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We establish  general 𝑞-operator  𝑟Φ𝑠  and subsequently discover some 

of its operator identities, which we use to generalize various 𝑞-integrals 

such as the Andrews-Askey integral, Gasper integral, and Askey-

Wilson integral. In 𝑞-integrals, we specify exact values for achieving 

certain new results or reproofing others. 
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1. Introduction  

     In this paper, we employ the notations and terminology from [10], assuming that 0 < 𝑞 < 1. 

Let 𝑎 be a complex variable. The 𝑞-shifted factorial is defined as follows:  

(𝑎; 𝑞)0 = 1,    (𝑎; 𝑞)𝑚 = ∏

𝑚−1

𝑘=0

(1 − 𝑎𝑞𝑘),    (𝑎; 𝑞)∞ = ∏

∞

𝑘=0

(1 − 𝑎𝑞𝑘). 

The multiple 𝑞-shifted factorial is given by:  

(𝑎1, 𝑎2, … , 𝑎𝑟; 𝑞)𝑚 =   (𝑎1; 𝑞)𝑚(𝑎2; 𝑞)𝑚 ⋯ (𝑎𝑟; 𝑞)𝑚, 

where 𝑚 ∈ ℤ 𝑜𝑟 ∞, 𝑟 ∈ ℤ+
 𝑎𝑛𝑑 𝑎1, … , 𝑎𝑟 ∈ ℂ. 

     For non-negative integers 𝑟 and 𝑠, the basic hypergeometric series  𝑟ϕ𝑠 is known as [10]  

 𝑟Φ𝑠 (
𝑎1, … , 𝑎𝑟

𝑏1, … , 𝑏𝑠
; 𝑞, 𝑥) = ∑

∞

𝑘=0

(𝑎1, … , 𝑎𝑟; 𝑞)𝑘

(𝑞, 𝑏1, … , 𝑏𝑠; 𝑞)𝑘
[(−1)𝑘𝑞

(
𝑘
2

)
]

1+𝑠−𝑟

𝑥𝑘 , 

where 𝑟, 𝑠 ∈ ℕ; 𝑎1, … , 𝑎𝑟 , 𝑏1, … , 𝑏𝑠 ∈ ℂ. 

      In this paper, we will use the following identities [10]:  

                        (𝑎; 𝑞)𝑛−𝑘 =
(𝑎; 𝑞)𝑛

(𝑞1−𝑛/𝑎; 𝑞)𝑘
  (−1)𝑘𝑞

(
𝑘
2

)−𝑛𝑘
  (

𝑞

𝑎)𝑘
.                                                    (1.1) 

                                          (𝑞−𝑛; 𝑞)𝑘 =
(𝑞;𝑞)𝑛

(𝑞;𝑞)𝑛−𝑘
  (−1)𝑘𝑞

(
𝑘
2

)−𝑛𝑘
.                                                     (1.2)     

                  (𝑎𝑞𝑘; 𝑞)𝑛−𝑘  =
(𝑎; 𝑞)𝑛

(𝑎; 𝑞)𝑘
.                                                                                   (1.3) 

      The 𝑞-binomial coefficient is presented as follows [10]:  

[
𝑛
𝑘

] = {

(𝑞; 𝑞)𝑛

(𝑞; 𝑞)𝑘 (𝑞; 𝑞)𝑛−𝑘
, 𝑖𝑓  0 ≤ �𝑘� ≤ 𝑛; 

0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒,

 

 where 𝑛, 𝑘 ∈ ℕ. 

     The Cauchy identity is  

∑

∞

𝑛=0

(𝑎; 𝑞)𝑛

(𝑞; 𝑞)𝑛
𝑥𝑛 =

(𝑎𝑥; 𝑞)∞

(𝑥; 𝑞)∞
,    |𝑥| < 1. 

 Euler provided the following special case of Cauchy identity [10]        
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∑

∞

𝑛=0

(−1)𝑛𝑞
(

𝑛
2

)

(𝑞; 𝑞)𝑛
𝑥𝑛 = (𝑥; 𝑞)∞. 

       𝑞-Chu-Vandermonde’s identity is given as [10]:  

 2ϕ1 (
𝑞−𝑛, 𝑏

𝑐
; 𝑞, 𝑞)  =

(𝑐/𝑏; 𝑞)𝑛

(𝑐; 𝑞)𝑛
𝑏𝑛.                                             (1.4) 

     The 𝑞-Gauss sum is given as [10]:  

                                          2ϕ1 (
𝑎, 𝑏

𝑐
; 𝑞, 𝑐/𝑎𝑏) =

(𝑐/𝑎, 𝑐/𝑏; 𝑞)∞

(𝑐, 𝑐/𝑎𝑏; 𝑞)∞
.                                         (1.5) 

      The transformation of  3ϕ2 is given by [10, Appendix III, equation (III.9)]:  

 3ϕ2 (
𝑎, 𝑏, 𝑐

𝑑, 𝑒
; 𝑞, 𝑑𝑒/𝑎𝑏𝑐) =

(𝑒/𝑎, 𝑑𝑒/𝑏𝑐; 𝑞)∞

(𝑒, 𝑑𝑒/𝑎𝑏𝑐; 𝑞)∞
 3ϕ2 (

𝑎, 𝑑/𝑏, 𝑑/𝑐

𝑑, 𝑑𝑒/𝑏𝑐
; 𝑞, 𝑒/𝑎).            (1.6) 

        The transformation of  3ϕ2 is given by [10, Appendix III, equation (III.12)]:  

        3ϕ2 (
𝑞−𝑛, 𝑏, 𝑐

𝑑, 𝑒
; 𝑞, 𝑞) =

(𝑒/𝑐; 𝑞)𝑛

(𝑒; 𝑞)𝑛
𝑐𝑛 3ϕ2 (

𝑞−𝑛, 𝑐, 𝑑/𝑏

𝑑, 𝑐𝑞1−𝑛/𝑒
; 𝑞𝑏𝑞/𝑒).                     (1.7)   

Definition 1.1 [5]. The 𝑞-differential operator, or 𝑞-derivative, is defined by  

𝐷𝑞{𝑓(𝑎)} =
𝑓(𝑎) − 𝑓(𝑎𝑞)

𝑎
.                                                                 (1.8) 

Theorem 1.2 [5]. 𝐹𝑜𝑟  𝑛� ≥ 0, we have 

𝐷𝑞
𝑛{𝑓(𝑎)𝑔(𝑎)} = ∑

𝑛

𝑘=0

[
𝑛
𝑘

] 𝑞𝑘(𝑘−𝑛)𝐷𝑞
𝑘{𝑓(𝑎)}𝐷𝑞

𝑛−𝑘{𝑔(𝑎𝑞𝑘)}.                               (1.9) 

Theorem 1.3 [19]. Let 𝐷𝑞 be defined as in (1.8). then  

𝐷𝑞
𝑘 {

(𝑎𝑣; 𝑞)∞

(𝑎𝑡; 𝑞)∞
} = 𝑡𝑘(𝑣/𝑡; 𝑞)𝑘

(𝑎𝑣𝑞𝑘; 𝑞)∞

(𝑎𝑡; 𝑞)∞
,    |𝑎𝑡| < 1.                              (1.10) 

     The Andrews-Askey integral is given by [1, 2]:           

∫
𝑑

𝑐

(𝑞𝑡/𝑐, 𝑞𝑡/𝑑; 𝑞)∞

(𝑎𝑡, 𝑏𝑡; 𝑞)∞
𝑑𝑞𝑡 =  

𝑑(1 − 𝑞)(𝑞, 𝑑𝑞/𝑐, 𝑐/𝑑, 𝑎𝑏𝑐𝑑; 𝑞)∞

(𝑎𝑐, 𝑎𝑑, 𝑏𝑐, 𝑏𝑑; 𝑞)∞
,                        (1.11) 

where max{|𝑎|, |𝑏|, |𝑐|, |𝑑|} < 1, 𝑐𝑑 ≠ 0.   

     The Gasper integral [9] is given by:  

1

2𝜋
∫

𝜋

−𝜋

(𝜌𝑒𝑖𝜃/𝑑, 𝑞𝑑𝑒−𝑖𝜃/𝜌, 𝜌𝑐𝑒−𝑖𝜃, 𝑞𝑒𝑖𝜃/𝑐𝜌, 𝑎𝑏𝑐𝑑𝑓𝑒𝑖𝜃; 𝑞)∞

(𝑎𝑒𝑖𝜃, 𝑏𝑒𝑖𝜃, 𝑐𝑒−𝑖𝜃, 𝑑𝑒−𝑖𝜃,, 𝑓𝑒𝑖𝜃; 𝑞)∞
𝑑𝜃 
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     =
(𝑎𝑏𝑐𝑑, 𝜌𝑐/𝑑, 𝑑𝑞/𝜌𝑐, 𝜌, 𝑞/𝜌, 𝑎𝑐𝑑𝑓, 𝑏𝑐𝑑𝑓; 𝑞)∞

(𝑞, 𝑎𝑐, 𝑎𝑑, 𝑏𝑐, 𝑏𝑑, 𝑐𝑓, 𝑑𝑓; 𝑞)∞
,                                      (1.12) 

where max{|𝑎|, |𝑏|, |𝑐|, |𝑑|} < 1, 𝑐𝑑𝜌 ≠ 0. 

     The Askey-Wilson integral is stated as follows [3, 11, 12]:  

∫
𝜋

0

ℎ(cos2𝜃; 1)

ℎ(cos𝜃; 𝑎, 𝑏, 𝑐, 𝑑)
𝑑𝜃 =

2𝜋(𝑎𝑏𝑐𝑑; 𝑞)∞

(𝑞, 𝑎𝑏, 𝑎𝑐, 𝑎𝑑, 𝑏𝑐, 𝑏𝑑, 𝑐𝑑; 𝑞)∞
,                      (1.13) 

where max{|𝑎|, |𝑏|, |𝑐|, |𝑑|} < 1. 

          In 1997, Chen and Liu [5] constructed the following 𝑞-exponential operator: 

Definition 1.4 [5]. The 𝑞-exponential operator 𝑇(𝑏𝐷𝑞) is defined by  

𝑇(𝑏𝐷𝑞) = ∑

∞

𝑘=0

(𝑏𝐷𝑞)𝑘

(𝑞; 𝑞)𝑘
.                                                             (1.14) 

In light of parameter augmentation, they employed the q-exponential operator 𝑇(𝑏𝐷𝑞) to obtain 

an extension to the Andrews-Askey integral (1.11) as follows: 

Theorem 1.5 [5]. Let 𝑇(𝑏𝐷𝑞) be defined as in (1.14), then  

∫
𝑑

𝑐

(𝑞𝑡/𝑐, 𝑞𝑡/𝑑, 𝑎𝑏𝑐𝑑𝑒𝑡; 𝑞)∞

(𝑎𝑡, 𝑏𝑡, 𝑒𝑡; 𝑞)∞
𝑑𝑞𝑡 =

𝑑(1 − 𝑞)(𝑞, 𝑑𝑞/𝑐, 𝑐/𝑑, 𝑎𝑏𝑐𝑑, 𝑏𝑐𝑑𝑒, 𝑎𝑐𝑑𝑒; 𝑞)∞

(𝑎𝑐, 𝑎𝑑, 𝑏𝑐, 𝑏𝑑, 𝑐𝑒, 𝑑𝑒; 𝑞)∞
.    (1.15) 

  

     In 2005, Zhang and Wang [18] employed the q-exponential operator 𝑇(𝑏𝐷𝑞) to offer the 

following extension to the Gasper integral (1.12):     

Theorem 1.6 [18]. Let 𝑇(𝑏𝐷𝑞) be defined as in (1.14), then  

1

2𝜋
∫

𝜋

−𝜋

(𝜌𝑒𝑖𝜃/𝑑, 𝑞𝑑𝑒−𝑖𝜃/𝜌, 𝜌𝑐𝑒−𝑖𝜃, 𝑞𝑒𝑖𝜃/𝑐𝜌, 𝑎𝑏𝑐𝑑𝑓𝑒𝑖𝜃, 𝑏𝑐𝑑𝑓𝑔𝑒𝑖𝜃; 𝑞)∞

(𝑎𝑒𝑖𝜃, 𝑏𝑒𝑖𝜃, 𝑓𝑒𝑖𝜃, 𝑐𝑒−𝑖𝜃, 𝑑𝑒−𝑖𝜃, 𝑔𝑒𝑖𝜃; 𝑞)∞
    

×   3ϕ2 (
𝑏𝑐𝑑𝑓, 𝑓𝑒𝑖𝜃, 𝑏𝑒𝑖𝜃

𝑎𝑏𝑐𝑑𝑓𝑒𝑖𝜃, 𝑏𝑐𝑑𝑓𝑔𝑒𝑖𝜃
; 𝑞, 𝑎𝑐𝑑𝑔) 𝑑𝜃      

=
(𝑎𝑏𝑐𝑑, 𝜌𝑐/𝑑, 𝑑𝑞/𝜌𝑐, 𝜌, 𝑞/𝜌, 𝑎𝑐𝑑𝑓, 𝑏𝑐𝑑𝑓, 𝑏𝑐𝑑𝑔, 𝑐𝑑𝑓𝑔; 𝑞)∞

(𝑞, 𝑎𝑐, 𝑎𝑑, 𝑏𝑐, 𝑏𝑑, 𝑐𝑓, 𝑑𝑓, 𝑐𝑔, 𝑑𝑔; 𝑞)∞
.                              (1.16) 
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     In 2008, Chen and Gu [4] introduced the Cauchy operator 𝑇(𝑎, 𝑏; 𝐷𝑞) as follows:  

Definition 1.7 [4]. The Cauchy operator 𝑇(𝑎, 𝑏; 𝐷𝑞) is defined by  

𝑇(𝑎, 𝑏; 𝐷𝑞) = ∑

∞

𝑘=0

(𝑎; 𝑞)𝑘

(𝑞; 𝑞)𝑘
(𝑏𝐷𝑞)𝑘.                                             (1.17)  

Chen and Gu [4] used the operator 𝑇(𝑎, 𝑏; 𝐷𝑞) to give an extension for the Gasper integral (1.12) 

as  follows: 

Theorem 1.8 [4]. Let 𝑇(𝑎, 𝑏; 𝐷𝑞) be defined as in (1.17), then  

1

2𝜋
∫

𝜋

−𝜋

(𝜌𝑒𝑖𝜃/𝑑, 𝑞𝑑𝑒−𝑖𝜃/𝜌, 𝜌𝑐𝑒−𝑖𝜃, 𝑞𝑒𝑖𝜃/𝑐𝜌, 𝑎𝑏𝑐𝑑𝑓𝑒𝑖𝜃, 𝑔ℎ𝑒𝑖𝜃; 𝑞)∞

(𝑎𝑒𝑖𝜃, 𝑏𝑒𝑖𝜃, 𝑐𝑒−𝑖𝜃, 𝑑𝑒−𝑖𝜃, 𝑓𝑒𝑖𝜃, ℎ𝑒𝑖𝜃; 𝑞)∞
                                     

        ×  3ϕ2 (
𝑔, 𝑎𝑒𝑖𝜃, 𝑓𝑒𝑖𝜃

𝑎𝑏𝑐𝑑𝑓𝑒𝑖𝜃, 𝑔ℎ𝑒𝑖𝜃
; 𝑞, 𝑏𝑐𝑑ℎ) 𝑑𝜃                                                                          

    =
(𝑎𝑏𝑐𝑑, 𝜌𝑐/𝑑, 𝑑𝑞/𝜌𝑐, 𝜌, 𝑞/𝜌, 𝑎𝑐𝑑𝑓, 𝑏𝑐𝑑𝑓, 𝑐𝑔ℎ; 𝑞)∞

(𝑞, 𝑎𝑐, 𝑎𝑑, 𝑏𝑐, 𝑏𝑑, 𝑐𝑓, 𝑐ℎ, 𝑑𝑓; 𝑞)∞
 3ϕ2 (

𝑔, 𝑎𝑐, 𝑓𝑐

𝑐𝑔ℎ, 𝑎𝑐𝑑𝑓
; 𝑞, 𝑑ℎ).        (1.18) 

                 

     In 2016, Li and Tan [13] constructed the generalized 𝑞-exponential operator 𝕋[ |𝑞; 𝑐𝐷𝑞𝑤
𝑢,𝑣 ]    

            with three parameters as follows:  

Definition 1.9 [13]. The generalized 𝑞-exponential operator 𝕋[ |𝑞; 𝑐𝐷𝑞𝑤
𝑢,𝑣 ]  is defined by  

                                    𝕋[ |𝑞; 𝑐𝐷𝑞𝑤
𝑢,𝑣 ]   = ∑

∞

𝑛=0

(𝑢, 𝑣; 𝑞)𝑛

(𝑞, 𝑤; 𝑞)𝑛
(𝑐𝐷𝑞)𝑛.                                           (1.19) 

Li and Tan [13] used the operator 𝕋[ |𝑞; 𝑐𝐷𝑞𝑤
𝑢,𝑣 ] to obtain the following generalization for the 

Askey-Wilson integral (1.13):  

Theorem 1.10 [13]. Let 𝕋[ |𝑞; 𝑐𝐷𝑞𝑤
𝑢,𝑣 ]  be defined as in (1.19), then  

∫
𝜋

0

ℎ(cos2𝜃; 1)

ℎ(cos𝜃; 𝑎, 𝑏, 𝑐, 𝑑)
∑

𝑛,𝑘≥0

(𝑢, 𝑣; 𝑞)𝑛+𝑘

(𝑞; 𝑞)𝑛(𝑤; 𝑞)𝑛+𝑘

(𝑎𝑒−𝑖𝜃, 𝑏𝑒−𝑖𝜃; 𝑞)𝑘

(𝑞, 𝑎𝑏; 𝑞)𝑘
𝑓𝑛+𝑘𝑒(𝑘−𝑛)𝑖𝜃𝑑𝜃               

=
2𝜋(𝑎𝑏𝑐𝑑; 𝑞)∞

(𝑞, 𝑎𝑏, 𝑎𝑐, 𝑎𝑑, 𝑏𝑐, 𝑏𝑑, 𝑐𝑑; 𝑞)∞
∑

𝑛,𝑘≥0

(𝑢, 𝑣; 𝑞)𝑛+𝑘

(𝑞; 𝑞)𝑛(𝑤; 𝑞)𝑛+𝑘

(𝑎𝑑, 𝑏𝑑)𝑘

(𝑞, 𝑎𝑏𝑐𝑑; 𝑞)𝑘
𝑓𝑛+𝑘𝑑𝑛𝑐𝑘.      (1.20) 
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     The following is how our paper is organized. In section 2, we build a generalized q-operator 

 𝑟Φ𝑠 and then determine its identities. In section 3, we employ the operator  𝑟Φ𝑠 to generalize the 

Andrews-Askey, Gasper, and Askey-Wilson integrals.      

2. The General Operator  𝒓𝚽𝒔 and its Identities 

     In this section, we introduce the general operator  𝑟Φ𝑠 (𝑎1,…,𝑎𝑟
𝑏1,…,𝑏𝑠

; 𝑞, 𝑐𝐷𝑞). Then we give some of 

its identities. 

 Definition 2.1  We define the general 𝑞-operator  𝑟Φ𝑠 as follows:  

 𝑟Φ𝑠 (
𝑎1, … , 𝑎𝑟

𝑏1, … , 𝑏𝑠
; 𝑞, 𝑐𝐷𝑞) = ∑

∞

𝑛=0

𝑊𝑛

(𝑞; 𝑞)𝑛
[(−1)𝑛𝑞

(
𝑛
2

)
]

1+𝑠−𝑟

(𝑐𝐷𝑞)
𝑛

,                    (2.1) 

where 𝑊𝑛 =
(𝑎1,⋯,𝑎𝑟;𝑞)𝑛

(𝑏1,…,𝑏𝑠;𝑞)𝑛
. 

 

     In order to obtain many previously stated operators, several specific values may be assigned 

to the general q-operator  𝑟Φ𝑠 as follows: 

    • Setting 𝑟 = 1, 𝑠 = 0, 𝑎1 = 0 and 𝑐 = 𝑏, we get on the exponential operator 𝑇(𝑏𝐷𝑞)  

       defined by Chen and Liu [5] in 1997.      

         • If 𝑟 = 1, 𝑠 = 0, 𝑎1 = 𝑎 and 𝑐 = 𝑏, we get on the Cauchy operator 𝑇(𝑎, 𝑏; 𝐷𝑞) defined by   

            Chen and Gu [4] in 2008. 

              • When 𝑟 = 2, 𝑠 = 1, 𝑎1 = 𝑢,𝑎2 = 𝑣 and 𝑏1 = 𝑤, we get on the generalized exponential   

                 operator with three parameters 𝕋[ |𝑞; 𝑐𝐷𝑞𝑤
𝑢,𝑣 ] constructed by Li and Tan [13] in 2016.  

Other special values for the generalized q-operator  𝑟Φ𝑠 can be used to describe operators like 

those in [6,7.8, 14, 15, 16, 17,19]. 

     The following operator identities will be derived using 𝑞-Liebniz formula (1.9).  

Theorem 2.2 Let  𝑟Φ𝑠 (𝑎1,…,𝑎𝑟
𝑏1,…,𝑏𝑠

; 𝑞, 𝑐𝐷𝑞) be defined as in (2.1), then       

    𝑟Φ𝑠 (
𝑎1, … , 𝑎𝑟

𝑏1, … , 𝑏𝑠
; 𝑞, 𝑐𝐷𝑞) {

(𝑎𝑣, 𝑎𝑢; 𝑞)∞

(𝑎𝑡, 𝑎𝑤; 𝑞)∞
} =

(𝑎𝑣, 𝑎𝑢; 𝑞)∞

(𝑎𝑡, 𝑎𝑤; 𝑞)∞
                                                                  

  × ∑

∞

𝑛=0

∑

∞

𝑘=0

𝑊𝑛+𝑘

(𝑞; 𝑞)𝑛

(𝑣/𝑡, 𝑎𝑤; 𝑞)𝑘

(𝑞, 𝑎𝑣; 𝑞)𝑘

(𝑢/𝑤; 𝑞)𝑛

(𝑎𝑢; 𝑞)𝑛+𝑘
[(−1)𝑛+𝑘𝑞

(
𝑛+𝑘

2
)
]

1+𝑠−𝑟

(𝑐𝑤)𝑛(𝑐𝑡)𝑘,    (2.2) 

http://creativecommons.org/licenses/by-nc/4.0/


541-526) (2022)3Bas J Sci 40(                                                                          H.L. Saad and H.J. Hassan 

532 
 

                     This article is an open access article distributed under 

the terms and conditions of the Creative Commons Attribution-

NonCommercial 4.0 International (CC BY-NC 4.0 license) 

).nc/4.0/-http://creativecommons.org/licenses/by( 

provided that max{|𝑎𝑡|, |𝑎𝑤|} < 1.  

Proof. 

 𝑟Φ𝑠 (
𝑎1, … , 𝑎𝑟

𝑏1, … , 𝑏𝑠
; 𝑞, 𝑐𝐷𝑞) {

(𝑎𝑣, 𝑎𝑢; 𝑞)∞

(𝑎𝑡, 𝑎𝑤; 𝑞)∞
}                         

= ∑

∞

𝑛=0

𝑊𝑛

(𝑞; 𝑞)𝑛
[(−1)𝑛𝑞

𝑛
2 ]

1+𝑠−𝑟

𝑐𝑛𝐷𝑞
𝑛 {

(𝑎𝑣; 𝑞)∞

(𝑎𝑡; 𝑞)∞

(𝑎𝑢; 𝑞)∞

(𝑎𝑤; 𝑞)∞
}         (by using  (2.1))                         

 = ∑

∞

𝑛=0

𝑊𝑛

(𝑞; 𝑞)𝑛
[(−1)𝑛𝑞

𝑛
2 ]

1+𝑠−𝑟

𝑐𝑛 

       × ∑

𝑛

𝑘=0

[
𝑛
𝑘

] 𝑞𝑘2−𝑛𝑘𝐷𝑞
𝑘 {

(𝑎𝑣; 𝑞)∞

(𝑎𝑡; 𝑞)∞
} 𝐷𝑞

𝑛−𝑘 {
(𝑎𝑢𝑞𝑘; 𝑞)∞

(𝑎𝑤𝑞𝑘; 𝑞)∞
}         (by using (1.9))                          

= ∑

∞

𝑛=0

∑

𝑛

𝑘=0

𝑊𝑛

(𝑞; 𝑞)𝑛
[(−1)𝑛𝑞

(
𝑛
2

)
]

1+𝑠−𝑟

𝑐𝑛 [
𝑛
𝑘

] 𝑞𝑘2−𝑛𝑘                                                                               

  × 𝑡𝑘
(𝑣/𝑡; 𝑞)𝑘(𝑎𝑣𝑞𝑘; 𝑞)∞

(𝑎𝑡; 𝑞)∞

(𝑤𝑞𝑘)𝑛−𝑘
(𝑢/𝑤; 𝑞)𝑛−𝑘(𝑎𝑢𝑞𝑛; 𝑞)∞

(𝑎𝑤𝑞𝑘; 𝑞)∞
    (by using (1.10))      (2.3) 

=
(𝑎𝑣, 𝑎𝑢; 𝑞)∞

(𝑎𝑡, 𝑎𝑤; 𝑞)∞
∑

∞

𝑛=0

∑

∞

𝑘=0

𝑊𝑛+𝑘

(𝑞; 𝑞)𝑛

(𝑣/𝑡, 𝑎𝑤; 𝑞)𝑘

(𝑞, 𝑎𝑣; 𝑞)𝑘

(𝑢/𝑤; 𝑞)𝑛

(𝑎𝑢; 𝑞)𝑛+𝑘
[(−1)𝑛+𝑘𝑞

(
𝑛+𝑘

2
)
]

1+𝑠−𝑟

(𝑐𝑤)𝑛(𝑐𝑡)𝑘. 

■  

     Setting 𝑢 = 0 in equation (2.2), we get the following corollary:  

Corollary 2.1 Let  𝑟Φ𝑠 (𝑎1,…,𝑎𝑟
𝑏1,…,𝑏𝑠

; 𝑞, 𝑐𝐷𝑞) be defined as in (2.1), then  

 𝑟Φ𝑠 (
𝑎1, … , 𝑎𝑟

𝑏1, … , 𝑏𝑠
; 𝑞, 𝑐𝐷𝑞) {

(𝑎𝑣; 𝑞)∞

(𝑎𝑡, 𝑎𝑤; 𝑞)∞
} =

(𝑎𝑣; 𝑞)∞

(𝑎𝑡, 𝑎𝑤; 𝑞)∞
∑

∞

𝑘=0

∑

∞

𝑛=0

𝑊𝑛+𝑘

(𝑞; 𝑞)𝑛

(𝑣/𝑡, 𝑎𝑤; 𝑞)𝑘

(𝑞, 𝑎𝑣; 𝑞)𝑘
 

 × [(−1)𝑛+𝑘𝑞
(

𝑛+𝑘
2

)
]

1+𝑠−𝑟

(𝑐𝑤)𝑛(𝑐𝑡)𝑘,     max{|𝑎𝑡|, |𝑎𝑤|} < 1. (2.4) 

     Setting 𝑢 = 0 and then 𝑤 = 0 in equation (2.2), we get the following corollary:     

Corollary 2.2  Let  𝑟Φ𝑠 (𝑎1,…,𝑎𝑟
𝑏1,…,𝑏𝑠

; 𝑞, 𝑐𝐷𝑞) be defined as in (2.1), then  

 𝑟Φ𝑠 (
𝑎1, … , 𝑎𝑟

𝑏1, … , 𝑏𝑠
; 𝑞, 𝑐𝐷𝑞) {

(𝑎𝑣; 𝑞)∞

(𝑎𝑡; 𝑞)∞
} =   

(𝑎𝑣; 𝑞)∞

(𝑎𝑡; 𝑞)∞
∑

∞

𝑘=0

𝑊𝑘

(𝑞; 𝑞)𝑘

(𝑣/𝑡; 𝑞)𝑘

(𝑎𝑣; 𝑞)𝑘
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                                                                           × [(−1)𝑘𝑞
(

𝑘
2

)
]

1+𝑠−𝑟

(𝑐𝑡)𝑘,       |𝑎𝑡| < 1. (2.5) 

3. Applications in 𝒒-Integrals 

     In this section, we will use the general 𝑞-operator  𝑟Φ𝑠 to generalize various q-integrals, such 

as the Andrews-Askey integral, the Gasper integral, and the Askey-Wilson integral. We can use 

special values in q-integrals to achieve new findings or recover others. 

3.1  Generalization of the Andrews-Askey Integral 

Theorem 3.1. (Generalization of the Andrews-Askey integral). Let  𝑟Φ𝑠 (𝑎1,…,𝑎𝑟
𝑏1,…,𝑏𝑠

; 𝑞, 𝑐𝐷𝑞) be 

defined as in (2.1), then  

∫
𝑑

𝑐

(𝑞𝑡/𝑐, 𝑞𝑡/𝑑; 𝑞)∞

(𝑎𝑡, 𝑏𝑡; 𝑞)∞
∑

∞

𝑘=0

𝑊𝑘

(𝑞; 𝑞)𝑘

(𝑓/𝑡; 𝑞)𝑘

(𝑎𝑓; 𝑞)𝑘
[(−1)𝑘𝑞

(
𝑘
2

)
]

1+𝑠−𝑟

(𝑒𝑡)𝑘𝑑𝑞𝑡 

=
𝑑(1 − 𝑞)(𝑞, 𝑑𝑞/𝑐, 𝑐/𝑑, 𝑎𝑏𝑐𝑑; 𝑞)∞

(𝑎𝑐, 𝑎𝑑, 𝑏𝑐, 𝑏𝑑; 𝑞)∞
∑

𝑛,𝑘≥0

𝑊𝑛+𝑘

(𝑞; 𝑞)𝑛

(𝑓/𝑑; 𝑞)𝑛

(𝑎𝑓; 𝑞)𝑛+𝑘
  (𝑒𝑑)𝑛 

× [(−1)𝑛+𝑘𝑞
(

𝑛+𝑘
2

)
]

1+𝑠−𝑟 (𝑎𝑑, 𝑏𝑑; 𝑞)𝑘

(𝑞, 𝑎𝑏𝑐𝑑; 𝑞)𝑘
  (𝑒𝑐)𝑘.                                                   (3.1) 

Proof. Multiplying equation (1.11) by (𝑎𝑓; 𝑞)∞, we have  

∫
𝑑

𝑐

(𝑞𝑡/𝑐, 𝑞𝑡/𝑑; 𝑞)∞

(𝑏𝑡; 𝑞)∞

(𝑎𝑓; 𝑞)∞

(𝑎𝑡; 𝑞)∞
𝑑𝑞𝑡 =

𝑑(1 − 𝑞)(𝑞, 𝑑𝑞/𝑐, 𝑐/𝑑; 𝑞)∞

(𝑏𝑐, 𝑏𝑑; 𝑞)∞

(𝑎𝑓, 𝑎𝑏𝑐𝑑; 𝑞)∞

(𝑎𝑐, 𝑎𝑑; 𝑞)∞
 .        (3.2) 

Applying the operator  𝑟Φ𝑠 on both sides of (2.7), we get  

∫
𝑑

𝑐

(𝑞𝑡/𝑐, 𝑞𝑡/𝑑; 𝑞)∞

(𝑏𝑡; 𝑞)∞
 𝑟Φ𝑠 (

𝑎1, … , 𝑎𝑟

𝑏1, … , 𝑏𝑠
; 𝑞, 𝑒𝐷𝑞) {

(𝑎𝑓; 𝑞)∞

(𝑎𝑡; 𝑞)∞
} 𝑑𝑞𝑡 

=
𝑑(1 − 𝑞)(𝑞, 𝑑𝑞/𝑐, 𝑐/𝑑; 𝑞)∞

(𝑏𝑐, 𝑏𝑑; 𝑞)∞
 𝑟Φ𝑠 (

𝑎1, … , 𝑎𝑟

𝑏1, … , 𝑏𝑠
; 𝑞, 𝑒𝐷𝑞) {

(𝑎𝑓, 𝑎𝑏𝑐𝑑; 𝑞)∞

(𝑎𝑐, 𝑎𝑑; 𝑞)∞
}.                            (3.3) 

Using equation (2.5), we get  

 𝑟Φ𝑠 (𝑎1,…,𝑎𝑟
𝑏1,…,𝑏𝑠

; 𝑞, 𝑒𝐷𝑞) {
(𝑎𝑓;𝑞)∞

(𝑎𝑡;𝑞)∞
} 𝑑𝑞𝑡                                                                         

=
(𝑎𝑓; 𝑞)∞

(𝑎𝑡; 𝑞)∞
∑

∞

𝑘=0

𝑊𝑘

(𝑞; 𝑞)𝑘

(𝑓/𝑡; 𝑞)𝑘

(𝑎𝑓; 𝑞)𝑘
[(−1)𝑘𝑞

(
𝑘
2

)
]

1+𝑠−𝑟

(𝑒𝑡)𝑘.                          (3.4) 
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and using equation (2.2), we get 

 𝑟Φ𝑠 (
𝑎1, … , 𝑎𝑟

𝑏1, … , 𝑏𝑠
; 𝑞, 𝑒𝐷𝑞) {

(𝑎𝑓, 𝑎𝑏𝑐𝑑; 𝑞)∞

(𝑎𝑐, 𝑎𝑑; 𝑞)∞
} =

(𝑎𝑓, 𝑎𝑏𝑐𝑑; 𝑞)∞

(𝑎𝑐, 𝑎𝑑; 𝑞)∞
                                       

       × ∑

𝑛,𝑘≥0

𝑊𝑛+𝑘

(𝑞; 𝑞)𝑛

(𝑓/𝑑; 𝑞)𝑛

(𝑎𝑓; 𝑞)𝑛+𝑘
(𝑒𝑑)𝑛 [(−1)𝑛+𝑘𝑞

(
𝑛+𝑘

2
)
]

1+𝑠−𝑟 (𝑎𝑑, 𝑏𝑑; 𝑞)𝑘

(𝑞, 𝑎𝑏𝑐𝑑; 𝑞)𝑘
(𝑒𝑐)𝑘.       (3.5) 

Substituting (3.4) and 3.5) into equation (3.3), we obtain the desired result.                            ■ 

 

  • If 𝑟 = 𝑠 = 0 and 𝑓 = 0 in equation (3.1), we obtain the following result:  

     Corollary 3.1.1 We have  

∫
𝑑

𝑐

(𝑞𝑡/𝑐, 𝑞𝑡/𝑑, 𝑒𝑡; 𝑞)∞

(𝑎𝑡, 𝑏𝑡; 𝑞)∞
𝑑𝑞𝑡                                                                                        

=
𝑑(1 − 𝑞)(𝑞, 𝑑𝑞/𝑐, 𝑐/𝑑, 𝑎𝑏𝑐𝑑, 𝑒𝑑; 𝑞)∞

(𝑎𝑐, 𝑎𝑑, 𝑏𝑐, 𝑏𝑑; 𝑞)∞
 2ϕ2 (

𝑎𝑑, 𝑏𝑑
𝑒𝑑, 𝑎𝑏𝑐𝑑; 𝑞, 𝑒𝑐).                                       

  • When 𝑟 = 1, 𝑠 = 0, 𝑓 = 0 and 𝑎1 = 𝑎𝑏𝑐𝑑 in equation (3.1), we recover Theorem 6.2.  

     obtained  by Chen and Liu [5] (equation (1.15)).                                                               

                   • If 𝑟 = 2, 𝑠 = 1, 𝑎1 = 𝑞−𝑁,𝑓 = 0 and 𝑒 → 𝑞/𝑑 in equation (3.1), by using  𝑞-Chu- 

                     Vandermond identity (1.4), and then equations (1.1), (1.3), we obtain the following result:  

Corollary 3.1.2  We have                                      

               ∫
𝑑

𝑐

(𝑞𝑡/𝑐, 𝑞𝑡/𝑑; 𝑞)∞

(𝑎𝑡, 𝑏𝑡; 𝑞)∞
  2ϕ1 (

𝑞−𝑁, 𝑎2

𝑏1
; 𝑞,

𝑞𝑡

𝑑
) 𝑑𝑞𝑡                                     

    =
𝑎2

𝑁𝑑(1 − 𝑞)(𝑞, 𝑑𝑞/𝑐, 𝑐/𝑑, 𝑎𝑏𝑐𝑑, 𝑏1𝑞𝑁 , 𝑏1/𝑎2; 𝑞)∞

(𝑎𝑐, 𝑎𝑑, 𝑏𝑐, 𝑏𝑑, 𝑏1, 𝑏1𝑞𝑁/𝑎2; 𝑞)∞
 

  ×  4ϕ2 (
𝑞−𝑁 , 𝑎2, 𝑎𝑑, 𝑏𝑑

𝑎𝑏𝑐𝑑, 𝑎2𝑞𝑁−1/𝑏1
; 𝑞, 𝑞𝑐/𝑏1𝑑) . 

3.2  Generalization of Gasper Integral 

Theorem 3.2 (Generalization of Gasper integral). Let  𝑟Φ𝑠 (𝑎1,…,𝑎𝑟
𝑏1,…,𝑏𝑠

; 𝑞, 𝑐𝐷𝑞) be defined as in 

(2.1), then  
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1

2𝜋
∫

𝜋

−𝜋

(𝜌𝑒𝑖𝜃/𝑑, 𝑞𝑑𝑒−𝑖𝜃/𝜌, 𝜌𝑐𝑒−𝑖𝜃, 𝑞𝑒𝑖𝜃/𝑐𝜌, 𝑎𝑏𝑐𝑑𝑓𝑒𝑖𝜃; 𝑞)∞

(𝑎𝑒𝑖𝜃, 𝑏𝑒𝑖𝜃, 𝑐𝑒−𝑖𝜃, 𝑑𝑒−𝑖𝜃, 𝑓𝑒𝑖𝜃; 𝑞)∞
 

  × ∑

𝑘,𝑛≥0

𝑊𝑛+𝑘

(𝑞; 𝑞)𝑛

(𝑎𝑏𝑐𝑑, 𝑏𝑐𝑑𝑓; 𝑞)𝑘

(𝑞, 𝑎𝑏𝑐𝑑𝑓𝑒𝑖𝜃; 𝑞)𝑘
  (𝑔𝑒𝑖𝜃)𝑘(𝑔𝑏𝑐𝑑)𝑛 [(−1)𝑛+𝑘𝑞

(
𝑛+𝑘

2
)
]

1+𝑠−𝑟

𝑑𝜃                       

=
(𝑎𝑏𝑐𝑑, 𝜌𝑐/𝑑, 𝑑𝑞/𝜌𝑐, 𝜌, 𝑞/𝜌, 𝑎𝑐𝑑𝑓, 𝑏𝑐𝑑𝑓; 𝑞)∞

(𝑞, 𝑎𝑐, 𝑎𝑑, 𝑏𝑐, 𝑏𝑑, 𝑐𝑓, 𝑑𝑓; 𝑞)∞
 

× ∑

𝑘,𝑛≥0

𝑊𝑛+𝑘

(𝑞; 𝑞)𝑛

(𝑎𝑑, 𝑓𝑑; 𝑞)𝑘

(𝑞, 𝑎𝑐𝑑𝑓; 𝑞)𝑘
[(−1)𝑛+𝑘𝑞

(
𝑛+𝑘

2
)
]

1+𝑠−𝑟

(𝑔𝑐)𝑘(𝑔𝑑)𝑛.                                (3.6) 

  

Proof.  Rewrite (1.12) as:  

1

2𝜋
∫

𝜋

−𝜋

(𝜌𝑒𝑖𝜃/𝑑, 𝑞𝑑𝑒−𝑖𝜃/𝜌, 𝜌𝑐𝑒−𝑖𝜃, 𝑞𝑒𝑖𝜃/𝑐𝜌, 𝑓𝑒𝑖𝜃; 𝑞)∞

(𝑏𝑒𝑖𝜃, 𝑐𝑒−𝑖𝜃, 𝑑𝑒−𝑖𝜃; 𝑞)∞

(𝑎𝑏𝑐𝑑𝑓𝑒𝑖𝜃; 𝑞)∞

(𝑎𝑒𝑖𝜃, 𝑎𝑏𝑐𝑑; 𝑞)∞
𝑑𝜃 

           =
(𝜌𝑐/𝑑, 𝑑𝑞/𝜌𝑐, 𝜌, 𝑞/𝜌, 𝑏𝑐𝑑𝑓; 𝑞)∞

(𝑞, 𝑏𝑐, 𝑏𝑑, 𝑐𝑓, 𝑑𝑓; 𝑞)∞

(𝑎𝑐𝑑𝑓; 𝑞)∞

(𝑎𝑐, 𝑎𝑑; 𝑞)∞
 .                                                                         

Applying the operator  𝑟Φ𝑠 on both sides of (3.7), we get  

              
1

2𝜋
∫

𝜋

−𝜋

(𝜌𝑒𝑖𝜃/𝑑, 𝑞𝑑𝑒−𝑖𝜃/𝜌, 𝜌𝑐𝑒−𝑖𝜃, 𝑞𝑒𝑖𝜃/𝑐𝜌, 𝑓𝑒𝑖𝜃; 𝑞)∞

(𝑏𝑒𝑖𝜃, 𝑐𝑒−𝑖𝜃, 𝑑𝑒−𝑖𝜃; 𝑞)∞
       

×  𝑟Φ𝑠 (
𝑎1, … , 𝑎𝑟

𝑏1, … , 𝑏𝑠
; 𝑞, 𝑔𝐷𝑞) {

(𝑎𝑏𝑐𝑑𝑓𝑒𝑖𝜃; 𝑞)∞

(𝑎𝑒𝑖𝜃 , 𝑎𝑏𝑐𝑑; 𝑞)∞
} 𝑑𝜃                 

=
(𝜌𝑐/𝑑, 𝑑𝑞/𝜌𝑐, 𝜌, 𝑞/𝜌, 𝑏𝑐𝑑𝑓; 𝑞)∞

(𝑞, 𝑏𝑐, 𝑏𝑑, 𝑐𝑓, 𝑑𝑓; 𝑞)∞
 𝑟Φ𝑠 (

𝑎1, … , 𝑎𝑟

𝑏1, … , 𝑏𝑠
; 𝑞, 𝑔𝐷𝑞) {

(𝑎𝑐𝑑𝑓; 𝑞)∞

(𝑎𝑐, 𝑎𝑑; 𝑞)∞
} .                       (3.8) 

                       

Using equation (2.4) on both sides of (3.8), we get  

    𝑟Φ𝑠 (
𝑎1, … , 𝑎𝑟

𝑏1, … , 𝑏𝑠
; 𝑞, 𝑔𝐷𝑞) {

(𝑎𝑏𝑐𝑑𝑓𝑒𝑖𝜃; 𝑞)∞

(𝑎𝑒𝑖𝜃, 𝑎𝑏𝑐𝑑; 𝑞)∞
} =

(𝑎𝑏𝑐𝑑𝑓𝑒𝑖𝜃; 𝑞)∞

(𝑎𝑒𝑖𝜃, 𝑎𝑏𝑐𝑑; 𝑞)∞
                                             

      ×  ∑

𝑘,𝑛≥0

𝑊𝑛+𝑘

(𝑞; 𝑞)𝑛

(𝑎𝑏𝑐𝑑, 𝑏𝑐𝑑𝑓; 𝑞)𝑘

(𝑞, 𝑎𝑏𝑐𝑑𝑓𝑒𝑖𝜃; 𝑞)𝑘
[(−1)𝑛+𝑘𝑞

(
𝑛+𝑘

2
)
]

1+𝑠−𝑟

(𝑔𝑒𝑖𝜃)𝑘(𝑔𝑏𝑐𝑑)𝑛.             (3.9)  

and  

 𝑟Φ𝑠 (
𝑎1, … , 𝑎𝑟

𝑏1, … , 𝑏𝑠
; 𝑞, 𝑔𝐷𝑞) {

(𝑎𝑐𝑑𝑓; 𝑞)∞

(𝑎𝑐, 𝑎𝑑; 𝑞)∞
} 
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 =
(𝑎𝑐𝑑𝑓; 𝑞)∞

(𝑎𝑐, 𝑎𝑑; 𝑞)∞
∑

𝑘,𝑛≥0

𝑊𝑛+𝑘

(𝑞; 𝑞)𝑛

(𝑎𝑑, 𝑓𝑑; 𝑞)𝑘

(𝑞, 𝑎𝑐𝑑𝑓; 𝑞)𝑘
[(−1)𝑛+𝑘𝑞

(
𝑛+𝑘

2
)
]

1+𝑠−𝑟

  (𝑔𝑐)𝑘(𝑔𝑑)𝑛.        (3.10) 

 Substituting (3.9) and (3.10) into equation (3.8), we get the desired result.                             ■  

   • If   𝑟 = 𝑠 = 0 in equation (3.6), we get the following result:  

      Corollary 3.2.3  We have 

1

2𝜋
∫

𝜋

−𝜋

(𝜌𝑒𝑖𝜃/𝑑, 𝑞𝑑𝑒−𝑖𝜃/𝜌, 𝜌𝑐𝑒−𝑖𝜃, 𝑞𝑒𝑖𝜃/𝑐𝜌, 𝑎𝑏𝑐𝑑𝑓𝑒𝑖𝜃; 𝑞)∞

(𝑎𝑒𝑖𝜃, 𝑏𝑒𝑖𝜃, 𝑐𝑒−𝑖𝜃, 𝑑𝑒−𝑖𝜃, 𝑓𝑒𝑖𝜃; 𝑞)∞
       

                       ×  2ϕ2 (
𝑎𝑏𝑐𝑑, 𝑏𝑐𝑑𝑓

𝑔𝑏𝑐𝑑, 𝑎𝑏𝑐𝑑𝑓𝑒𝑖𝜃
; 𝑞, 𝑔𝑒𝑖𝜃) 𝑑𝜃 

                   =
(𝑎𝑏𝑐𝑑, 𝜌𝑐/𝑑, 𝑑𝑞/𝜌𝑐, 𝜌, 𝑞/𝜌, 𝑎𝑐𝑑𝑓, 𝑏𝑐𝑑𝑓, 𝑔𝑑; 𝑞)∞

(𝑞, 𝑎𝑐, 𝑎𝑑, 𝑏𝑐, 𝑏𝑑, 𝑐𝑓, 𝑑𝑓, 𝑔𝑏𝑐𝑑; 𝑞)∞
 2ϕ2 (

𝑎𝑑, 𝑓𝑑

𝑎𝑐𝑑𝑓, 𝑔𝑑
; 𝑞, 𝑔𝑐). 

    • If 𝑟 = 1 and 𝑠 = 0 in (3.6), we get the following equation  

1

2𝜋
∫

𝜋

−𝜋

(𝜌𝑒𝑖𝜃/𝑑, 𝑞𝑑𝑒−𝑖𝜃/𝜌, 𝜌𝑐𝑒−𝑖𝜃, 𝑞𝑒𝑖𝜃/𝑐𝜌, 𝑎𝑏𝑐𝑑𝑓𝑒𝑖𝜃; 𝑞)∞

(𝑎𝑒𝑖𝜃, 𝑏𝑒𝑖𝜃, 𝑐𝑒−𝑖𝜃, 𝑑𝑒−𝑖𝜃, 𝑓𝑒𝑖𝜃; 𝑞)∞
                                           

    ×
(𝑎1𝑔𝑏𝑐𝑑; 𝑞)∞

(𝑔𝑏𝑐𝑑; 𝑞)∞
 3ϕ2 (

𝑎1, 𝑏𝑐𝑑𝑓, 𝑎𝑏𝑐𝑑

𝑎𝑏𝑐𝑑𝑓𝑒𝑖𝜃, 𝑎1𝑔𝑏𝑐𝑑
; 𝑞, 𝑔𝑒𝑖𝜃) 𝑑𝜃 

     =
(𝑎𝑏𝑐𝑑, 𝜌𝑐/𝑑, 𝑑𝑞/𝜌𝑐, 𝜌, 𝑞/𝜌, 𝑎𝑐𝑑𝑓, 𝑏𝑐𝑑𝑓, 𝑎1𝑔𝑑; 𝑞)∞

(𝑞, 𝑎𝑐, 𝑎𝑑, 𝑏𝑐, 𝑏𝑑, 𝑐𝑓, 𝑑𝑓, 𝑔𝑑; 𝑞)∞
 3ϕ2 (

𝑎1, 𝑓𝑑, 𝑎𝑑

𝑎𝑐𝑑𝑓, 𝑎1𝑔𝑑
; 𝑞, 𝑔𝑐).      (3.11) 

For  3ϕ2 in the left hand side of (3.11), replacing 𝑎, 𝑏, 𝑐, 𝑑, 𝑒 by 𝑎1, 𝑏𝑐𝑑𝑓, 𝑎𝑏𝑐𝑑, 𝑎𝑏𝑐𝑑𝑓𝑒𝑖𝜃, 

𝑎1𝑔𝑏𝑐𝑑, respectively, in transformation formula (1.6), and for  3ϕ2  in the right hand side of 

(3.11), replacing 𝑎, 𝑏, 𝑐, 𝑑, 𝑒 by 𝑎1, 𝑑𝑓, 𝑎𝑑, 𝑎𝑐𝑑𝑓, 𝑎1𝑔𝑑, respectively, in transformations 

formula (1.6), then substituting the result in equation (3.11), we get the following corollary:  

Corollary 3.2.4  We have 

  
1

2𝜋
∫

𝜋

−𝜋

(𝜌𝑒𝑖𝜃/𝑑, 𝑞𝑑𝑒−𝑖𝜃/𝜌, 𝜌𝑐𝑒−𝑖𝜃, 𝑞𝑒𝑖𝜃/𝑐𝜌, 𝑎𝑏𝑐𝑑𝑓𝑒𝑖𝜃, 𝑎1𝑔𝑒𝑖𝜃; 𝑞)∞

(𝑎𝑒𝑖𝜃 , 𝑏𝑒𝑖𝜃, 𝑐𝑒−𝑖𝜃, 𝑑𝑒−𝑖𝜃, 𝑓𝑒𝑖𝜃 , 𝑔𝑒𝑖𝜃; 𝑞)∞
 

        ×  3ϕ2 (
𝑎1, 𝑎𝑒𝑖𝜃 , 𝑓𝑒𝑖𝜃

𝑎𝑏𝑐𝑑𝑓𝑒𝑖𝜃 , 𝑎1𝑔𝑒𝑖𝜃
; 𝑞, 𝑔𝑏𝑐𝑑) 𝑑𝜃 
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=
(𝑎𝑏𝑐𝑑, 𝜌𝑐/𝑑, 𝑑𝑞/𝜌𝑐, 𝜌, 𝑞/𝜌, 𝑎𝑐𝑑𝑓, 𝑏𝑐𝑑𝑓, 𝑎1𝑐𝑔; 𝑞)∞

(𝑞, 𝑎𝑐, 𝑎𝑑, 𝑏𝑐, 𝑏𝑑, 𝑐𝑓, 𝑑𝑓, 𝑔𝑐; 𝑞)∞
 3ϕ2 (

𝑎1, 𝑎𝑐, 𝑓𝑐
𝑎𝑐𝑑𝑓, 𝑎1𝑐𝑔; 𝑞, 𝑔𝑑).             (3.12) 

 

* If 𝑔 = ℎ and then 𝑎1 = 𝑔 in equation (3.12), we reestablish Theorem 4.1. obtained by     

                                Chen and Gu [4] (equation (1.18)).  

  * Exchanging 𝑎 and 𝑏 and then replacing 𝑎1 by 𝑏𝑐𝑑𝑓 in equation (3.12), then using the         

     𝑞-Gauss sum (1.5), we recover Theorem 4.2. obtained by Zhang and Wang [18]   

     (equation 1.16)).  

  • If 𝑟 = 2, 𝑠 = 1 in equation (3.6), we have the following result: 

Corollary 3.2.5  We have  

1

2𝜋
∫

𝜋

−𝜋

(𝜌𝑒𝑖𝜃/𝑑, 𝑞𝑑𝑒−𝑖𝜃/𝜌, 𝜌𝑐𝑒−𝑖𝜃, 𝑞𝑒𝑖𝜃/𝑐𝜌, 𝑎𝑏𝑐𝑑𝑓𝑒𝑖𝜃; 𝑞)∞

(𝑎𝑒𝑖𝜃, 𝑏𝑒𝑖𝜃, 𝑐𝑒−𝑖𝜃, 𝑑𝑒−𝑖𝜃, 𝑓𝑒𝑖𝜃; 𝑞)∞
 

    × ∑

∞

𝑘=0

(𝑎1, 𝑎2, 𝑏𝑐𝑑𝑓, 𝑎𝑏𝑐𝑑; 𝑞)𝑘

(𝑞, 0, 𝑏1, 𝑎𝑏𝑐𝑑𝑓𝑒𝑖𝜃; 𝑞)𝑘
  (𝑔𝑒𝑖𝜃)𝑘 ∑

∞

𝑛=0

(𝑎1𝑞𝑘, 𝑎2𝑞𝑘; 𝑞)𝑛

(𝑞, 𝑏1𝑞𝑘; 𝑞)𝑛
  (𝑔𝑏𝑐𝑑)𝑛𝑑𝜃 

=
(𝑎𝑏𝑐𝑑, 𝜌𝑐/𝑑, 𝑑𝑞/𝜌𝑐, 𝜌, 𝑞/𝜌, 𝑎𝑐𝑑𝑓, 𝑏𝑐𝑑𝑓; 𝑞)∞

(𝑞, 𝑎𝑐, 𝑎𝑑, 𝑏𝑐, 𝑏𝑑, 𝑐𝑓, 𝑑𝑓; 𝑞)∞
∑

∞

𝑘=0

(𝑎1, 𝑎2, 𝑎𝑑, 𝑓𝑑; 𝑞)𝑘

(𝑞, 0, 𝑏1, 𝑎𝑐𝑑𝑓; 𝑞)𝑘
  (𝑔𝑐)𝑘 

    × ∑

∞

𝑛=0

(𝑎1𝑞𝑘, 𝑎2𝑞𝑘; 𝑞)𝑛

(𝑞, 𝑏1𝑞𝑘; 𝑞)𝑛
  (𝑔𝑑)𝑛.                                                                                 

3.3  Generalization of the Askey-Wilson Integral 

Theorem 3.3 (Generalization of the Askey-Wilson integral). Let  𝑟Φ𝑠 (𝑎1,…,𝑎𝑟
𝑏1,…,𝑏𝑠

; 𝑞, 𝑐𝐷𝑞) be 

defined as in (2.1), then  

∫
𝜋

0

ℎ(cos2𝜃; 1)

ℎ(cos𝜃; 𝑎, 𝑏, 𝑐, 𝑑)
∑

𝑛,𝑘≥0

𝑊𝑛+𝑘

(𝑞; 𝑞)𝑛
[(−1)𝑛+𝑘𝑞

(
𝑛+𝑘

2
)
]

1+𝑠−𝑟

𝑓𝑛+𝑘𝑒(𝑘−𝑛)𝑖𝜃
(𝑎𝑒−𝑖𝜃, 𝑏𝑒−𝑖𝜃; 𝑞)𝑘

(𝑞, 𝑎𝑏; 𝑞)𝑘
𝑑𝜃 

    =
2𝜋(𝑎𝑏𝑐𝑑; 𝑞)∞

(𝑞, 𝑎𝑏, 𝑎𝑐, 𝑎𝑑, 𝑏𝑐, 𝑏𝑑, 𝑐𝑑; 𝑞)∞
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         × ∑

𝑛,𝑘≥0

𝑊𝑛+𝑘

(𝑞; 𝑞)𝑛
[(−1)𝑛+𝑘𝑞

(
𝑛+𝑘

2
)
]

1+𝑠−𝑟

𝑓𝑛+𝑘𝑑𝑛𝑐𝑘
(𝑎𝑑, 𝑏𝑑)𝑘

(𝑞, 𝑎𝑏𝑐𝑑; 𝑞)𝑘
 .                           (3.13) 

Proof. Rewrite equation (1.13) as:   

   ∫
𝜋

0

ℎ(cos2𝜃; 1)

ℎ(cos2𝜃; 𝑏, 𝑐, 𝑑)

(𝑎𝑏; 𝑞)∞

(𝑎𝑒𝑖𝜃, 𝑎𝑒−𝑖𝜃; 𝑞)∞
𝑑𝜃 =

2𝜋

(𝑞, 𝑏𝑐, 𝑏𝑑, 𝑐𝑑; 𝑞)∞

(𝑎𝑏𝑐𝑑; 𝑞)∞

(𝑎𝑐, 𝑎𝑑; 𝑞)∞
.         (3.14)       

 Applying the operator 𝑟Φ𝑠 on both sides of (3.14), we get:  

   ∫
𝜋

0

ℎ(cos2𝜃; 1)

ℎ(cos2𝜃; 𝑏, 𝑐, 𝑑)
 𝑟Φ𝑠 (

𝑎1, … , 𝑎𝑟

𝑏1, … , 𝑏𝑠
; 𝑞, 𝑓𝐷𝑞) {

(𝑎𝑏; 𝑞)∞

(𝑎𝑒𝑖𝜃, 𝑎𝑒−𝑖𝜃; 𝑞)∞
} 𝑑𝜃 

                                    =
2𝜋

(𝑞, 𝑏𝑐, 𝑏𝑑, 𝑐𝑑; 𝑞)∞
 𝑟Φ𝑠 (

𝑎1, … , 𝑎𝑟

𝑏1, … , 𝑏𝑠
; 𝑞, 𝑓𝐷𝑞) {

(𝑎𝑏𝑐𝑑; 𝑞)∞

(𝑎𝑐, 𝑎𝑑; 𝑞)∞
}.               (3.15) 

 

Using equation (2.4), on both sides of (3.15), we have:  

 𝑟Φ𝑠 (
𝑎1, … , 𝑎𝑟

𝑏1, … , 𝑏𝑠
; 𝑞, 𝑓𝐷𝑞) {

(𝑎𝑏; 𝑞)∞

(𝑎𝑒𝑖𝜃, 𝑎𝑒−𝑖𝜃; 𝑞)∞
} 𝑑𝜃 =

(𝑎𝑏; 𝑞)∞

(𝑎𝑒𝑖𝜃, 𝑎𝑒−𝑖𝜃; 𝑞)∞
 

    × ∑

𝑛,𝑘≥0

𝑊𝑛+𝑘

(𝑞; 𝑞)𝑛

(𝑎𝑒−𝑖𝜃, 𝑏𝑒−𝑖𝜃; 𝑞)𝑘

(𝑞, 𝑎𝑏; 𝑞)𝑘
[(−1)𝑛+𝑘𝑞

(
𝑛+𝑘

2
)
]

1+𝑠−𝑟

𝑓𝑛+𝑘𝑒(𝑘−𝑛)𝑖𝜃.                       (3.16) 

 and  

 𝑟Φ𝑠 (
𝑎1, … , 𝑎𝑟

𝑏1, … , 𝑏𝑠
; 𝑞, 𝑓𝐷𝑞) {

(𝑎𝑏𝑐𝑑; 𝑞)∞

(𝑎𝑐, 𝑎𝑑; 𝑞)∞
} 

=
(𝑎𝑏𝑐𝑑; 𝑞)∞

(𝑎𝑐, 𝑎𝑑; 𝑞)∞
∑

𝑛,𝑘≥0

𝑊𝑛+𝑘

(𝑞; 𝑞)𝑛

(𝑎𝑑, 𝑏𝑑)𝑘

(𝑞, 𝑎𝑏𝑐𝑑; 𝑞)𝑘
[(−1)𝑛+𝑘𝑞

(
𝑛+𝑘

2
)
]

1+𝑠−𝑟

𝑓𝑛+𝑘𝑑𝑛𝑐𝑘.                (3.17) 

Substituting (3.16) and (3.17) into (3.15), the proof is completed.                                          ■  

   • If 𝑟 = 𝑠 = 0 in equation (3.13), we obtain the following result:  

     Corollary 3.3.6  We have  

 ∫
𝜋

0

ℎ(cos2𝜃; 1)(𝑓𝑒−𝑖𝜃, 𝑞)∞

ℎ(cos𝜃; 𝑎, 𝑏, 𝑐, 𝑑)
 2𝜙2 (

𝑎𝑒−𝑖𝜃, 𝑏𝑒−𝑖𝜃

𝑎𝑏, 𝑓𝑒−𝑖𝜃
; 𝑞, 𝑓𝑒𝑖𝜃) 𝑑𝜃 
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            =
2𝜋(𝑎𝑏𝑐𝑑, 𝑓𝑑; 𝑞)∞

(𝑞, 𝑎𝑏, 𝑎𝑐, 𝑎𝑑, 𝑏𝑐, 𝑏𝑑, 𝑐𝑑; 𝑞)∞
  2Φ2 (

𝑎𝑑, 𝑏𝑑

𝑎𝑏𝑐𝑑, 𝑓𝑑
; 𝑞, 𝑓𝑐). 

   • If 𝑟 = 1, 𝑠 = 0 in equation (3.13), we get the following result:  

      Corollary 3.3.7 We have  

∫
𝜋

0

ℎ(cos2𝜃; 1)

ℎ(cos𝜃; 𝑎, 𝑏, 𝑐, 𝑑)

(𝑎1𝑓𝑒−𝑖𝜃; 𝑞)∞

(𝑓𝑒−𝑖𝜃; 𝑞)∞
 3𝜙2 (

𝑎1, 𝑎𝑒−𝑖𝜃, 𝑏𝑒−𝑖𝜃

𝑎𝑏, 𝑎1𝑓𝑒−𝑖𝜃
; 𝑞, 𝑓𝑒𝑖𝜃) 𝑑𝜃 

=
2𝜋(𝑎𝑏𝑐𝑑, 𝑎1𝑓𝑑; 𝑞)∞

(𝑞, 𝑎𝑏, 𝑎𝑐, 𝑎𝑑, 𝑏𝑐, 𝑏𝑑, 𝑐𝑑, 𝑓𝑑; 𝑞)∞
 3Φ2 (

𝑎1, 𝑎𝑑, 𝑏𝑑

𝑎𝑏𝑐𝑑, 𝑎1𝑓𝑑
; 𝑞, 𝑓𝑐). 

   • If 𝑟 = 2, 𝑠 = 1 in equation (3.13), we regain Theorem 22 obtained by Li and Tan [13] 

      (equation  (1.20)).  

 

4. Conclusions  

     Some well-known q-integrals, including the Andrews-Askey, Gasper, and Askey-Wilson 

integrals, can be successfully generalized using the generalized operator  𝑟Φ𝑠.  
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 q-في التكاملات 𝑟𝛷𝑠 تطبيقات المؤثر  

 , حسن جميل حسن حسام لوتي سعد

 لعراق, البصرة, اجامعة البصرة, كلية العلوم, قسم الرياضيات
 

   مستخلصال

المختلفة مثل تكامل   q-، والتي نستخدمها لتعميم تكاملات  ض معادلاتهبعبعد ذلك أوجدنا      𝑟Φ𝑠   العام    q-مؤثرأنشأنا  

Andrews-Askey    تكامل ،Gasper    وتكامل ،Askey-Wilsonت . في تكاملا-q  نتائج  يجاد  ، نحدد قيمًا دقيقة لأ

 .  نتائج أخرىبرهان جديدة معينة أو إعادة 
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