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Abstract—  The design of an H2 sliding mode controller for a mobile inverted 
pendulum system is proposed in this paper. This controller is conducted to stabilize 
the mobile inverted pendulum in the upright position and drive the system to a 
desired position. Lagrangian approach is used to develop the mathematical model 
of the system. The H2 controller is combined with the sliding mode control to give a 
better performance compared to the case of using each of the above controllers 
alone. The results show that the proposed controller can stabilize the system and 
drive the output to a given desired input. Furthermore, variations in system 
parameters and disturbance are considered to illustrate the robustness of the 
proposed controller. 

Index Terms— H2 statefeedback, Optimal control, Mobile inverted pendulum system, Robust control, 
Sliding    mode control.  

I. INTRODUCTION 

Mobile inverted pendulum system has been considered as a typical problem of 
nonlinear systems. Several practical systems have been implemented according to the 
mobile inverted pendulum system, such as the Segway, the Legway, the JOE and the Nbot, 
etc [1]. Human body can simply be represented as a mobile inverted pendulum system 
balancing by walking. Balance control is an important subject in robotics and control [2]. 
There are two control problems in the mobile inverted pendulum system, which are 
stabilizing and tracking [3]. The system is an underactuated that makes a challenge to 
stabilize the system with an acceptable time response specification and disturbance 
rejection. On the other hand, the uncertainty in the system model parameter causes a 
variation in system dynamics [4, 5]. 

There are many control strategies for controlling the mobile inverted pendulum system. 
Noh et al. [6] in 2009 proposed a radial basis function network as an auxiliary controller to 
help the PID controllers for mobile inverted pendulum. The back propagation algorithm has 
been developed for the radial basis function network of the mobile inverted pendulum 
system. Moghavvemi et al. [7] in 2010 applied an explicit model predictive controller to 
stabilize an inverted pendulum system. Explicit solutions to constrained linear model 
predictive controller were computed by solving multi-parametric quadratic programs. 
Adhikary and Mahanta [8] in 2013 presented an integral backstepping sliding mode to 
stabilize and swing up a pendulum on the cart system. Ben Mansour et al. [9] in 2016 
proposed a control architecture for the mobile inverted pendulum based on two layers. A 
speed inner loop control scheme was designed based on the state feedback technique to 
stabilize the inverted structure of the robot. A second outer loop control scheme was 
proposed to help the robot navigate along any desired path. Odry et al. [10] in 2015 applied 
the linear-quadratic-Gaussian control for a two-wheeled mobile inverted pendulum. Mu et 
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al. [11] in 2017 presented a nonlinear sliding mode control to stabilize a two-wheeled 
mobile robot system and drive it into the desired trajectory. 

The main objective of this paper is to obtain a new robust and optimal controller that 
achieves a more desirable performance. The goal can be achieved by combining the H2 
control with the sliding mode control. The model of the mobile inverted pendulum is 
adopted by Euler Lagrange equation of motion methods. The design of H2 sliding mode 
controller is presented to achieve an optimal performance in presence of system parameter 
variation and disturbance signals. 

II. SYSTEM MATHEMATICAL MODEL

The mobile inverted pendulum components are: chassis, DC motors, inverted 
pendulum, two wheels and control unit. The system chassis supports the wheels and the 
pendulum. The DC motors rotate the wheels with respect to the chassis. The system control 
unit controls the DC motors to move the system [12]. The overall system structure is given 
in Fig. 1. Euler Lagrange method is used to obtain the mathematical model of the mobile 
inverted pendulum system. 

FIG. 1. THE MOBILE INVERTED PENDULUM SYSTEM STRUCTURE [13]. 

As shown in Fig. 1, the system has three degrees of freedom on the three axes. Roll 
represents a rotation around the lateral axis X, pitch represents a rotation around the vertical 
axis Y and the yaw represents a rotation around the lateral axis Z. Fig. 2 illustrates the 
schematic structure of the system. 

The Lagrangian function is given by: 

ܮ ൌ ܧ െ ܸ            (1) 

The Euler Lagrange equation can be described by: 

డ
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The total kinetic energy is given by: 
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The linear torque for the body is: 

஻ܧ
்௥௔ ൌ

ଵ

ଶ
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The rotation torque for the body is: 
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The rotation torque for the wheel is: 
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Total potential energy	ܸ is; 

ܸ ൌ ߶ݏ݋ܿ	௕݄݃ܯ ൅ܯ௪	݃	ܴ         (7) 

The total energy	ܮ is given by: 
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FIG. 2. THE MOBILE INVERTED PENDULUM SYSTEM SCHEMATIC STRUCTURE [14]. 

By partial differentiation of equation (8) for each of ሺݔሶ , 	߶ሶ , 	 ሶ߰ ሻ yields: 
For ݔ coordinate 
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For ߶ coordinate 

߶ሷ ൌ
ൣெ್ோమାଶெೢோమାଶூೌ൧ൣெ್௛మିூ೥ାூ೤൧௦௜௡థ௖௢௦థ	

ሺோ௛ெ್௦௜௡థሻమାሾሺெ್ାଶெೢሻோమାଶூೌሿூೣାଶெ್௛మሺெೢோమାூೌሻ
ሶ߰ ଶ	 െ

ൣெ್ோమାଶெೢோమାଶூೌ൧ெ್௛ோ௖௢௦థ	

ሺோ௛ெ್௦௜௡థሻమାሾሺெ್ାଶெೢሻோమାଶூೌሿூೣାଶெ್௛మሺெೢோమାூೌሻ
 ሺ ଵܶ ൅ ଶܶሻ 



Iraqi Journal of Computers, Communications, Control & Systems Engineering (IJCCCE), Vol. 18, No. 2, September 2018    20

Received 6 Feb 2018; Accepted 9 May 2018 

© 2017 University of Technology, Iraq  ISSN (Print) 1811-9212 ISSN (Online) 2617-3352 

െ	
ெ್
మோమ௛మ௦௜௡థ௖௢௦థ

ሺோ௛ெ್௦௜௡థሻమାሾሺெ್ାଶெೢሻோమାଶூೌሿூೣାଶெ್௛మሺெೢோమାூೌሻ
	߶ሶ ଶ	 ൅

ൣெ್ோమାଶெೢோమାଶூೌ൧ெ್௛௚௦௜௡థ

ሺோ௛ெ್௦௜௡థሻమାሾሺெ್ାଶெೢሻோమାଶூೌሿூೣାଶெ್௛మሺெೢோమାூೌሻ
(10) 

For ߰ coordinate,  
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            (11) 

The Jacobian linearization method is used to obtain the system linearized model of the mobile inverted 
pendulum system. The resulted model is: 
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The Jacobian equation is applied for the system with equilibrium points (ܺ଴, ଴ܶ) defined as: 

ܺ଴ ൌ ൫ݔ଴, ,ሶ଴ݔ ߰଴, ሶ߰ ଴, ߶଴, ߶ሶ଴൯ ൌ ሺ0, 0, 0, 0, 0, 0ሻ          (14) 

଴ܶ ൌ 0            (15) 

By using Matlab, equations (9), (10) and (11) become: 
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Then, the final model is:     
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It is shown that the system has the following eigenvalues {0, 0, െ10.9719, 10.9719, 0, 0}, which show 
that the system is unstable due to the right hand plane pole. 
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where:  
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The nominal values of the real system parameters are listed in Table 1. 

TABLE 1. NOMINAL VALUES OF THE SYSTEM PARAMETERS. 

III. CONTROLLER DESIGN
The mobile inverted pendulum model can be expressed as a LTI by: 

ሻݐሶሺݔ ൌ ሻݐሺݔܣ ൅ ሻݐ݀ሺ	ଵܤ ൅ 	ሻݐሺݑ	ଶܤ    (29) 

݁ሺݐሻ ൌ ሻݐሺݔଵܥ ൅  ሻ           (30)ݐሺݑ	ଵଶܦ

ሻݐሺݕ ൌ  ሻ           (31)ݐሺݔ

Symbol Value Unit

 ݃ܭ ௕ 0.502ܯ

 ݃ܭ ௪ 0.054ܯ

݄  0.31 ݉ 

ܴ  0.065 ݉ 

݈  0.18 ݉ 

௫ 9.1196ܫ ൈ 10ିସ ݉݃ܭଶ 

௭ 6.693ܫ ൈ 10ିଷ ݉݃ܭଶ 

௔ 2.851585ܫ ൈ 10ିହ ݉݃ܭଶ 

݃   ଶିݏ݉ 9.81
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To represent the uncertainty, the uncertain mobile inverted pendulum model can be described by: 

ሻݐሶሺݔ ൌ ሻݐሺݔܣ ൅ ݔܣ߂ ൅ ሻݐሺݑ	ଵܤ ൅ ሻݐሺݑଵܤ߂ ൅ ሻݐሺ	ݑ	ଶܤ ൅ ሻݐሺݑ	ଶܤ߂ ൅ ݀ሺݐሻ        (32) 

where ݔሺݐሻ ∈ ܴ௡ is the state vector, ݁ሺݐሻ ∈ ܴ௛ is the output to be controlled vector,	ݕሺݐሻ ∈ ܴ௥ is the 
output, ݑሺݐሻ ∈ ܴ௠ is the control signal vector, ݀ሺݐሻ ∈ ܴ௧ is the disturbance, ܤ ,ܣଶ  are state space 
system matrices, ܤଵ is the disturbance matrix,	ܣ߂, ,ଵܤ߂   refer to the matched uncertainty in the	ଶܤ߂
matrices ,ܣ	ܤଵ ,  .ଵଶ represent the controller design matricesܦ ,ଵܥ ଶ, respectively, andܤ
The obtaining of a scalar control law is the main objective of this work. The control law is illustrated 
by: 

		ݑ ൌ ௦௪ݑ ൅  ௘௤               (33)ݑ

where ݑ௦௪ is the corrective control used to compensate the deviations from the sliding plane. ݑ௘௤ is the 

equivalent control or the robust control which guarantees that the rate of change of the sliding plane is 
equal to zero to stay on the sliding surface. 
The first part of the control law will be achieved by the unity sliding design, and the second one will be 
performed using H2 state feedback controller. A unity sliding mode control strategy for the system is 
presented in the presence of matched uncertainties and the external disturbance with the mobile inverted 
pendulum model [16]. 
From equation (32) which includes the parametric uncertainties and disturbance effect and since the 
matrix A is not full rank, the singular value decomposition technique (SVD) is used to obtain a full rank 
matrix then with a controllable pair (ܣ, B) yields: 

௢ܣ  ൌ ܣ െ 			ܭଶܤ        (34) 

where ܭ is chosen such that the matrix ܣ௢ is Hurwitz with the desired close loop roots. Consequently 
equation (32) becomes: 

ሻݐሶሺݔ ൌ ሻݐሺݔ௢ܣ ൅ ݔܣ߂ ൅ ሻݐ௢ሺݑଵܤ ൅ ሻݐሺݑଵܤ߂ ൅ ሻݐሺ	௢ݑଶܤ ൅ ሻݐሺݑଶܤ߂ ൅ ݀ሺݐሻ            (35) 
when ݑ௢ሺݐሻ is the control vector that proved ܣ௢ as Hurwitz matrix. Now let the uncertainty in 
matrices	ܤ ,ܣ can be written as: 

ܣ߂ ൌ ܤ߂		݀݊ܽ		ఋܣܤ ൌ ఋܤܤ  
where ܣఋ ∈ ࣬௠ൈ௡ and ܤఋ ∈ ࣬௠ൈ௠. Then the bracket {ݔܣ߂ ൅ ݑܤ߂ ൅ ݀ሺݐሻ} can be written as: 

ݔܣ߂ ൅ ݑଵܤ߂ ൅ ݑଶܤ߂ ൅ ݀ሺݐሻ ൌ ݔఋܣሼܤ ൅ ݑఋܤ ൅ ሻሽݐሺߜ ൌ ఋܣሼሺܤ െ ݔሻܭఋܤ ൅ ௢ݑఋܤ ൅  ሻሽ     (36)ݐሺߜ

Assuming that the matched uncertainty (ܣఋ,  are bounded, we get (ሻݐሺߜ) ఋ) and external disturbanceܤ

‖ሺܣఋ െ ݔሻܭఋܤ ൅ ௢ݑఋܤ ൅ ‖ሻݐሺߜ ൑ ‖ݔ‖ߙ ൅ ‖௢ݑ‖ߚ ൅   (37)     ߝ

		ݑ ൌ െߛሺ‖ݔ‖ሻ
ௌ

‖ௌ‖
െ ݔܭ  (38) 

where  

ܵ ൌ ሻ‖ݔ‖ሺߛ			and ݔ2்ܲܤ ൌ
ଵ

ሺଵିఉሻ
ሼݔ‖ߙ‖ ൅ ߝ ൅ ݇ሽ	, 			݇ ൐ 0 

So, the sliding mode control law basically is: 

௦௪ݑ ൌ െߛሺ‖ݔ‖ሻ
ௌ

‖ௌ‖
 (39) 

For more details about the derivation of equations (34) to (39), the reference [16] can be seen. 
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The Hଶ control objective is to find a controller that minimizes a quadratic performance index (the Hଶ 
norm) of the system and offers a way of combining the design criteria of quadratic performance and 
disturbance rejection [13]. 
For the control system in equations (29),(30) and (31), it is required that the system matrix ܣ is of full 
rank, the pairs ሺܣ, ,ܣଵሻ and ሺܤ ,ଵܥଶሻ are required to be stabilizable, ሺܤ  ሻ is required to be detectableܣ
and it is required that all the system state measurements are possible.  

Figure 3 presents the block diagram of the full state feedback Hଶ control. Assume that 

ܯ  ൌ ൥
ܣ ଵܤ ଶܤ
ܥ 0 ଵଶܦ
ܫ 0 0

൩       (40) 

FIG. 3:. ۶૛ CONTROL STRUCTURE [15]. 

where ݓሺݐሻ is the exogenous inputs (set point	ݎሺݐሻ and disturbance input	݀ሺݐሻ).The system error for a 
white noise input can be represented using Hଶ norm by:  

‖ ௘ܶௗ‖ுమ
ଶ ൌ  ሻሻ          (41)ݐሻ݁ሺݐሺ்݁ሺܧ

where	 ௘ܶௗ illustrates the total transfer function from ݀ሺݐሻ to ݁ሺݐሻ, then from  equation (30): 

்݁ሺݐሻ݁ሺݐሻ ൌ ሻݐሺݔሻ்ܳ௙ݐሺݔ ൅ ሻ்ݐሺݔ2 ௙ܰݑሺݐሻ ൅ ሻ்ݐሺݑ ௙ܴ	ݑሺݐሻ          (42) 

The minimization of ‖ ௘ܶௗ‖ுమ
ଶ  is equivalent to the stochastic regulator problem solution by setting:	ܳ௙ ൌ

ଵܥ
	 ,ଵܥ் ௙ܰ ൌ ଵܥ

ଵଶܦ=and ௙ܴ	ଵଶܦ்
   :ଵଶ then, the cost function to be minimized is [13]ܦ்

ሻ൯ݐሻ݁ሺݐ൫்݁ሺܧ ൌ ,ሻݐሺݔሺܬ ሻሻݐሺݑ ൌ ׬ ሾ
ஶ
଴ ሻݐሺݔሻ்ܳ௙ݐሺݔ ൅ ሻ்ݐሺݔ2 ௙ܰݑሺݐሻ ൅ ሻ்ݐሺݑ ௙ܴ	ݑሺݐሻሿ݀ݐ	(43)       

Consequently: 

ܬ ൌ ׬ ሾ
௧೑
௧బ

ሻݐሺݔሻ்ܳ௙ݐሺݔ ൅ ሻ்ݐሺݔ2 ௙ܰݑሺݐሻ ൅ ሻ்ݐሺݑ ௙ܴ	ݑሺݐሻሿ݀ݐ	      (44) 

where ܳ௙ ∈ ࣬௡ൈ௡ is a symmetric positive semidefinite state weighting matrix, ௙ܰ ∈ ࣬௠ൈ௡ is a 

symmetric positive semidefinite state and control weighting matrix and ௙ܴ ∈ ࣬௠ൈ௠ is a symmetric 

positive definite control weighting matrix. 
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The optimal control action is: 

௘௤ݑ ൌ െܭ	ݔሺݐሻ       (45) 

where 

ܭ ൌ ௙ܴ
ିଵሺܤଵ

்ܲ ൅ 	 ௙ܰ
்ሻ            (46) 

The Riccati equation is:    

൫ܣ െ ଶܤ ௙ܴ
ିଵ	 ௙ܰ

்൯
்
ܲ ൅ ܲ൫ܣ െ ଶܤ ௙ܴ

ିଵ	 ௙ܰ
்൯ െ 	ଶܤܲ ௙ܴ

ିଵܤଵ
்ܲ ൅ ܳ௙ െ ௙ܰ	 ௙ܴ

ିଵ
௙ܰ
் ൌ 0      (47)

where ܭ is called the state feedback gain matrix. 

IV. RESULTS AND DISCUSSION
The response of the system using sliding mode control is shown in Fig. 4. The response 

specifications of the system using sliding mode control are: system position and velocity settling time 
equal to 15	ܿ݁ݏ. and 14	ܿ݁ݏ., pendulum angle and velocity settling time equal to, 15	ܿ݁ݏ. and  10	ܿ݁ݏ., 
and the rotating angle and velocity settling time equal to 12	ܿ݁ݏ. and 4	ܿ݁ݏ. The resulting control signals 
are shown in Fig. 5. The designed Hଶ sliding mode controller has changed the system eigenvalues to 
ሼെ1070.739, െ733.323, െ2.273	 ൅ 1.784݅, െ2.273		1.784݅, െ1.395,െ1.000ሽ and the system 
states are stable as shown in Fig. 6. The system time response using H2 sliding mode control can be 
summarized as system position and velocity settling time which equal to 3	ܿ݁ݏ. and 2.5	ܿ݁ݏ., pendulum 
angle and velocity settling time equal to, 5	ܿ݁ݏ. and  5	ܿ݁ݏ., and the rotating angle and velocity settling 
time equal to 4	ܿ݁ݏ. and 4	ܿ݁ݏ. In addition, it is shown that the pendulum angle deviates between െ0.92 
and 0.35  ݀݁݃݁݁ݎ. The resulting control signals are shown in Fig. 7. It is apparent that a low control 
effort has been obtained. The resulting state feedback gain matrix which represents the Hଶ control part 
is:          

K ൌ ቂെ1.1181		 െ 1.4113								0.7906										0.7916				 െ 5.3592			 െ 1.2632
െ1.1181			 െ 1.4113			 െ 0.7906			 െ 0.7916			 െ 5.3592				 െ 1.2632

ቃ     

For robustness test of the proposed controller, a change of ±25% in system parameters is taken. Fig. 8 
shows the output response with parameters uncertainty. Fig. 9 shows the output response of the system 
with a disturbance of 1 N.m at 4.5 second. As can be seen, the proposed controller can compensate the 
change in system parameters and achieve the desired performance. 

Table 2 below presents a performance specification comparison among the IBSMC (Integral 
Backstepping Sliding Mode Control) [8], the optimal sliding mode control and the H2 sliding mode 
controller, to verify the effectiveness of the designed controller. It's obvious that the H2 sliding mode 
controller achieved best performance compared with the other results. 
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(a)                   (b) 

(c)             (d) 

(e)                                                                           (f) 

FIG. 4. SLIDING MODE CONTROLLED SYSTEM RESPONSE (A) POSITION (B) VELOCITY (C) ROTATING ANGLE (D) ROTATING 

VELOCITY (E) PENDULUM ANGLE, (F) PENDULUM VELOCITY. 
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FIG. 5. THE RESULTING CONTROL SIGNALS. 
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     (e)               (f) 

FIG. 6. H2 SLIDING MODE CONTROLLED SYSTEM RESPONSE (A) POSITION (B) VELOCITY (C) ROTATING ANGLE (D) ROTATING 

VELOCITY (E) PENDULUM ANGLE, (F) PENDULUM VELOCITY. 

FIG. 7. THE RESULTING CONTROL SIGNALS. 

          (a)                                                                                 (b) 

FIG. 8. CONTROLLED SYSTEM RESPONSE WITH PARAMETERS UNCERTAINTY (A) POSITION, (B) PENDULUM ANGLE. 
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(a)            (b) 

FIG. 9. CONTROLLED SYSTEM RESPONSE WITH DISTURBANCE (A) POSITION, (B) PENDULUM ANGLE. 

Table 2 below presents a performance specification comparison among the IBSMC (Integral 
Backstepping Sliding Mode Control) [8], the optimal sliding mode control and the H2 sliding mode 
controller, to verify the effectiveness of the designed controller. It's obvious that H2 sliding mode 
controller achieved best performance compared with the other results. 

TABLE 2. COMPARISON AMONG IBSMC, OPTIMAL SLIDING MODE CONTROL AND H2 SLIDING MODE CONTROLLER 

V. CONCLUSION 

In this paper, the design of an H2 sliding mode control for a mobile inverted pendulum system 
has been presented. It was shown that a combination between H2 control and sliding mode control could 
achieve a performance better than if only one of them is used. The efficiency of the proposed controller 
in the presence of system parameter variations and disturbance was proved. Furthermore, it has been 
shown that the addition of the H2 controller results in better time response specification and low control 
effort in comparison to the sliding mode control. 
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