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1. Introduction

In this paper, we employ the notations and terminology from [10], assuming that 0 < g < 1.

Let a be a complex variable. The g-shifted factorial is defined as follows:

-1 [0
@@o=1 @Om=]]0-ad", @ao=]]a-ae.
k=0 k=0

The multiple g-shifted factorial is given by:
(an, @z @ Pm = (a1 Pm (@2 O (@5 P

where m € Z or o, r € Z* and a4, ..., a, € C.

For non-negative integers r and s, the basic hypergeometric series ,¢, is known as [10]

1+s-r

a, ...,y - (a1, ..., ar; Qi (k)
(D( ;,x>= [—1" 2] x¥,
"5 \by, b ) T L @by b 0 U

where r,s € N; a4, ..., a,, by, ..., bs € C.

In this paper, we will use the following identities [10]:

- __@Dn oy (B)me 4
(@ Dnose = g (D™ (1)
. Ky
(@7 @ = 222 (—1ykqla) ™, (1.2)
(00" Dk = o™ (13)

The g-binomial coefficient is presented as follows [10]:

(CHON

n
[k] =1 D (@G Dk
0, otherwise,

, if 0<@kB <n;

where n, k € N.

The Cauchy identity is

, lxl < 1.

i (@D, _ (@50
(@ Dn CH DI

n=0

Euler provided the following special case of Cauchy identity [10]
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& (—1gle)
(@ Dn

n=0

n
2

X" = (%;9) oo

-Chu-Vandermonde’s identity is given as [10]: g

20

Cc

The g-Gauss sum is given as [10]:

a,b
2¢1( c ;q,c/ab) =

q b

)

_ (/b Dn
W) =G

_ (c/a,c/b@)w
(c.c/ab; @)

The transformation of ;¢ is given by [10, Appendix 111, equation (111.9)]:

a,b,c

_ _(e/a,de/bc; q) o a,d/b,d/c
3¢2( d,e al de/abc) "~ (e, de/abc; Q) 3¢2<

d,de/bc

5 q, e/a).

The transformation of ;& is given by [10, Appendix 11, equation (111.12)]:

q~".b,c )= e/ Dn ,
' (€ Qn

3‘1)2( d e 4, q

q " cd/b

Definition 1.1 [5]. The g-differential operator, or g-derivative, is defined by

Dq{f(a)} =

Theorem 1.2 [5]. For n2 > 0, we have

n

DFf@g(@} = ) [] < D@Dy *g(agh))

k=0

f(a) — faq)

a

Theorem 1.3 [19]. Let D, be defined as in (1.8). then

ok {(av: oo

a (at; ) oo

| =t/

, lat] < 1.
(at; ) oo

The Andrews-Askey integral is given by [1, 2]:

“(at/c,qt/di D , _ A~ a)(q,dq/c,c/d, abed; 4)o

. (at,bt; @) 1

where max{|a|, |b|, |c|, |d|} < 1, cd # 0.
The Gasper integral [9] is given by:

(ac,ad, bc,bd; q) o

)

1 (7 (pe'/d,qde™"/p,pce™"®,qe®® [cp, abcdfe'’; q)o

2m)_, (aei®,bel?, ce~0, de~10, felf; q),
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_ (abcd, pc/d,dq/pc, p,q/p, acdf, bedf; q) o

1.12
(q,ac,ad, bc,bd, cf,df; @) ' (112)
where max{|al, |b|, |c|,|d|} < 1, cdp # 0.
The Askey-Wilson integral is stated as follows [3, 11, 12]:
T h(cos26;1 2 bed; ) o
( ) 4 = r(abed; ) , (1.13)
o h(cosB;a,b,c,d) (q,ab,ac,ad, bc,bd, cd; q)
where max{|al, |b|, ||, |d|} < 1.
In 1997, Chen and Liu [5] constructed the following g-exponential operator:
Definition 1.4 [5]. The g-exponential operator T(bD,) is defined by
> (bD,)*
T(bD,) = (bDq)” (1.14)
£ (4; D

In light of parameter augmentation, they employed the g-exponential operator T (bD,;) to obtain

an extension to the Andrews-Askey integral (1.11) as follows:

Theorem 1.5 [5]. Let T(bD,) be defined as in (1.14), then

]d (qt/c,qt/d,abcdet; q) gt d(1-q)(q,dq/c,c/d,abcd, bcde, acde; q)oo. (1.15)
C

(at, bt, et; @)oo q (ac,ad, bc, bd, ce,de; q) o

In 2005, Zhang and Wang [18] employed the g-exponential operator T'(bD,;) to offer the

following extension to the Gasper integral (1.12):
Theorem 1.6 [18]. Let T (bD,) be defined as in (1.14), then

1 (™ (pe'?/d,qde ™ /p, pce™,qe’® /cp,abcdfe'®, bedf ge; q)o
o) (ae®, be®®, feld, ce—10, de=10, geild; q)..

bcdf,feig,beie
3%2\ abcdfei®, bedfge

0@ acdg) dae

_ (abcd, pc/d,dq/pc, p,q/p,acdf,bedf,bcdg, cdf g; q)

(g,ac,ad, bc,bd, cf,df,cg,dg; @) e (1.16)

This article is an open access article distributed under

the terms and conditions of the Creative Commons Attribution- 529
NonCommercial 4.0 International (CC BY-NC 4.0 license)
(http://creativecommons.org/licenses/by-nc/4.0/).



http://creativecommons.org/licenses/by-nc/4.0/

H.L. Saad and H.]. Hassan Bas ] Sci 40(3) (2022)526-541

In 2008, Chen and Gu [4] introduced the Cauchy operator T'(a, b; D) as follows:

Definition 1.7 [4]. The Cauchy operator T'(a, b; D) is defined by

- (@D
= (4 @k

T(a,b;Dy) = (bDy)*. (1.17)

Chen and Gu [4] used the operator T'(a, b; D,) to give an extension for the Gasper integral (1.12)

as follows:

Theorem 1.8 [4]. Let T (a, b; D,) be defined as in (1.17), then

1 ]” (pe'/d,qde™ /p,pce, qe®® [cp, abcdfe™®, ghe'?; q) o,
o), (ae®, be, ce19, de—i0, felf held; q).

g, aeie’feie .
3¢2 abcdfei®, ghei®’ ©

bcdh> do

_ (abcd, pc/d,dq/pc, p,q/p, acdf, bcdf,cgh; q)o g,ac, fc
B (g, ac, ad, bc, bd, cf, ch, df; q) o 3%2\ cgh, acdf

1 q, dh). (1.18)
In 2016, Li and Tan [13] constructed the generalized g-exponential operator T|*}|q; ch]

with three parameters as follows:

Definition 1.9 [13]. The generalized g-exponential operator T[*y|q; cD,] is defined by

(U, v; q)n

L1 (4w (cD™ (1.19)

T[u’v’élq: CDq] =

Li and Tan [13] used the operator T|",|q; ch] to obtain the following generalization for the
Askey-Wilson integral (1.13):
Theorem 1.10 [13]. Let T[*y|q; cD,| be defined as in (1.19), then

J” h(cos26;1) W, V; Oner (ae™9 be™;q), frtkg(e-mi gg
0

h(cost; a,b,c,d) &a (@ Dn(W; Dnrre  (q,ab; @)k

_ 2n(abed; q) o (WVv; Onex (ad, bd)y,
(q,ab,ac,ad, be,bd, cd; @)oo £d (4; @)n(W; Qn+k (4, abcd; )y

frrkdnck,  (1.20)
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The following is how our paper is organized. In section 2, we build a generalized g-operator
@, and then determine its identities. In section 3, we employ the operator ,.®, to generalize the

Andrews-Askey, Gasper, and Askey-Wilson integrals.

2. The General Operator ,®, and its Identities
In this section, we introduce the general operator ,® (‘;1:::;‘:; q, ch). Then we give some of

its identities.
Definition 2.1 We define the general g-operator ,.®, as follows:

(g en,) = Z( e (GAc] I 7S PR 2

(ay,ar;Pn
(b, bsiQ)n.

where W,, =

In order to obtain many previously stated operators, several specific values may be assigned

to the general g-operator @, as follows:

* Settingr = 1,5 = 0, a; = 0 and ¢ = b, we get on the exponential operator T (bD,)
defined by Chen and Liu [5] in 1997.

«Ifr=1,s =0,a, = aand c = b, we get on the Cauchy operator T'(a, b; D,) defined by
Chen and Gu [4] in 2008.

*Whenr = 2,5 =1, a; =u,a, =vand b; = w, we get on the generalized exponential

operator with three parameters ’Jl‘[“;}j|q; ch] constructed by Li and Tan [13] in 2016.

Other special values for the generalized g-operator @, can be used to describe operators like
those in [6,7.8, 14, 15, 16, 17,19].

The following operator identities will be derived using g-Liebniz formula (1.9).

Theorem 2.2 Let &g ( b T;q,c ) be defined as in (2.1), then

® (al,...,ar_ D ){(av, au; q)oo} _(av,au; q)o
s bl,...,bs'q' T (at,aw; q)oo)  (at,aw; q)e

1+s-r

Wosr (W/t,aw; @) (u/w; @)y sk (n;,k) -
Z‘)kz (@G Dn (@ av; Qi (AU Pnik [( D™q ] (ew)™(ct)®, (2.2)
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provided that max{|at|, |aw|} < 1.

Proof.

a, ..., ay ){(av, au; q)oo}
res (bl, i, bg’ T %a (at,aw; @) o

e o 1+s-r I (aU} Q)oo (au; q)oo -
Z;, (4 CI)n [(_ )"q 2] c"Dg {(at; Do (@W; q)oo} (by using (2_1))

q1+s-r

Z (g; q)n l( D" 2_ <"

‘ . k.
x 2 [ a“-D§ (av'—q)m}D«? - {w} (by using (1.9))

0 (at; Q) o @wad®; 0o
-3 3 Gl e e

(v/t Di(avq"; @)oo (wq )™  WW; Qn_r(auq™; @) o
(at; Qoo (awq®; @)oo

_ (av, au; ‘Dwz Z Weie (0/t, aW; @)ic (4/W; ) [(—1)”+’<q(n3k)]1+s_r (ew) (ct)k.
(q;

(by using (1.10))  (2.3)

~ (at,aw; @)e Dn (@,av; QO (AU @ik
| |
Setting u = 0 in equation (2.2), we get the following corollary:
Corollary 2.1 Let g ( b ";q,C ) be defined as in (2.1), then
® (al, o Ay ){ (av; Qoo }_ (av; @)oo Z Z Whie (0/t,aw; q)y
r P 1 q,¢Dyq =
by, ..., bs (at,aw;q))  (at,aw; q)o (@ Dn (q,av;q)y
n+k\q1+s-r
X [(—1)"+"q( 2 )] (ew)™(ct)*, max{|at|, |aw|} < 1. (2.4)

Setting u = 0 and then w = 0 in equation (2.2), we get the following corollary:

Corollary 2.2 Let ,®, ( b T.q,c ) be defined as in (2.1), then

o <a1,...,ar_ b ){(av;q)m}: @; Do Wi /6

S 4 4 . . . .
blf "'lbs (at, CI)OO (at' q)oo =0 (q' q)k (av, q)k
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x[(—1)kq(§)] H(ct)k, lat| < 1. (2.5)

3. Applications in g-Integrals

In this section, we will use the general g-operator @, to generalize various g-integrals, such
as the Andrews-Askey integral, the Gasper integral, and the Askey-Wilson integral. We can use

special values in g-integrals to achieve new findings or recover others.

3.1 Generalization of the Andrews-Askey Integral

Theorem 3.1. (Generalization of the Andrews-Askey integral). Let ,.®, (?ﬁ::ﬂ; q, ch) be
defined as in (2.1), then

Jd(qt/c,qt/d;q)oo o Wi (/6 [(_1)kq(§)]l+s‘r (et)d, t
q

(at, bt; @)oo &= (@ Dic (af 5 Qe

_d( —q)(q,dq/c,c/d, abed; q)o Wi (f/d; @n
(ac,ad, bc, bd; q) o 4t (@ Dn (@f; D

(ed)™

n+k)] 577 (ad, bd; @) (ec)k. (3.1)

% [(_1)n+kq( ’ (q,abcd; q)y

Proof. Multiplying equation (1.11) by (af; q)«, We have

Y(qt/c,qt/d; Do (af; D oo i ¢ = 41~ 9)(@,da/c,c/di Do (af, abed; )
c (bt; Q) o (at; @)oo v (bec,bd; @) (ac,ad; q) o -

Applying the operator , &, on both sides of (2.7), we get

(3.2)

d
(qt/c,qt/d; @)oo ay, ..., Ay (af; o
j bt; TCDS(b1 b ;q’qu){-—}dqt
c ( t' Q)oo 1, Vs (atr CI)oo

=d(l—q)(q,dq/c,c/d;q)oo ® (al,...,ar_ . >{(af,abcd;q)oo}
(b, bd; Q) r%s\by, by U7 (ac, ad; @) )

Using equation (2.5), we get

7 (i g, 6Dy ) (T2 D=} d gt

_ @i 0N Wi (f/t
(at; @)oo &= (@3 D (@f; @i

3.3)

1+s-r

|[c04@)] en (3.4)
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and using equation (2.2), we get

ay, -, ar (af,abcd; q) o (af,abcd; q) o
rcbs( ;q, qu){ }:
b (ac, ad; q) (ac,ad; @)oo

by, ., bs

Whske (f/d; @n (" ST (ad, bd; @)y
ed n[ -1 n+k 2 ] —(ecC k. 3.5
22 @0 @fs o S 1D @abed; e 0 O
Substituting (3.4) and 3.5) into equation (3.3), we obtain the desired result. [

*Ifr =s =0and f = 0 inequation (3.1), we obtain the following result:

Corollary 3.1.1 We have
d(qt/c,qt/d, et; @)oo
c (at,bt; Q) o a

d(1—q)(q,dq/c,c/d, abcd, ed; q)o ad, bd
- (ac ad. bc bd'q) 2P, | ed,abcd; q, ec |.

*Whenr =1,5s =0, f =0and a; = abcd in equation (3.1), we recover Theorem 6.2.
obtained by Chen and Liu [5] (equation (1.15)).

cIfr=2,s=1,a, =qV,f =0and e - q/d in equation (3.1), by using g-Chu-
Vandermond identity (1.4), and then equations (1.1), (1.3), we obtain the following result:
Corollary 3.1.2 We have
d(qt/c,qt/d; q)e -, t
] (qt/c,qt/d; q) o (1%, 1 d,t
c (at,bt; @) b; d

_ a,Vd(1—-q)(q,dq/c,c/d,abcd, big", by /az; q)e
(ac,ad,bc,bd, by, b1qV /as; q) o

8 qN,a,,ad, bd _ bod
4-(|)2 ade, anN_l/bl ) q’ qC/ 1 -

3.2 Generalization of Gasper Integral

Theorem 3.2 (Generalization of Gasper integral). Let ,.®, (‘;i’:f‘;:; q, ch) be defined as in

(2.1), then

This article is an open access article distributed under

the terms and conditions of the Creative Commons Attribution- 534
NonCommercial 4.0 International (CC BY-NC 4.0 license)
(http://creativecommons.org/licenses/by-nc/4.0/).



http://creativecommons.org/licenses/by-nc/4.0/

H.L. Saad and H.]. Hassan Bas ] Sci 40(3) (2022)526-541

1 (™ (pei?/d,qde™ /p, pce, qet? /cp, abcdfe; q)o
2m)_, (aei®,bei®, ce=t9,de=19, felf; q),,

1+s-r

T SO TP (goygheay [-1ymkq("2)] s

X .
k,n=0 (@D (q abcdfele; Dr

_(abcd, pc/d,dq/pc, p,q/p, acdf,bcdf; q) e
B (q,ac,ad, be,bd, cf,df; @) e

% Whik (ad, fd; q)y
(@ @)n (g, acdf'; q)

1+s-r

n+k
|[comg2) T orar

Proof. Rewrite (1.12) as:

1 (7 (pe'®/d,qde™" /p,pce™® qe® /cp, fe'; q)w (abedfe'®;q)o
2m)_, (be?,ce 0, de~19; q),, (ae®,abcd; q) o

_ (pc/d,dq/pc, p,q/p, bedf; @)e (acdf;q)o
(g, bc, bd, cf, df; @) e (ac,ad; q)o

Applying the operator ,. &, on both sides of (3.7), we get

do

1 (7 (pe'®/d,qde™ /p,pce™®,qe®® [cp, fe'; @)
2m)_, (be?,ce™0,de~19;q),,

A s Oy ) (abcdfe'®; q)o 40
bl,...,bs'q'g 1) | (ae'?, abcd; q) o

x o, (

_ (pc/d,dq/pc, p,a/p, bedf; @)o (al.---,ar_ D ){(acdf:Q)oo}
(@bebd of,dfiQe | \bibs’ 7 (ac ad; g

Using equation (2.4) on both sides of (3.8), we get

aj, ..., a, (abcdfe'®; q)o (abcdfe'®; q)e
rq%;< ;q'glzq) =

by, ..., bg (ae®,abcd; q)o) (ae’®,abcd; q)o
w, abcd, bcdf; n+ky1 ST .
x Y e LU gy (get®y(gbeay
= (@ 0)n (g, abedfe'™; q)y
and
aj, .., a, (acdf; Q) w
(o b 199%) (g ad ar2)
r%s\by, b P9%9) Uac, ad; q).,
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d ; w W, d, d, n+k\q1ts-r
_ (acdf;q) et 0014 De | () (gogar. a0
(ac,ad; @)oo £a (4;@)n (q, acdf; @)y
Substituting (3.9) and (3.10) into equation (3.8), we get the desired result. [ ]

«If r =s = 0inequation (3.6), we get the following result:

Corollary 3.2.3 We have

™ (pe'®/d,qde™"® /p,pce™®,qe'® /cp, abcdfe™®; q)o

2n ), (ae’®,be'®, ce~i,de1?, felf; q),,
abcd, bedf i
g, de
<gbcd, abcdfet® T9¢ )

=(abcd,pc/d,alq/pc,p,q/p,acdf,bcdf,gd;q)oo ( ad,fd c)
(q, ac, ad, be, bd, cf, df, gbcd; ) 2\acdf,gd’ 9¢)

«Ifr =1and s = 0in (3.6), we get the following equation

1 j” (pe'?/d,qde™® /p, pce™®,qe'® /cp, abcdfe'®; q)o
21 (aei?, bei®, ce~i9, de~f, felf; q),

(a1gbcd; @) o ( aq, bedf,abcd )d@
(gbcd; Qo 2P% \abcdfei®, a,ghcd’ T9°

_ (abcd, pc/d,dq/pc, p,q/p,acdf,bcdf,a,9d; q) o a,, fd,ad
B (g,ac,ad, bc,bd, cf,df,gd; q) acdf,a,gd

;q,gc). (3.11)

For 5¢, in the left hand side of (3.11), replacing a, b, c, d, e by a,, bcdf, abcd, abcdfe'?,
a, gbcd, respectively, in transformation formula (1.6), and for 3¢, in the right hand side of
(3.11), replacing a, b, c, d, e by a4, df, ad, acdf, a; gd, respectively, in transformations

formula (1.6), then substituting the result in equation (3.11), we get the following corollary:
Corollary 3.2.4 We have

T (pe'?/d,qde " /p, pce,qel? /cp, abcdfe®, a,ge?; @)oo
), (ae®®, be®®, ce—19, de=10, fe9, gei®; q).,

a,,ae', fet®
3bz abcdfei®,a,get®’ ;q,9bcd | do
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(3.12)

(abcd, pe/d, dq/pc, p,q/p, acdf, bedf, a1cg; ) o a, ac, fe
= 3§z | acdf,a;cg;q,g9d |.
(g,ac,ad, bc,bd, cf,df, gc; q) o
*If g = hand then a; = g in equation (3.12), we reestablish Theorem 4.1. obtained by
Chen and Gu [4] (equation (1.18)).

* Exchanging a and b and then replacing a; by bcdf in equation (3.12), then using the
q-Gauss sum (1.5), we recover Theorem 4.2. obtained by Zhang and Wang [18]
(equation 1.16)).

« Ifr = 2, s = 1 in equation (3.6), we have the following result:

Corollary 3.2.5 We have

1 (™ (pe'?/d,qde™ /p, pce™,qe'? /cp, abcdfe'®; q)o
21 . (aeie, beie, Ce—ie,de—ie,feie; Q)oo

(a19%, a,q%; @)
(@, b19%; On

= (ay,ay, bedf, abed; ),
r (q,0,by,abcdfe?; q)y

(ge®)* (gbcd)™do

n=0
_ (abcd, pc/d, dq/pc, p,q/p, acdf, bedf; @) N (a1, a2, ad, fd; @)k

: —— (go)*
(q; acl adl bcl bdl Cfl dfl Q)oo k=0 (CI' O’ bl' aCdf’ q)k

(a1qk: azqk; Dn
(@, b19% On

(g™

n=0

3.3 Generalization of the Askey-Wilson Integral

Theorem 3.3 (Generalization of the Askey-Wilson integral). Let ,.®, (‘;1‘;: i q, ch) be

defined as in (2.1), then

deo

f” h(cos26;1) W1k
o h(

n+k)]1+s—r (ae—iG’ be—ie; q)k
cos@;a,b,c,d) i CHDS

-1 n+k ( 2 n+ke(k—n)i6
[( Y 4 (q,ab; q)x

_ 2n(abcd; q) o
B (q,ab,ac,ad, bc,bd, cd; q)
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M [(_1)n+kq( 2

(@ Dn (3.13)

1+s—
n+k)] s rfn"‘kdnck (q(C;CZded);) .
) ) k

n,k=0

Proof. Rewrite equation (1.13) as:

(3.14)

f” h(cos26;1) (ab; @) o g 21 (abcd; Q)
o h(cos20;b,c,d) (ae®®,ae~%;q),,  (q,bc,bd,cd; @) (ac,ad; q)e’

Applying the operator ,.® on both sides of (3.14), we get:

f” h(cos26; 1) o, (al, ey Oy >{ (ab; )
0

; D - 4
h(cos26;b,c,d) " bl,...,bs'q'f 1) ((aet®,ae~%; q) e

_ 21 ® (al,...,ar_ D ){(abcd;q)oo} 315
=@bebdcd s " \by, b, PTP) Cac ads ) (3.15)

las

Using equation (2.4), on both sides of (3.15), we have:

o, (al, oy Oy . fDq){ (ab; @) }d@ _ (ab; @)

by, ..,bs" " (ae'?,ae9;q) ~ (ae®,ae"%;q),

fn+ke(k—n)i9. (3.16)

Z Whir (ae™, be™;q),

n+k)]1+s—r
(@Gan  (q.ab;q)k

|1y

n,k=0

and

Ay s Oy (abcd; q) o }
rPs (bl, by’ q'fDQ) {(ac, ad; Qe
_ (abcd; @) Whs  (ad, bd)y

— ntkgn ek 3.17
(ac,ad; q) o L (q; 9)n (q, abcd; q) f (317)

n+k)]1+s—r

|1

Substituting (3.16) and (3.17) into (3.15), the proof is completed. [ ]
* If r = s = 0 in equation (3.13), we obtain the following result:

Corollary 3.3.6 We have

T h(cos26; 1) (fe ™, @)oo ae~ 9, pe~t0
| 2
0

. io
h(cosB;a,b,c,d) ab,fe—l'9 ;q,fe )d@
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_ 2n(abcd, fd; @) o ad, bd _
" (q,ab,ac,ad,bc,bd, cd; ) > *\abcd, fd sa.fe

«Ifr =1, s = 0inequation (3.13), we get the following result:

Corollary 3.3.7 We have

f” h(cos20;1) (a.fe %;q)e a,,ae%, be~
o h(cosB;a,b,c,d) (fe™;q)w 372\ ab,a fe"i0

B 2n(abed, a1 fd; @) w (al,ad, bd )
= (q ab, ac,ad, b, bd, cd, fd; Q) ° 2 \abed, a fd’ V')

;q,fei9>d9

«If r = 2, s = 1 inequation (3.13), we regain Theorem 22 obtained by Li and Tan [13]

(equation (1.20)).

4. Conclusions

Some well-known g-integrals, including the Andrews-Askey, Gasper, and Askey-Wilson

integrals, can be successfully generalized using the generalized operator ,®,.
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