with two singularities in a bounded domain of R™. In section (5), the conclusions of this

work have been stated. The future work is stated in section (6).

1. Preliminaries

In this section includes some basic details about the harmonic functions and the singularities of
positive harmonic functions in a bounded domain of R™. The representation of Bocher’s that has

been studied in [1] will be briefly stated in this section.
2.1. Harmonic Functions

Let Q be an open set of R™, where n > 1. Denote by x = (x4, x5, ..., X,,) t0 be a point in €, and

j . - . .
% to be the jth partial derivative with respect to x; coordinate for i =1,2,...,n and j =1,2.
X

4

The boundary of ( is denoted by 0 and the distance from x to the boundary 9Q} is given by the

following equation

dist(x,0Q) = inf,chq |x —yl.

Definition 2.1. [2] The Laplacian operator on R™ is defined by

92 92 R 02
A=Yr, = o 7
Li=1 ax?  9x? = 0x3 ax2 )
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Definition 2.2. [2] A C? —function u that is defined on Q is called harmonic on Q if it satisfies

the Laplace’s equation

Au(x) = Y, 28—, ®)

=1 gx2
1A
forallx e Q.

A C? —function means that all of its second partial derivatives are exist and continuous in its

domain of definition.

Definition 2.3. [14] The fundamental solution for Laplacian A is given by the following equation

1 1
for n=3,

rGo =4 (2o ©
—;Tloglxl , for n=2,

where w,, is the volume of the unit open ball B(0,1) in R™ .

The symbol |.| denotes for the magnitude (norm) of the point x = (xq, x5, ..., x,) in R", thatis,
lx| = /xF + -+ xZ.

The punctured unit open ball is the unit open ball in R™ excluding its center, and it is denoted by
B(1). That s,

B(1) = B(0,1)\{0}. (10)

2.2 Singularities of Harmonic Functions
This subsection is devoted for stating basic details about the singularities of harmonic functions.

Let Q be abounded domain in R™ and u be a given harmonic function. The following useful

information about the singularities are given;

1. If uis defined in Q except at a point X € Q. In this case, the point % is called a singular

point for u in the bounded domain Q.
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2. If X is a singularity of u and if there exists » > 0 such that B(%,r) c Q and ¥ is the only
singularity of w in B(X,r). In this case, X is called an isolated singularity of w in Q.
3. If X is an isolated singularity of u in Q and if there exists another harmonic function

which is defined in ( so that

i(x) =u(x), x€Q\{x},
in this case X is called a removable isolated singularity of u and i is called
harmonic extension of u in Q.

4. Let u be a harmonic function defined in the bounded domain €. For a positive constant «,
the dilation of u is defined to be the harmonic function i, that defined in the bounded

domain Q1 as follows,

a

T, (x) =u(ax), x € Q1 = {2 X € Q}. (11)

Let X be an isolated singularity of u in Q. Since the translation of harmonic function is
harmonic, then the following function v(x) = u(x + %), is harmonic in O = Q — {&} =
{x — X:x € Q}. Therefore, if X is an isolated singularity of w in €, then 0 is an
isolated singularity for v in Q. Thus, without loss of generality, instead of saying that & is
a singularity of u, after a suitable translation, Then, 0 is a singularity of u in Q.

5. If X is a singularity of u in Q, then it can be assumed that, after a suitable translation and
dilation, Q is containing the closed unit ball B(0,1) and 0 is the singular point of u instead

of X.
2.3. Radial Average of Harmonic Functions

Let u be a harmonic function defined in B(0,1)\{0}. The radial average (spherical average) of u

in the punctured unit open ball [1], and [15] ,0 < r = |x| < 1, is defined as follows
R (1) = n—;n Josio1y ¥rw)ds(w). (12)

Proposition 2.4. [1] The radial average of u in B(0,1)\{0} satisfying the following equation
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C, + Colx|>™ , n >3,

Ru(x) = Ci+ G, log(ﬁ) ,n=2,

(13)

for some constants C; and C,.

2.3. Positive Harmonic Functions in the Punctured Unit Open Ball

This subsection, briefly summarizes the representation of positive harmonic functions in
B(0,1)\{0} that has been discussed in [1] and it will show that such functions can be decomposed
into two parts. One part depends on the fundamental solution of Laplacian and the other part is
harmonic in the entire unit ball. In other words, if u is positive harmonic in B(0,1)\{0}, then u

has the following decomposition in B(0,1)\{0},

Alx|>™™ + 1i(x), n=>3,

u(x) = Alog (ﬁ) +i(x), n=2,

(14)

where, i is a harmonic function in B(0,1) and A is a nonnegative constant.

The above representation of positive harmonic functions is called Bocher’s representation and it

has been studied in [1].

Remark 2.5. It can be shown that the harmonic function # and the nonnegative constant 4 in the
representation that is given by (14) are unique. In fact, let us assume that u has two representations.
That is, there are two nonnegative constants A,, A, and two harmonic functions, u,, u, in B(0,1)

, the work designated for n > 3 (similar work would simply hold for n = 2, be such that

u(x) = A x> 4+ uy (x), x € B(0,1)\{0},
and,
u(x) = A|x|* "+ u,(x), x € B(0,1)\{0}.

Therefore, it obtained that
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up (%) —up (%) = (A2 — A1) [x|*7", ¥ x € B(0,1)\{0}. (15)

Involving the Laplace operator A for both sides of (15), obtaining the following differential

identity,
Alu; —uy)(x) = (A4, — Ap) Alx|*™™ (16)
Therefore, the following identity is abstained
(A, — A)S,(x) =0,  x € B(0,1). (17)
Where §, is the Dirac delta function concentrating at x = 0, which is defined by the following

identity,

_ (0 if x+0,
8o(x) = {+oo if x = 0. (18)

Therefore, itis seenthat A; = A, and u; = u,. That is, the Bocher’s representation in (14) is

unique.

2. Positive Harmonic Functions in the Punctured Bounded Domain

The aim of this section is to generalize the representation of positive harmonic functions into

general punctured bounded domain instead of punctured unit open ball.

Let Q be a bounded domain in R™ and u be a positive harmonic function in Q\{x,}, where x,

is an isolated singularity of u in Q.
First, involve the translation
u*(x) = ulx + x,), for x € Q*\{0},
where,
0" = (Q—{x}) ={y —x0:y €Q}.
Therefore u* is positive harmonic function in Q*\{0}.
After translating u into u*, dilate u* to u;, in the domain Q: in order to guarantee that B(0,1)

a

Qi . In fact, the desired dilation can be represented as follows;

a
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For d = dist(0,0Q"), make the following two cases

1. Ifd > 1,seta =1 and define

Q1 =0"and uy(x) = u(x) forx € Q1 . (19)

Then evidently it can be seen the inclusion

B(0,1) c Qi .

s>

Qe

Figure 1: The dilated domain for d>1.
2. Ifd <1, set

={d if d<1;

1—-€eifd=1; (20)

for some 0 < € < 1. Then define the following dilation

ug(x) =u*(ax), x € Q1
a

where,

o =f{Zyeal

Thus, it obtains the desired inclusion,

B(0,1) c Qi.

a
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89D

Qy,

Figure 2: The dilated domain for d< 1.

From the above two cases, it has obtained that u;, is positive harmonic in B(0,1)\{0}. Therefore,

from the previous section (4.4), the following representation for u}, in B(0,1)\{0} is obtained,

Alog (ﬁ) +v'(x), n=2;

Ug (x) = (21)
Alx|?™ + v*(x), n=>3;
for unique A > 0 and v* is the unique harmonic function in B(0,1).
Extend v* to be harmonic in Q1 as follows
v*(x) if x€B(0,1);
. 1 _ * _
7 (x) = u,(x) — Alog (m) forn=2andx € Q% \B(0,1); 22)
us(x) — Alx|?>™™ for n >3 andx € Qi \B(0,1).
Thus v* is harmonic function in Q1.
Therefore,
1 —
Alog|—) + v*(x if n=2;
o =| 108 () + 7 @)

Alx)>™™ + v*(x) if n=>3;

for x € Q1\{0}.

Now, dilate back to obtain the following,
u*(x) = uy (g), for x € Q*\{0}.
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That is, for x € Q*\{0}, it follows that

Alog(i)+F(£), n=2;

x| a

u(x) =
-2 2— ox (X
(@A) |x|* "+ v (a), n = 3.

(24)

Let

~ {A if n=2; (25)

A= a™2A if n>3;

and 7(x) = W(g) for x € Q*, then for x € Q*\{0} it follows that

= a ~ . _ -,
Alog (m) + v(x), if n=2;
Alx|> " +(x), if n=>3;

u(x) = { (26)

where A > 0 and ¥ is harmonic in Q*.
Finally, translate back as follows:
u(x) =u*(x — xo) for x € Q\{x,}.

Therefore, for x € Q\{x,}, it follows that

Alog (ﬁ) +v(x), if n=2,

Alx —xo|> " +v(x), if n=3,

u(x) = { (27)

where, v(x) = ¥(x — x,) is a harmonic function in Q, and for some 0 < € < 1,

1, if d>1,
a= {1 —¢ if d=1, (28)
d, if d<1.

Remark 3.1. If A = 0 in (27), then x, is a removable isolated singularity of u in Q.

4. Positive Harmonic Functions in Bounded Domain with more than One Singularity
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In the previous section, the representation of positive harmonic functions in a general punctured
bounded domain is given. Continuing further to generalize the representation of positive harmonic
functions in a bounded domain that contains more than one isolated singularity. For this purpose,
the following definition is needed to ease the representation of such positive harmonic functions

with two isolated singularities.
Definition 4.1. Let S be a subset of R"™, the characteristic function of S, xs, is defined by

1 if ES;
150 ={y i s (29)

The work will focus on bounded domains with two isolated singularities because positive
harmonic functions in bounded domains with more than two isolated singularities can be made in

the same way.

Let u be a positive harmonic function in Q\{a,,a,}, where a; and a, be two isolated

singularities of u in the bounded domain Q.

First, let B(ay,6;) < Qand B(a,, §,) < Q be closed neighborhoods for a; and a, respectively be

SUCh that B(al, 51)”3((12, 62) = @

From the representation in the previous section in B(a4, 6;) it follows that

a1 B _ .
200 = { A log (—lx—a1|> +v(x) if n=2; (30)
Aflx — a4+ vy (%) if n>3;
where A; > 0 and v, is harmonic in B(a4, §,), and
1 if 6, >1;
a; = {1 —e if 8§, =1; (31)
81 if 6; <1;

forsome 0 < e < 1.

Notice that, the harmonic function v, can be extended harmonically to dB (a4, §,) as follows, for

y € 0B(ay, 8;), define v(y) = lim v(x).
Xy
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Figure 3: Bounded domain with two isolated singularities

Q

Therefore, in B(a4, 61)\{a}, u has the following representation;

w(x) = { A log( I) +v,(x) if n=2; (32)
Aglx — aq | + v (x) if n>3;
also, in B(a,, &,), u can be represented as follows;
u(x) = { Azlog () + v () if n=2, (33)
A, |x—a2|2 "+v2(x) if n>3,

where, A, > 0, v, is harmonic in B(a,, §,), and

1 if 8§, >1,
0(2 = {1 — € lf 62 = 1, (34)
5, if 6, <1,
forsome 0 < e < 1.

Now use v; and v, to define the harmonic function v in Q depending on the dimension n. for

n = 2, define

v(x) = Xa(aysy) (v1(x) — A;log (Ix o |)) +

XB(a,,86,) (VZ(X) Aqlog (lx a |)) + (35.2)

Xo\(B(a1,8,)UB(az,6,)) (u(x) A IOg( ) —A,log (lx az |))
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While for n > 3 the function v is given by the form

v(X) = XB(ay,5,) W1(x) — Azlx — a,|*™™) +
XB(ag,s,) W2 (X) — Ay |x —ag|*™) + (35.b)
Xo\(B(ay,8:)UB(a5,5,)) () —A1 [x — aq [P = A |x — a,|*™™).

Therefore, v is harmonic function in . Consequently, u have the following representation in

O\{aq, a,}
aq ay . —
w(x) = A log (—Ix—all) + A, log (—Ix—azl) + v(x) if n=2, (36)
A |x —a P M+ Ay |x — ay|* ™ + v(x) if n>3.

6. Conclusions

The positive harmonic function u in Q\{x,}, where Q is a bounded domain of R™ and x, is an
isolated singularity of w in Q can be divided into two parts. One of them is the singular parts that
depends on the fundamental solution of Laplacian and the other part is the harmonic part.
Explicitly, u has givenin (27). The work has continued to describe more general form for positive
harmonic functions with two isolated singularities. That is, when u is a positive harmonic function

in Q\{a4, a,}, for two isolated singularities a; and a, of u in the bounded domain Q. Insert the

condition B(ay,8;)NB(a,,d,) =@ and B(a,, ;) € Q, B(a, d,) < Q, would enable to

generalize the formula (27) for two isolated singularities. In which case, u described in (36).
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