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Abstract:

In this paper, Hermite polynomials (HPs) are introduced to solve the 2™
kind Volterra-Fredholm integro-differential equations (VFIDES) of the first
and second order. This technique is based on replacing the unknown function
“infinite series” by truncated series of that is well know by Hermite
expansion of functions. The presented method converts the equation into
matrix form or a system of algebraic equations with Hermite coefficients
which they must be determined. The existence and uniqueness of the solution
are proved.The convergence analysis of the method are studied.Some
examples for the first, and second orders of 2" kind VFIDEs are given to
demonstrate the effectiveness and the precision of the proposed method.
Keywords: Numerical Solution, Hermite Polynomials Method, Matrix
equation, Volterra-Fredholm Integro-Differential Equations.

1. Introduction

The integro-differential equation(IDE) plays an significant part in
numerous linear functional analytic subfields and its applications in
engineering, mechanics, physics, chemistry, biology, and economics concepts
and electro-stations. It’s known this type of IDEs are typically challenging to
resolve analytically, therefore approximation techniques are necessary to find
the solution to such types of equations [1]. In the survey for finding the
solution of the integro-differential equations, several methods have been
developed in the recent years, for example, in 2019, the Adomain
decomposition method applied to solve IDEs [2], this method is one of the
few approximation methods which work without needing to a computer
program unlike many other numerical methods which they need of utilizing
the computer programs in order to get the solution[3]. In 2020 the Homotopy
analysis method used to solve VFIDEs [4] .In 2021 the Monic Chebyshev
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polynomials [5],the mixed Euler polynomials with least-squares method[6].
In 2022, the moving least-squares method [7], the power series and shifted
chebyshev polynomials[8]. next and in 2023, this problem have been studied
by using successive approximation series [9].

This paper is organized as follows.In section two the definition of Hermite
polynomials is given.In section three a matrix formulation for Hermite
polynomials is stated. In section four solution of the VFIDE with HPs is
obtained. The existence and uniqueness of the solution are proved in section
five.In section six the convergence analysis of the method are studied. Some
examples for the first, and second orders VFIDEs in section seven for
confirming the efficiency and the accuracy of the proposed method. lastly,
.section 5 contains conclusions of the search.

2. Hermite polynomials
The general form of the HPs [10] of n® degree over the interval [a, b] are

defined by
H, (1) = (—1)"e™ % (E_Tz ), n=0,1,..

The first sixth terms of the Hermite polynomials are given as
Hy(t)=1

Hi(m) =21

Ho(1) = -2 + 4717

Hi(r) = (127 87?)

H,(r) = (12 — 4877 + 167%)
Hs(r) = (1207 — 1607> + 327°)

H () =—(120—721% + 4807* — 641°)
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3. Matrix Formulation for Hermite Polynomials
The solution “function” y(x) of any equation can be expressed by HPs as

follows
y(x) = ag Ho(x)+ a; Hy(x) + -+ a, H,(x) (1)

where &; (i = 0,1, ..., 1) are unknown coefficients to be determined.

Rewriting eq. (1) as a dot product of the following two vectors

g
V() = [Ho(0) H: () .. 7,001| (2)
Ay
This equation can be converted to the form
hoo Po1 - hon] [%o
y(x)=[1x..x"] U h:li h:l’ﬂ a;l
0 0 - h:..m a,

where h;; (i,j = 0,1, ..., n) are the power basis coefficients that are used to

calculate the HPs. It notes that in this instance, the matrix is upper triangular.
Hence, the matrices which are obtained from the first and the second
derivatives of HPs are

hyo hoy - hon 1T %0
o
y(x)' =[01..nx""1] ? h:ﬂ _ h.l“ 51
D {] wam hﬂﬂ aﬂ-
And
hcm hijl hﬂﬂ g
o
Y = [00... n(—1)x=2]| O Pz o P[5
U D nam hﬂﬂ an
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4. Solution of the VFIDE with HPs
Consider the following m*™-order VFIDES:

x d
y(@) ™ = ) + A, [ ki Ge )y dt + 4, [k, (x,0)y(0) dt 3
wherea < x < b,c < x = d; A,and 4, are constants f(x),k,(x,t) and
k. (x, t) are continuous functions and y(x) is the unknown function to be

determined.
To determine a numerical solution(NS) of (3). Firstly; we suppose the
function y(x) defined in [a,d] may be represented by the infinite series as

follows:
(x) =XZ, @ Hi(x) (4)

Then (4) can be truncated to a finite series as:
Vx)=aH(x) =X, a H(x) (5)

with their m derivatives

)™ =¥ e, HY (x) (6)

where H(x) = [H,(x) H,(x) ... H, ()], a = [a, a; ... a,]".

In this point, the aim is to determine the Hermite coefficients «;, that is the
vector &, through substitute the Hermite nodes x; = a +ith; i =0,1,...,n,

into (5) and (6), .i.e.
9 —K, —K,=f (7)

where
Ki=2; [ k(x0T @ H;(0) dt and

Ky=14, [ by, ) T, H(D)dt
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and then eq.(7) can be rearranged to the following “matrix” form described
by the following linear algebraic equations in (n+1) unknown coefficients to
determine a:

Aa =B (8)

System (8) is solved using the software( Matlab R2010b) to acquire the
unidentified vector & , which are subsequently replaced in to (5) to get the

NS of (1). The procedures for locating the NS for are outlined in the
following algorithm LVFIDE of the second kind.

4.1 Algorithm (HP-LVFIDE)

Input: £(x),ky(x,t), ko (x, t),4,, A5, y(x),a, ¢, d, x.

Step 1: Choose n, the of HP, H,(x) = (—1)"e*" $ (e=")
Step 2: Substitute the HPs in the LIDE of second kind

n L, HD(x) =
flx)+2, f; ky(x,t) Z?:u a; H;(t) dt + A4, fj ko (x,t) Z?:uﬂi H(t)dt

Step 3: Compute the integration

=

h'.,:.,:. hcu Oon
Flyote. | O R Min |
U D “aw hnn
Step 4: Compute the integration
hi_‘ii_‘i hm_ h’ﬂ‘]‘i‘.
rt)[1t..t . : . X
[fraGome. | O heou Mg
D {] waw h,.n.n

Step 5: Choose x; where

x; =a+ihandh=(b—a)/n; i=01,..,n,x; € [a,d].
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Step 6: Solve the algebraic system to find the unknown coefficients
a; (i=0,1,..,n).

Step 7: Substitute ; (i = 0,1,...,n) in ¥(x) = XL, a; H;(x), H; NS ¥(x)

IS obtained.
Output: Polynomials of degree n.

End.

5. Existence and Uniqueness Solution of LVFIDES

Theorem(1) (Existence and Uniqueness of Solution)

The LVFIDEs in the equation(3) has a unique solution when 0 < § << 1.

Proof: let y(x) and v " (x) be two different solutions of the equation(3),then

[y() =y ()| = [, [} s Ge 0y (e + 2, [ ey (v, Oy (D)t —
23 [} e G )y (e = 2, [ Iy Dy (00|

9)
<
[, [ ey o 0y () -y (0] de +
b [ G0y - v (O]t
(10)
=
W[ @ [y -y ©lde+ 1, [ ko] [0 -y @ d
(11)
< A0 |y =y @) | (0= @) + 4,0, | y() —y* () | (d - ©) (12)
< |y =y ) | (A1, (0 — @) + A,p,(d — ©)) (13)
=B|lyx) -y @] (14)
Thus,
|y -y | = Bly@) -y ] (15)
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Then, we obtain
(1—p)|y() —y*() | = 0.Sinced < B < 1, therefore

[y -y =0
So,y(x) = y~(x).

6 .Convergence of the HPs
In this section, we prove that the NS ¥(x) is convergent to the ES y(x) of the

problem(3).
Theorem(2): let 7,,(x) be Ps of degree n that their numerical coefficients are

created by solving the linear system(8).there exists an integer N such that, for
all n = N, these Ps converge to the ES of the LVFIDES(3).

Proof: we explain the technique's convergence

F() = F6) + Ay [y G, D5 (e + 4, [k, (D7 (D)t (16)
Subtracting(16) from(3),to get

E,(x) =y (x)— 5" (x) (17)
Now

IE.()l = [y (0 =9 ()] < |F00) + A, [ ky(rt)y(D)de +
A [ ey Gy @)t — (0~
s [ s (6 09 (@) — 2, [ ko (e, 09 (|

(18)
|E,(0)] = |}|»1 f; ki (x, t)E, (t)dt + A, fj ks (x,t)E, (t]df| (19)
Then
e < 20 [l DE@de + 2, [l 0 DE, @t | (20)
Thus, this method is convergence.
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7. lllustrations Examples:-
In this section two examples are considered to demonstrate the
effectiveness and accuracy for the presented method. The Hermite nodes

“points of collocation” are defined by x; = a + [

(b—a)

Example 1: Consider the following VFIDE
y'=6—2x— éxz -2+ f;(x —ty(t)dt + f_ll x y(t)dt, y(0)=1

With an exact solve(ES) y(x) = 1 + 6x [11].

- 1=01,..,n

Now, using the algorithm described above with choosing the degree of HP
n = 2. The obtained values of the unknowns are &, =1, a, =3, a, =0,

and then the NS of VFIDE is : ¥(x) = ay + 2a,x + @, (—2 + 4x72).

Table(1): Comparison between the ES and NS

X V(ES) V(NS) ly — 3l

0 1.000000000000000 | 1.000000000000000 | 0.000000000000000
0.1 1.600000000000000 | 1.600000000000000 | 0.000000000000000
0.2 2.200000000000000 | 2.200000000000000 | 0.000000000000000
0.3 2.800000000000000 | 2.800000000000000 | 0.000000000000000
0.4 3.400000000000000 | 3.400000000000000 | 0.000000000000000
0.5 4.000000000000000 | 4.000000000000000 | 0.000000000000000
0.6 4.600000000000000 | 4.600000000000000 | 0.000000000000000
0.7 5.199999999999999 | 5.199999999999999 | 0.000000000000000
0.8 5.800000000000001 | 5.800000000000001 | 0.000000000000000
0.9 6.400000000000000 | 6.400000000000000 | 0.000000000000000
1 7.000000000000000 | 7.000000000000000 | 0.000000000000000
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ES and NS
% (ES)
(NS)
6 L
5 L
(0]
=)
4r
L
3 -

1 1 | Il | 1 | 1 | 1 |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

x-value

Figure(1): The ES and NS when(n=2)
Example 2: Consider the following VFIDE

Y =—8+6x—3x+ x>+ [ y(®)dt+ [ (1—2xt) y(O) dt, y(0) =
2,y'(0)=6

With an exact solve y(x) = 2 + 6x — 3x7 [12].

Now, using the algorithm described above with choosing the degree of HP
n = 2. The obtained values of the unknowns are

ay = 0.5000, e, = 3.0000, @, = —0.7500 , and then the NS of VFIDE is

V(x) =y + 2a,x+ a, (—2 + 4x72).
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Table(2): Comparison between the ES and NS

X y(ES) Y(NS) ly — ¥
0 2.000000000000000 | 2.000000000000000 | 0.000000000000000
0.1 |2.570000000000000 | 2.570000000000000 | 0.000000000000000
0.2 | 3.080000000000000 | 3.080000000000000 | 0.000000000000000
0.3 | 3.530000000000000 | 3.530000000000000 | 0.000000000000000
0.4 | 3.920000000000000 | 3.920000000000000 | 0.000000000000000
0.5 |4.250000000000000 | 4.250000000000000 | 0.000000000000000
0.6 | 4.520000000000000 | 4.520000000000000 | 0.000000000000000
0.7 |4.730000000000000 | 4.730000000000000 | 0.000000000000000
0.8 |4.880000000000001 | 4.880000000000001 | 0.000000000000000
0.9 |4.970000000000001 | 4.970000000000001 | 0.000000000000000
1 5.000000000000000 | 5.000000000000000 | 0.000000000000000
ES and NS
s * (ES)
(NS)
4.5

4
% 3.5

3

2.5
2 O.l1 0;2 O.l3 0.I4 015 O.IG O.I7 0;8 019 ‘;

x-value

Figure(2): The ES and NS when(n=2)

8. Conclusion

According to the results were obtained from the two examples, it is
concluding HPs is a powerful and effective technique for finding an
approximate solution of the 2" kind \VFIDE of the first and the second order.
The presented method is a very simple and straight forward. The results
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demonstrate that the method is good and closely agrees with the exact
solutions even at lower values of n.
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