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Abstract

Let R be a commutative ring with identity. A proper ideal I of R is called semimaximal if
I is a finite intersection of maximal ideals of R. In this paper we fuzzify this concept to fuzzy
ideals of R, where a fuzzy ideal A of Ris called semimaximal if A is a finite intersection of
fuzzy maximal ideals. Various basic properties are given. Moreover some examples are given
to illustrate this concept.

Introduction

Let R be a commutative ring with unity. It is well-known that a proper ideal M of a ring
R is called maximal if for every ideal B of R, M < B < R implies B=R.

D.SMalik and J.N.Mordeson in (1) introduced and studied the concept of fuzzy maximal
ideal of R, where a fuzzy ideal A of R is maximal if
1. A is not constant,

2. for any fuzzy ideal B of R if A < B, then either A, =B. or B=172x

In fact D.S.Malik and J.N.Mordeson in (1) explained that a fuzzy maximal ideal A on R
can not be defined as a fuzzy ideal A # Ag such that for each fuzzy ideal B of R, if A c B
AR implies B = Ag.

Goodreal in (2) introduced the concept of semimaximal ideals, where an ideal I of R is
called semimaximal if it is a finite intersection of maximal ideals.

Also, this concept was studied by Hatem in (3).

In this paper, we fuzzify this concept to fuzzy ideals of R, where a fuzzy ideal A of R is
called semimaximal if A is a finite intersection of fuzzy maximal ideals of R.

Moreover, we generalize many properties of maximal and semimaximal ideals in to
fuzzy semimaximal ideals ofa ring.

This paper consists of four sections. In S.1, we recall many definitions and properties
which are needed in our work. In S.2, Various basic properties about fuzzy semimaximal
ideals are discussed. In S.3, the image and inverse image of fuzzy semimaximal ideals are
studied. In S.4, we study the behavior of fuzzy semimaximal ideals in a ring R, where R =
R;@R, (direct sum of two rings Ry, Rj).

S.1 Preliminaries

This section contains some definitions and properties of fuzzy subset, fuzzy ideals and
fuzzy rings, which we used in the next section. First we give some basic definitions and
properties of fuzzy subsets.

Let R be a commutative ring with unity, A fuzzy subset of R is a function from R into
[0,1], (4). A fuzzy subset A is called a fuzzy constant if A(X) =t, VvV xe R, t € [0,1],
(4). For each t € [0,1], the set Ay = {xe R, A(x) > t} is called a level subset of A, (4). A.
denoted the set {x € R,A(x) = A(0)}, (1). If xe R and t € [0,1], we let x, denote the
fuzzy subset of A define by x(y) =0 if x # y and x(y) =t ifx=y, x is called a fuzzy
singleton, (5).

If A and B are fuzzy subsets of R, then:
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1. AcBif A(x) <B(x), forall xe R, (6),
2. A=Bif Ax) =B(x), for all xe R, (6).
We defne A n B by, (A N B)x) = min{A(x), B(x)}, V xe€ R, and let {A,:aen} be a
collection of fuzzy subsets of R. Define the fuzzy subset of R (intersection) by ﬂ Aa (x )=
aen

inf {Ag:aen}, forall xe R, (6).

Let A and B be fuzzy subsets of R, then forall t €[0,1], (AnB)=A; NB,(3).

Let f be a mapping froma set M into a set N. Let A be a fuzzy subset of M and B be a
fuzzy subset of N. The image of A denoted by f(A) is the fuzzy subset of N defined by:

£ (ay=1P {AGz) | z ef '(v) = it f ' (y)# ¢, forally eN},
0 otherwise

where ' (y)={x e M, f(x) =y}.
And the inverse image of B, denoted by £™'(B) is the fuzzy subset of M, denoted by £ (B)(x)
=B(f (x), forallx € M, (4).

Let f be a function from a set M into a set N. A fuzzy subset A of M is called f—
invariant if A(X) = A(y), whenever f(x) =f (y) where x, y € M, (7).
If f a function from a set M into a set N, A; and A, are fuzzy subsets of M and B, B, are
fuzzy subsets of N, then
1. f(AinAy)=f(A;)N f(A,), whenever A;, A, f—invariant, (8)
2. £'BiNBy) =B N E(B), (8).

Moreover the following definitions and properties are needed later
Definition 1.1: (9)

A fuzzy subset K of Ris called a fuzzy ideal of R if for each x, y € R, then:
1. K(x-y)2mn {K®, K},
2. Kxy)2>max {K(x), K(y)}.
Definition 1.2: (10)

Let X be a fuzzy subset of a ring R, then X is called fuzzy ring of R if for each x, y € R,
then
1. X=0,
2. X(x -y)2mn {X®, X)),
3. X(xy)=2max {X(x), X(y)}.
Proposition 1.3: (1)

Let {Aq,0en} bea family of fuzzy ideals of R, then () Aa is a fuzzy ideal of R.

aEN

Definition 1.4: (11)
Let X be a fuzzy ring of a ring R, let A be a fuzzy subset of X such that AcX
Then A is called a fuzzy ideal ofa fuzzy ring X if for eachx, y € R
1. A(x-y)2min {AR), A®Y)},
2. A(xy) 2min{max {A®), A(y), X(x y)}.
Note 1.5:
It is clear that any fuzzy ideal of a ring R is a fuzzy ideal ofa fuzzy ring X of R such that
X@)=1,VaeR
Proposition 1.6:
Let fbe a homomorphism from a ring R; into a ring R,, then the following are true:
1. f(A)is afuzzy ideal of R,, for each fuzzy ideal A of Ry, (6).
2. f7'(B)is afuzzy ideal of Ry, for each fuzzy ideal B of R,, (7)
Proposition 1.7: (1)
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Let A, B be fuzzy ideals of a ring R such that A(0) =1 = B(0). Then (ANB). = A.
N B..
Proposition 1.8: (1)
Let {Aj:aen} be a family of fuzzy ideals of R such that A,(0) = 1, for all aen. Then

N~ (NA,)
aen aen *
S.2 Basic Properties of Fuzzy Semimaximal Ideals

First, we give the following lemma which summarized the basic properties of fuzzy

maximal ideals.

Lemma 2.1: (1)

1. Let A be a fuzzy maximal ideal of R, then A(0) =1 (see Th.3.3).

2. Let A be a fuzzy maximal ideal of R, then |Im(A)| =2; That is A is a two valued, where
Im(A) denotes image of A and |Im(A)’ denotes the cardinality of Im(A) (see Th.3.4).

3. If Ais a fuzzy maximal ideal of R, then A, is a maximal ideal of R (see Th.3.5).

4. If A is a fuzzy ideal of R and A. is a maximal ideal of R, then A is two valued (see Th.
3.6).

5. IfA is a fuzzy ideal of R and A, is a maximal ideal of R such that A(0) = 1. Then A. is a
fuzzy maximal ideal of R (see Th. 3.7).

6. IfI # R be an ideal of R. Then I is a maximal ideal of R if and only if Ay is a fuzzy
maximal ideal of R (see Cor. 3.8).
Thus we introduce the following:

Definition 2.2:
Let A be a fuzzy ideal of R, A is called a fuzzy semimaximal ideal if A is a finite

intersection of fuzzy maximal ideals of R.

Remarks 2.3:

1. It is clear that every fuzzy maximal ideal is fuzzy semimaximal ideal. However the
converse is not true as the following example shows:

Let A : Z——[0,1] defined by:

1 X €67,
Alx) =11
> otherwise
Itis clear that A is fuzzy ideal of Z and A is not fuzzy maximal ideal since A, =6Z1s

not maximal ideal (see Lemma 2.1(3)).
However A = A; N A,, where A and A, are fuzzy ideals defined by:

AZ—> [0,1] AryZ—> [0,1]

1 x €27, 1 x €37,
Al (x ) = . Az (x ) = )

0 otherwise 0 otherwise

A; and A, are fuzzy maximal ideals of Z since (A;)« =2Z and (A)« =3Z are maximal ideals
(see Lemma 2.1(5)).

2. If A is a fuzzy semimaximal ideal of R, then A(0)=1.

Proof. Since A is a fuzzy semimaximal ideal of R, A = A| N Ay, N ..n A, where A; is a
fuzzy maximal ideal of R, foralli=1, 2, ..., n. Since A; (0) =1 by lemma 2.1(1), then

A= A, (0)
i=1
=min{ A;(0),i=1,2,..,n} =1

3. IfA and B are fuzzy semimaximal ideals of R, then A N B is a fuzzy semimaximal ideal
of R.
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n
Proof. Since A and B are fuzzy semimaximal ideal of R, then A = ﬂ Ai , B=
i=1

m
ﬂ Bl_ , where A; is a fuzzy maximal ideal, for alli =1, 2, ..., n and B; is a fuzzy maximal
i=1

ideal, foralli=1, 2, ..., m. Thus
ANnB=A nAyn.mnA,nB "B, n..n B, That is A N B is a finite intersection of
fuzzy maximal ideals of R.

n
4. If{ A, 1=1,2,..,n} be a family of fuzzy semimaximal ideals of R, then ﬂ Ai IS a
i=1
fuzzy semimaximal ideal of R.
Proof. Itis easy, so it is omitted.
Compare the following result with lemma 2.1(3)
Proposition 2.4:

If A is a fuzzy semimaximal ideal of R, then A. is semimaximal ideal of R.

n

Proof. Since A is a fuzzy semimaximal ideal, so A = ﬂ Al_ , where A; is a fuzzy maximal
i=1

ideal for alli=1, 2, ..., n. Since A; (0)=1 (by Lemma2.1(1)), so that

A= (élAij =ﬁ (Ai )* (by prop.1.8)

i=1

But (Aj)s is maximal ideal, V i=1,2, ..., n by lemma 2.1(3).
Hence A, = ﬂ (Ai ) )

i=1
Thus A is a maximal ideal.

The converse of this proposition is not true in general. However an example which will
explain this depend on theorem 2.10. So we shall give it later (see Remark 2.11). Before
giving our next result, we need to recall the following:

Definition 2.5: (1)

Let A be a fuzzy ideal of R, then A is called fuzzy prime if either A = Az or
1. A is notconstant and
2. For any fuzzy ideals B and C of R, if B.C < A, then either Bc A or C c A.

Definition 2.6: (1)

Let A be a fuzzy ideal of R. The fuzzy radical of A denoted by \]A defined by \] =
N { P:P € £(A)}, where £(A) denotes the set of all fuzzy prime ideals of R which contains A.
Proposition 2.7:

If A is a fuzzy semimaximal ideal of R, then \/A =A

Proof. Since A is a fuzzy semimaximal ideal, then A =A; N Ay, N ...n Ay, where Ay, Ay, ...,
A, are fuzzy maximal ideals of R. But for each i=1,2, ...,n A; is a fuzzy prime ideal, hence

,/Ai =A; by (Theorem 5.13,(1)). Thus \]A =N Ai and so VA =A
i=1
Remark 2.8:

If A is a fuzzy semimaximal ideal, then it is not necessary that A is a fuzzy prime ideal.
We can give the following example:

Example: Let A :Z—— [0,1] defined by
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1 x =0,

0 otherwise

By (Theorem 2.4(12)). A is a fuzzy prime ideal of Z, but A, =(0)is not a semimaximal ideal
in Z. Thus A is not fuzzy semimaximal ideal (by prop.2.4).

Compare the following with (Lemma 2.1(6)).
Proposition 2.9:

Let I be an ideal of R, then I is a semimaximal ideal of R if and only if ; is a fuzzy
semimaximal ideal of R, where

Alx) =

1 x el,
ﬂ’l (x ) = .
0 otherwise
n
Proof. Since Iis a semimaximal ideal, then | = ﬂ Ii , I; is a maximal ideal, Vi=1, 2,
i=1
..., I

It is clear that ZI = ﬂ,ll ﬁllz ﬁ/ll .But foreachi=1,2, ..., n, (ﬂ’r ) =1
n 1 *

50 ﬂ’h ,/112 )

. are fuzzy maximal ideals by (Lemma 2.1(6)).Thus ],I =N ﬂj is a
n i
i=

i=1
fuzzy semimaximal ideal.
Conversely; If Ay is a fuzzy semimaximal ideal of R, then by (Lemma 2.1(3)), (\)« is
semimaximal, and since (A1)« = 1. So the result is obtained.

Compare the following with (Lemma.2.1(2)).

Theorem 2.10:
Let A be a fuzzy semimaximal ideal, then |Im A| =2,
Proof. 1 € Im A since A(0) = 1 (by Rem.2.3(2)).
We claim that for any 0 <t < 1, A; =R. Since A is a fuzzy semimaximal ideal, then A =
Al N Ay ..n Ay, where Ay, Ay, ..., A, are fuzzy maximal ideals of R. Since 0 <t <1, then
by the same proof of theorem 3.4 (1), we have
(A =(A2k=...=(Ank=R
But Ai=(A1)iN (AN ... (A ,s0 Ac=R, forall t,0 <t < 1.
Suppose there exist t;, t, € [0,1], t;, t; € Im A. Then At1 = At2=Rwhich implies t; = t».

Thus |Im A | has two valued namely 1, t.

Remark 2.11:
By using theorem 2.10, we can give an example which explains that the converse of
proposition 2.4 is not true in general.

Example: Let A :Z—— [0,1] defined by

1 x €67,
1
Ax)=14 = x e2/Z-67Z,
2
0 otherwise
A is not a fuzzy semimaximal ideal, since |Im A | = 3. However A(0) = 1, A, =6Z1s a

semimaximal ideal of Z.
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Remark 2.12:
If A a fuzzy semimaximal ideal of R and B is a fuzzy ideal of R such that B # Az and A
< B. Then it is not necessary that Bis a fuzzy semimaximal ideal.

Example: Let A :Z—— [0,1] defined by
1 x €6Z,
Ax)=141
&) — otherwise

A is a fuzzy semimaximal ideal (see Remark 2.3(1)).
Let B :Z —— [0,1] defined by

1 x €67,
B(x):<% x €27 -67,
1 .
— otherwise
L2

It is clear that A — B. However |Im A| =3, which implies that B is not a fuzzy semimaximal
ideal, by theorem 2.10.
Remark 2.13:

If A a fuzzy semimaximal ideal and t € [0,1), then A does’nt need to be a semimaximal
ideal of R. As can be seen by the following example:

Example: Let A :Z—— [0,1] defined by

1 x €27,
Alx)=41

— otherwise
A is a fuzzy semimaximal ideal of Z and A. = 2Z which is amaximal ideal and
A(0) = 1, this implies that A is a fuzzy maximal ideal, so it is semimaximal. But Aip

= {xA(x) > —} =Z which is not a semimaximal ideal.

Recall that, the fuzzy Jacobson radical of a ring R denoted by F-J(R) is the intersection
of all fuzzy maximal ideals of R (1).
F-J(R) does’nt need to be a fuzzy semimaximal ideal of R.

Example: Let {A;,1=1, 2, ..., n} be the collection of all fuzzy maximal ideals of Z, where
1 x ep’l,
A(x)=<1 ,pis aprime number.

- x ¢pZ.
1
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(1 xe [\ PpZ
0 p isa prime no.
F-JR)=NA, = {
i=l inf{-,ieZ} x¢ [ pZ
1

L p isa prime no.

(1 xe (| pZ,

pisaprime no.

0 x¢ () pZ

p isa prime no.

F-JR)=NA, =+
i=1

.
= 0y which is not a fuzzy semimaximal ideal of Z.

Now, let F-J'(R) denotes the intersection of all fuzzy semimaximal ideals of R. Then F-
J'(R) is called a fuzzy semijacobson radical of R.

Remark 2.14:
F-JR) =F-J'(R).
Proof. It is clear that F-J'(R) < F-J(R).
Let x, € F-J(R). Then x belongs to any fuzzy maximal ideal. Since any fuzzy semimaximal
ideal A of R is a finite intersection of fuzzy maximal ideals, so  x € A. It follows that x €
F-J'(R).
Thus FJ(R) =F-J'(R).
S.3 Image and Inverse Image of Fuzzy Semimaximal Ideals

In this section, we consider the homomorphic image and inverse image of fuzzy
semimaximal ideals.
Theorem 3.1:

Let R;, R, be two rings, let f : Rf —— R, be an epimorphisim and every fuzzy ideal of
R, is f-invariant. Then if A is a fuzzy semimaximal ideal of R;, then f (A) is a fuzzy
semimaximal of Rj.
Proof. A is a fuzzy semimaximal ideal of R, then A = A| N Ay N .. Ay, where A, Ay, ..,
A, are fuzzy maximal ideals of R;.
Also, since every fuzzy ideal of R; is f-invariant.
So f(A)=f(A1NnAyN..nA)=F(A) Nf(Ay)... nf(Ay).

On the other hand, f (A;) is a fuzzy maximal ideal of Ry, Vi=1,2, ..., n by (Th. 3.2 (1))
in(13) and note 1.5.
Hence f (A) is a finite intersection of fuzzy maximal ideals.
Thus f(A) is a fuzzy semimaximal ideal of R,.
Theorem 3.2:

Let Ry, R, be two rings, let f : Rf ——> R, be an epimorphisim. If B is a fuzzy
semimaximal ideal of R,, then f'l(B) is a fuzzy semimaximal ideal of R;.
Proof. Since B is a fuzzy semimaximal ideal of Ry, B=B; N B, N ...n B, where B; is a
fuzzy maximal ideals of R, foralli=1, 2, ..., n.
But f'B)=f'B, "B, N..AB)=f"'B)Nf'B)...n (B
But for each i=1, 2, ..., n, f '(B)) is a fuzzy maximal ideal of R; by (Th. 3.2)(2) in (13) and
note 1.5.
Hence f "'(B) is a finite intersection of fuzzy maximal ideals.
Thus ' (B) is a fuzzy semimaximal ideal of R;.
S.4 Direct Sum of Fuzzy Semimaximal Ideals
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In this section, we turn out attention to study fuzzy semimaximal ideals and direct sum. First

we give the following lemmas which are useful in our work.
Lemma 4.1:

Let Ry, R, be two rings, let A, B be fuzzy ideals of Ry, R, respectively. Then A@B is a
fuzzy ideal of R;®R,, where
(A @ B)(a,b) =min{A(a),B(b)}, for all (a,b) € R; @ R,.
Proof. By using note 1.5 and (Th.2.4.1.8)(14) the result follows directly.
Lemma 4.2:

Let Ry, R, be two rings, let A be a fuzzy ideals of R; @ R, then there exist fuzzy ideals
B; and B, of Ry, R, respectively such that A =B; © B,.
Proof. By using note 1.5 and (Th.2.4.1.9)(14) the result is obtained.
Lemma 4.3:

If A and B are fuzzy ideals of rings Ry, R, respectively then (A @ B). =
A, @ B..
Proof. Let (xy) € (A @ B)., then (A @ B)(xy) =1 and so min{A(x),B(y)} = 1. This implies
that A(x) =1, B(y) = 1. Hence x € A, and y € B..
Thus (xy) € A« @ Bs, so (A @ B). < A« @ B..

Conversely; Let (xy) A« @ B.. Then x € A. and y € B.. Hence A(x) = 1, B(y)=1. Thus
min{A(x),B(y)} =1 andso (A® B)(xy) =1; That is (xy)e(ADB)x..
Thus (A @ B). < A. @ B, and hence (A @ B).=A. @ B..

It is known that (see (15)p.53):
If Ry, R, be rings, R = R; @ R, and A is an ideal of R then A is a maximal ideal of R iff A =
AL ®RyorA=R; @ A,, where A; is a maximal ideal of R;, A, is a maximal ideal of R,.

We generalize this result, to the following:
Lemma 4.4:

Let Ry, R, be two rings, R = R; @ R, and A is a fuzzy ideal of R then A is a fuzzy

maximal ideal of R if and only if either A = B & /IRz , where B is a fuzzy maximal ideal of
RyorA= ﬂ,Rl ® C, where C is a fuzzy maximal ideal of R,.

Proof. If A is a fuzzy maximal ideal of R. Since A is a fuzzy ideal of R, so by lemma 4.2, A
=B @ C for some fuzzy ideals B and C of Ry, R, respectively.

Hence A, = (B @ C). = B. @ C. by lemma 4.3. Then by (Lemma 2.1.(3)), B. @ C; is a
maximal ideal. So either B, @ C, =R; @ C; or B. @ C, =B, ® R,.

hat is either B. =R; or C. = R,.

If B. =Ry, then B= ﬂ,RI If C. =Ry, then C =ﬂ,R2 . Hence either B ® C = ZRI @CorBe C

=B® A,
Conversely; fA=B ® ﬂ'Rz and B is a fuzzy maximal ideal of R;. To prove A is a fuzzy

maximal ideal of R.
By@mmmMﬂA*=&CﬂﬂmﬁamMkoﬂh@R;&meBEammwmmmhﬁﬂ

of Ry, then by (Lemma 2.1(3)), B. is a maximal ideal of R;. Hence B. @ R, = A, is a maximal

ideal of R.

On the other hand, A(0,0) = min{B(0), ﬂ,Rz (0)}. But B(0) =1 by (Lemma

2.1(1)), so A(0,0) =min{l,1} =1. Then by (Lemma.2.1(5)), A is a fuzzy maximal ideal ofR.
Similarly, if A = ﬂ,RI ® C, Cis a fuzzy maximal ideal of Ry, then A is a fuzzy maximal

ideal of R.
Now, we can give the main results, first we have the following:
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Theorem 4.5:

Let R;, R, be two rings, let R=R; @ R, and A, B be fuzzy ideals of Ry, R, respectively.
Then
(1) A is a fuzzy semimaximal ideal of R if and only if A & ﬂ'Rz is a fuzzy semimaximal

ideal of R.
(2) B is a fuzzy semimaximal ideal of R, if and only if ﬂ,Rl(-D B is a fuzzy semimaximal

ideal of R.
Proof

n
(1). Since A is a fuzzy semimaximal ideal of R;, A = ﬂ Ai , where A; is a fuzzy maximal
i=1
ideal of Ry, foralli=1,2, ..., n.
Hence, A ® AR, = .ﬂl Ai @ ﬂ,Rz
l:

OA© N (,)siwe Auy Ay, O

n—times

n—times

Dl(AZ. @ ARZ) , by Lemma 2.4 (16)

But by lemma 44, A; © ZRz is a fuzzy maximal ideal of R, for alli=1, 2, ...,n. Thus A &
A

R, is a fuzzy semimaximal ideal.

Conversely; If A © ﬁ’Rz is a fuzzy semimaximal ideal of R, then
A® ﬂ,R2= ﬂ Di , where Dj is a fuzzy maximal ideal of R foralli=1, 2, ..., n.
i=1

By lemma 4.2, for each i=1, 2, ..., n, D; = B; @ C;, where B; is a fuzzy ideal of R;, Cj is a
fuzzy ideal of R,.

n
Hence A & 1R2= ﬂ (Bl. &) Ci)

i=1

= ﬁBi @ﬁcl_ , by Lemma2.4 (16)
i=1

i=1
n n
It follows that A = ﬂBi , ﬂCi = ﬂ,Rz.
i=1 i=1

But ,élci = ﬂ,Rz implies that C; = ﬂ,Rz ,Vi=1,2, ..., n

Hence B, ® C;=B; ® /IRZ; That is D; = B; @ ARZ.

Then by lemma 4.4, B; is a fuzzy maximal ideal of R; and so A = ﬁBi is a fuzzy
i=1

semimaximal ideal of R;.

(2). The proofis similarly.

Next, we can give the following:
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Theorem 4.6:
Let R;, R, be two rings, let R = R; @ R; and let A be a fuzzy ideal of R. If A is a fuzzy
semimaximal of R, then either:
(1) There exists fuzzy semimaximal ideals B, C of R;, R, respectively such that A=B & C,
or

(2) There exists a fuzzy semimaximal ideal B of R; such that A=B® ﬂ,Rz , Or
(3) There exists a fuzzy semimaximal ideal C of R, such that A = ﬂ,Rl @ C.

n

Proof. If A is a fuzzy semimaximal ideal of R, then A = ﬂ Al_ , where A; is a fuzzy
i=l1

maximal ideal of R. By lemma 4.4, for each 1 =1, 2, ..., n, either A;=B; ® ﬂ'Rz

or A;= ﬂ,Rz @ C;, where B;, C; are fuzzy maximal ideals of R, R, respectively.

IfA;=B; ® ﬂ,Rz,foralli=1,2 ,n, then A = ﬂlA ﬂB @ﬂ, ,putting .ﬂlBi =
1 = 1=

C,weget A=B® ﬂ'Rz and B is a fuzzy semimaximal ideal of R;.

n

IfA; = ﬂ“Rl ®C, foralli=1,2, ..., n, then A = Z,RIGL) C, where C = ﬂCi and Cis a
i=1

fuzzy semimaximal ideal of R;.

Now if A; = B; & ﬁ’Rz , for some i =1, 2, ..., n. Then without loss of generality, we can

assume that A; = B; @ ﬂ,Rz , forsomei=1,2,...,k k<nand Ai=ﬂ,R1 @G, for alli =k+1,

o N
Hence

NA, - NA, m( N AI-)
i=1 i=1 i=k+1

NA - NB @4, ( (2, &C)

:(ﬁgi @ﬂkz) ( ) by (Lemma 2.4(16))
i=1

k n
=NB,® N
i=1 =k+
k n
Letting B = ﬂ Bi ,C= ﬂ , then B, C are fuzzy semimaximal of R, R, respectively.
i=1 i=k+
Thus A=B® C.
Remark 4.7:

The converse of theorem 4.6 is not necessary true in general, in fact when B, C are fuzzy

semimaximal ideals of R; @ R,, then B @ C = A need not a fuzzy semimaximal ideal of Ry @
R,.
We can give the following example:

Example: Let B, C :Z — [0,1] defined by
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| x €27, | x €37,
B(x)= C(x)=
(x) % otherwise (x) l otherwise

B, C are fuzzy semimaximal ideals of Z since B, C are fuzzy maximal ideals of Z.
On the otherhand, B® C: Z ® Z—— [0,1] and

(B®C)(a+b)=/

(a,b)e2Z® 37,

(a,b)e2ZD(Z-37),

otherwise

Wl— N~ =

B @ Cis not a fuzzy semimaximal ideal, since lIm (B®C)| =3.
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