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Abstract

The dynamic response and stability of parametrically excited viscoelastic belts
are investigated in the current study. In this work, the generalized equation of motion
is obtained for a viscoelastic moving belt with geometric nonlinearity. Non-
dimensional analysis of the model was built on some assumptions to simplify the
problem. The viscoelasticity of the model was modelled using Kelvin-Voigt model,
the dynamic equation of motion derived using perturbation technique. The
displacement of vibration found using the zeroth order solution that was subdivided
into two parts, real and imaginary parts, due to the nature of nonlinear system. In this
research effects of many elastic and viscoelastic parameters are studied, it was shown
that there exists an upper boundary for the existence condition of the summation
parametric resonance due to the existence of viscoelasticity. Effects of viscoelastic
parameters, excitation frequencies, excitation amplitudes, and the axial moving speed
on dynamic responses and existence boundaries were investigated.
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1. Introduction

Belt drives are extensively used in mechanical engineering practice for the
transmission of moments and power between axles located far away from each other.
Its widespread application — in the automobile industry, a number of branches of the
light industry, general engineering and machine tool industry, etc. can be explained by
its inexpensive realisation, quiet operation, easy mounting, favourable vibration
damping, and last but not least by its good efficiency.

In applications requiring higher accuracy, for example the main and feed drives of
machine tools, it is not sufficient to dimension the particular machine elements. In such
cases it is also essential to apply knowledge of vibrations that will facilitate the solution
or elimination of dynamic problems in the design phase. However, one major problem
in belt drive systems is that crank shaft-driven belt tension actually fluctuates, which
leads to the occurrence of large transverse belt vibrations. Such a system with
fluctuation tension as a source of excitation is called a parametrically excited moving
belt system. With reliability, Wear, and noise of utmost concern, it is of great interest to
recognize and understand this important source of dynamic response.

Moving belt is a typical axially moving system. The nonlinear vibration of axially
moving system has been studied extensively by many investigators. Huang et. al.
(1995) studied the dynamic response and stability of a moving string undergoing three
dimensional vibration. Perkins (1996) obtained the expressions for amplitudes and
stability boundaries nontrivial limit cycles. But in all of these works, the material is
assumed to be linear elastic and damping is either ignored or introduce to any damping
mechanism.

Viscoelasticity is the property of materials that exhibit both viscous and elastic
characteristics when undergoing deformation. Viscous materials resist shear flow and
strain linearly with time when a stress is applied. Elastic materials strain
instantaneously when stretched and just as quickly return to their original state once the
stress is removed. Viscoelastic materials have elements of both of these properties and
exhibit time dependent strain [Meyers (1999)].

Viscoelasticity is an effective approach to model the dissipative mechanism
because some string-like engineering devices are composed of some viscoelastic
metallic or ceramic reinforcement materials like glass-cord and viscoelastic polymeric
materials such as rubber. The damping due to the viscoelasticity of string material
exists only in nonlinear terms. Therefore nonlinear vibration of an axially moving
viscoelastic string should be studied.

Lixin (1999), assumed the belt has constant velocity to simplify the analysis
procedure with little acceptable error ,that he studied the linear differential constitutive
relation. Several commonly used models are discussed; it is concerned with the linear
integral constitutive law and the relation between differential and integral constitutive
laws. There are many engineering designs that require vescoelastic behavior of
structures, for examples, creep analysis of magnetic tapes and vibration problem of
conduits.

In this paper, the nonlinear dynamic model of viscoelastic axially moving belt
with geometrical nonlinearity is established. The effects of material parameters, the
steady-state velocity, and the perturbed axial velocity of the belt on the dynamic
response of the belts are investigated by the research of digital simulation.

2. Equation of Motion
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Kelvin-Voigt model ,that presented the material as elastic spring and damper
connected in parallel [Lixin (1999)], was used to represents a solid undergoing
reversible viscoelastic strain. Upon application of a constant stress, the material
deforms at a decreasing rate, asymptotically approaching the steady-state strain. The
constitutive relation, [LI et. al. (2003)], is expressed as a linear first-order differential
equation:

de(t)

O'(t):Eg(t)+777 (1)

Consider that the viscoelastic belt is in a state of uniform initial stress, and only
the transverse vibration in the y direction is taken into consideration.

A

c=dxldt

v(x, t)I,

L

v

Figure 1. A mode of moving belt.

Figure (1) shows a prototypical model system of a viscoelastic moving belt used
in this analysis. The Lagrangian strain component in the x -direction related to the

transverse displacement, [LI et. al. (2003)], is &(x,z)=V?(x,¢)/2. Thus, the equation of

motion in the y-direction, [Lixin (1999)], can be obtained by Newton's second law of
motion:

oV oV , T\oV *(1 zj *[1 2)
+2 + —-— =E"\=V-WV _+VIE|=V 2
Porr " orox (pc Aj P 2 )= 2 ) @)
with boundary conditions:
V(0,¢)=0 V(L,t)=0 3)

The Kelvin viscoelastic model is chosen to describe the viscoelastic property of

the belt material. The linear differential operator £* for the Kelvin viscoelastic model,
[Lixin (1999)], is given below:

0
E'=E +n— 4
0 ﬂat (4)

Introducing the following non-dimensional parameters:

V:K g:i z’:t TZ 7/:0 ’O—A
L L PAL T,
2
azﬂ 0=Q pAL Ee:EOA E =n A2 (5)
I, I, I, pT,L
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The corresponding non-dimensional equation of the transverse motion, [Lixin (1999)],

is given by:

0% 0%y ) 0%y

—+2 +y°—-1-acoswt)—=N 6
82'2 v 82’8g (7/ a )agZ (V) ( )

where the nonlinear operator N(v), [Lixin (1999)], is defined as:

N(v) = E(%)v?vgg +v, {E(%vi ﬂg (7)

Introduce the mass, gyroscopic, and linear stiffness operators as follows:
0 2 4\ 0
M=1I, G=2y—, K=\y" -1— (8)
Where operators M and K are symmetric and positive definite and G is skew-
symmetric for sub-critical transport speeds. Equation (6) can be rewritten in a standard

symbolic form:
2

v
0L’ 9)

Equation (9) is in the form of a continuous gyroscopic system with weakly
nonlinearity and parameter excitation term.

The method of multiple scales is applied directly to solve the governing partial
differential equation (9), which is in the form of a continuous gyroscopic system.

Here, to give more accurate results than the results studied by Lixin (1999),its
preferred to use the harmonically fluctuating velocity that suggested by [LI et. al.
(2003)],as followed :

V= C{COS[mz(l— cZ)+nmcy,d + H]Sin nwé +

My, +Gv, + Kv=¢gN(v) + sacosmt

nic.
Lcosw{cosnrs cos[nr(l-cl)+
w

(10)
nmcy +60]—c,sin mrgsin[n;z(l— c2)+nmc,d + 6’]}}

The values of C=-0.5, =0, ¢,=0.9, and ¢, =0.06, arbitrary constants, could
be easily determined by initial conditions [LI et. al. (2003)].

The first term is usual constant velocity solution and the second term is the
correction due to variation in velocity.

3. Limit Cycles and Existence Conditions

For nonlinear systems, limit cycles may exist in the vicinity of a parametric
instability region. In this section, the interest is focused on the behavior of limit cycles
around the parametric instability regions for elastic and viscoelastic nonlinear systems.
Express 4, and 4, in the polar form as [Lixin (1999)]:

A, = %aneiﬁ" (11)
1 iB
Al = Eane (12)

Note that «, and B, (k=n, [) represent the amplitude and the phase of the
response, respectively.

3.1. Limit Cycles of Elastic Moving Belts
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The response amplitude of steady state response of summation parametric
resonance for elastic systems, [Lixin (1999)], are obtained:

af :?af (13)
Where
a 2 2
pt———Re(m,)? +1m(m,)

" (BEemZn 3Eem2,nj
8nrx 8l°x
where m,,, m,, are solved by using direct multiple scales method by [Lixin (1999)] as:
e 4n1?v][-sin(n +1) v + i(1— cos(n + 1) )]
o (n+D[(n+D)*V —(n—1)]
From the amplitude expression above of elastic problems, it can be seen that the
first limit cycle exists if:

> \/Re(mnl)2 + |m(l’l’ln|)2 a

(15)

16
2\nlx (16)
And the second limit cycle exists if
2 2
,U > \/Re(mnl) + Im(mnl) a (17)

2\nlx
As a special case. the response amplitude of principal parametric resonance (n=/)
for elastic belts is given in the following:
2n7z|sin nﬂ;/|a

Anmu+
al = 4 (18)
3Ee (_mZn)
The first limit cycle (select plus sign in equation(18))exists if the translation speed
|Sin n7r}/|a

is sub-critical (¥ <1) and u+ >0. The second limit cycle (select negative
sign in equation(18)) exists if the translation speed is sub-critical and

B |Sin n7ry|a

2y
It should be mentioned that existence conditions of non-trivial limit cycles are the
same as the stability conditions of the trivial solution for elastic systems (Zhang, 1998).
Thus, it is concluded that the non-trivial limit cycles bifurcate from the trivial limit
cycle at the stability boundary of the trivial limit cycle for elastic summation parametric
resonance.

>0.

3.2. Limit Cycles of Viscoelastic Moving Belts
The response amplitude of steady state response for vescoelastic systems, [Lixin
(1999)], are obtained:

R (19)
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It is seen that the relation between «, and ¢, of viscoelastic systems is different

from that of elastic systems. The following amplitude modulation equation for steady
state response, [Lixin (1999)], is obtained

cal+c,al +ca’ =0 (20)
Where

n
2 2 e 2
o=| it SEa | VL (5 m, P @)
2n 2/ / 1 1 n-\'n
_ 7+7
INT n

n
¢, =127, (’"Z" 4 M’ \/a \fl . (22)
"

Cs :16722;12L2— az(lm(mnl)2 + Re(mm)z) (23)
1/n 1
0

Where m, , m,, are the same values in equation (15).

It is obvious that equation (20) possesses a singular point at the origin (trivial
periodic solution). In addition, two non-trivial singular points may exist describing
limit cycles with amplitudes

2_—cziw/c§—4clc3 (24)

o =
! 2¢,

Equations (19) and (24) represent the amplitudes of the steady state response of
the summation parametric resonance for viscoelastic systems. From the amplitude
equation (24) of viscoelastic systems, it can be seen that the two non-trivial steady state
solutions exist only when the following conditions are satisfied, the first limit cycle of
viscoelastic systems exists if:

(4\[ 4\/7J\/Im(mnl) + Re(m,)? ["2[ JJIm(mn.) +Re(my)’c;
GAY

—4rE o,m,,
(25)
and the second limit cycle exists if:
1‘{/; + 11/7 \/Im(mm)2 + Re(mnl)2 lz \/7 \/Im(mnl) + Re(mnl) G
NI n\n u \I°VI
<=<
4r a —4rk w,m,,
(26)

As a special case, the response amplitude of principal parametric resonance
(n =1) for viscoelastic belts is given in the following:
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38Enmu n’r’a’sin® nxy 3E€j2_ 2 2_1’127[26128"121’17[7/ Eva)nj2
.8 4y? 8 a 4y? 4

a, = 3 2 2
Ee Eva)n —-m
2[[ 5 ) o B ”( )
(27)

The first limit cycle (select plus sign in equation (27)) exists if the translation
speed is sub-critical and

2 ain?2 2 2 =2 2
3Eeﬂ+ a“sin Znﬂ;/(3Eej B ﬂz_a sin anf (Eva)nj 20 The second
8 4y 8 4y 4

limit cycle (select negative sign in equation (27)) exists if the translation speed is sub-

2 qin? 2 2ain2 2
critical and 3E8€,u_\/a sin nﬂy(BEej _(qu_a sin nﬂy][Evlla)nj 50,

4y* 8 4y*

It can be seen from equations (25) and (26) that the existence conditions of non-
trivial limit cycles have an upper boundary for viscoelastic models, which is different
from the conclusion of the corresponding elastic systems. The upper boundaries of
existence conditions for the first limit cycle and the second limit cycle are identical and
are determined by the viscoelastic parameter £, . The lower boundaries of existence

conditions have no relation with the nonlinear parameter £, and the viscoelastic
parameter £ , and are different from those of the corresponding elastic systems.

4. Results and Discussion

In this section, numerical results of steady state responses and existence
boundaries for the summation parametric resonance of moving belts are presented.
Effects of the viscoelastic parameter, the amplitude of excitation, the frequency of
excitation, and the transport speed on the response of non-trivial limit cycles are
investigated for the belt moving in the harmonic velocity. Belts are composed of cord
reinforcement materials and the outer layer of rubber materials, which can be
considered as a spring (reinforcement materials) and a dashpot (rubber materials)
connected in parallel. Thus, Kelvin viscoelastic is a natural representation of the
mechanical properties of belt materials.

Figure (1) compares the current results with the results in Lixin (1999). The
system parameters are E =400, E =0, a=0.5 and »=0.25. where give a good

agreement between these results for both the first limit cycle and the second limit cycle.
The amplitudes of non-trivial limit cycles of the first principal parametric resonance
(n=[=1) are plotted in Figure (2) as a function of excitation frequency (detuning), u,

and excitation amplitude, «, for an elastic system. The non-dimensional transport
speed () is 0.2 and the nonlinear parameter of Young's modulus (£, ) is 400.

Figures (3) and (4) shows the analogous results for the second principal
parametric resonance (n=2, /=2) and the first summation parametric resonance (n=1,
[=2), respectively. From Figures (2) to (4), it can be seen that the amplitude increases
without bound as detuning parameter increases. When the excitation amplitude grows,
the response amplitude of the first limit cycle increases while the second limit cycle
decreases. Only the trivial solution exists if the existence conditions of non-trivial
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solutions are not satisfied. The results obtained here are identical to those given by
Mockensturm et. al. (1996).

The non-trivial limit cycles of the first summation parametric resonance (n=1,
[=2) for a viscoelastic moving belt are shown Figure (5). The non-dimensional
transport speed is 0.2. The nonlinear parameter (£,) is 400, and the viscoelastic

parameter (£ ) is 5. It is evident that though the amplitude increases with the growth of

detuning parameter, there exists an upper bound. The non-trivial limit cycle will vanish
when non-dimensional amplitude of perturbation tension and detuning parameter
approach this bound, which indicates that damping introduced by the viscoelasticity
enlarges the region of the trivial limit cycles. This phenomenon for viscoelastic moving
belt is quite different from the corresponding elastic systems.

Translation speed not only influence the amplitude of the non-trivial limit cycles,
but also influence the existence region of non-trivial limit cycles significantly. Figures
(6) and (7) illustrate the effect of the translating speed on non-trivial limit cycles of the
first principal (n=/=1) and the first summation (» =1, /=2) parametric resonance,
respectively. The non-dimensional amplitude of perturbation tension (a) is chosen as
0.5 and the nonlinear parameter (E£,) is 400. From Figure (6), for the principal

parametric resonance, it is seen that the amplitude of limit cycles decreases with the
increase of transport speeds. The non-trivial amplitude grows more slowly with
detuning parameter when translation speeds is larger. Moreover, for the translation
speed unsatisfying equation (26) and (27), the non-trivial limit cycles no longer exist.
These results indicate that by increasing the transport speed while keeping other
parameters constant, an unstable belt can be stabilized. For the summation parametric
resonance, the relation between the response and the transport speed is much more
complicated. There exists a maximum value of response for the first limit cycle and a
minimum value of response for the second limit cycle when non-dimensional transport
speed is around 0.2.

6. Conclusions

From the above study, the following conclusions can be drawn:

1) The amplitude of the limit cycles decreases with increasing transport speeds for
principal parametric resonance. There is no such a simple relation for the summation
parametric resonance.

2) There exists an upper existence boundary for the viscoelastic model and this upper
boundary of existence for limit cycles is determined by the viscoelastic property E, .

3) The lower boundary of existence for limit cycles of elastic systems is identical to
the stability boundary of the trivial solution. This suggests that non-trivial limit cycles
of the summation parametric resonance bifurcate from the trivial limit cycle at the
boundary of the trivial limit cycle.

4) The boundaries of existence have no relation with the nonlinear parameter £, .

5) The most effects of the transverse amplitudes come from the frequency of the
perturbed velocity when the belts moves with harmonic velocity.
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Figure 1. A Comparison of the current result with the Lixin result, Present result, *
Lixin result. (n=1, I=2, E =400, E,=0, y=0.25, a=0.5)

A: the first limit cycle. B: the second limit cycle.
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Figure 2. The nontrivial limit cycles that bifurcate from the boundary of the first
principal parameter instability region (y=0.2, n=I=1, E =400, E,=0)
A: the first limit cycle. B: the second limit cycle
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Figure 3. The nontrivial limit cycles that bifurcate from the boundary of the second
principle parameter instability region (y=0.2, n=I=2, E =400, E,=0)
A: the first limit cycle. B: the second limit cycle
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Figure 4. The nontrivial limit cycles that bifurcate from the boundary of the first
summation parameter instability region (y=0.2, n=1, I=2, E,~400, E,=0)
A: the first limit cycle. B: the second limit cycle
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Figure 5. The response amplitude of nontrivial limit cycles for the summation parameter
resonance of a viscoelastic moving belt (y=0.2, n=1, =2, E.=400, E,=5)
A: the first limit cycle. B: the second limit cycle
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Figure 6. Effect of the transport speed on nontrivial limit cycles for the first principle
parameter resonance (a=0.5, n=I=1, E =400, E,=5)
A: the first limit cycle. B: the second limit cycle
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Figure 7. Effect of the transport speed on nontrivial limit cycles for the first summation
parameter resonance (a=0.5, n=1, I=2, E =400, E,=5)
A: the first limit cycle. B: the second limit cycle
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NOMENCLATURE
Symbol Definition Units
a Non-dimensional amplitude of perturbation tension -
A Cross-sectional area of belt m°
c Axial velocity of belt m/s
Co constant -
C1 constant -
C constant -
E Non-dimensional equivalent Young's modulus -
E Equivalent Young's modulus N/m’
Eo | Initial Young's modulus N/m?
Ee Non-dimensional Young's modulus -
Ev Non-dimensional viscoelastic parameter -
G Non-dimensional gyroscopic operator -
K Non-dimensional stiffness operator -
L Length of moving belts m
m,,, m, | Non-dimensional parameter -
M Non-dimensional mass operator of moving belts -
N Nonlinear terms -
t time of moving belt sec
T Initial tension of moving belts N
TO Steady state tension N
Tl Perturbation tension N
v Non-dimensional transverse displacement of moving belts -
\ Transverse displacement of moving belt m
X Local coordinate in longitudinal direction -
a,, a, | Response amplitude of the nth and mth mode -
£ Non-dimensional small parameter -
é, The ith eigenfunction of moving belts -
0 constant -
4 Non-dimensional translating speed -
P Belt mass per unit volume Kg/m’
n Dynamic viscosity of the dashpot -
A, Eigenvalue of mode n -
H Non-dimensional detuning parameter -
T Non-dimensional time -
10, Excitation frequency Rad/sec
o, Natural frequency for mode n Rad/sec
Q Excitation frequency Rad/sec
4 Non-dimensional coordinate in longitudinal direction -
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1. Introduction

Belt drives are extensively used in mechanical engineering practice for the
transmission of moments and power between axles located far away from each other.
Its widespread application — in the automobile industry, a number of branches of the
light industry, general engineering and machine tool industry, etc. can be explained by
its inexpensive realisation, quiet operation, easy mounting, favourable vibration
damping, and last but not least by its good efficiency.

In applications requiring higher accuracy, for example the main and feed drives of
machine tools, it is not sufficient to dimension the particular machine elements. In such
cases it is also essential to apply knowledge of vibrations that will facilitate the solution
or elimination of dynamic problems in the design phase. However, one major problem
in belt drive systems is that crank shaft-driven belt tension actually fluctuates, which
leads to the occurrence of large transverse belt vibrations. Such a system with
fluctuation tension as a source of excitation is called a parametrically excited moving
belt system. With reliability, Wear, and noise of utmost concern, it is of great interest to
recognize and understand this important source of dynamic response.

Moving belt is a typical axially moving system. The nonlinear vibration of axially
moving system has been studied extensively by many investigators. Huang et. al.
(1995) studied the dynamic response and stability of a moving string undergoing three
dimensional vibration. Perkins (1996) obtained the expressions for amplitudes and
stability boundaries nontrivial limit cycles. But in all of these works, the material is
assumed to be linear elastic and damping is either ignored or introduce to any damping
mechanism.

Viscoelasticity is the property of materials that exhibit both viscous and elastic
characteristics when undergoing deformation. Viscous materials resist shear flow and
strain linearly with time when a stress is applied. Elastic materials strain
instantaneously when stretched and just as quickly return to their original state once the
stress is removed. Viscoelastic materials have elements of both of these properties and
exhibit time dependent strain [Meyers (1999)].

Viscoelasticity is an effective approach to model the dissipative mechanism
because some string-like engineering devices are composed of some viscoelastic
metallic or ceramic reinforcement materials like glass-cord and viscoelastic polymeric
materials such as rubber. The damping due to the viscoelasticity of string material
exists only in nonlinear terms. Therefore nonlinear vibration of an axially moving
viscoelastic string should be studied.

Lixin (1999), assumed the belt has constant velocity to simplify the analysis
procedure with little acceptable error ,that he studied the linear differential constitutive
relation. Several commonly used models are discussed; it is concerned with the linear
integral constitutive law and the relation between differential and integral constitutive
laws. There are many engineering designs that require vescoelastic behavior of
structures, for examples, creep analysis of magnetic tapes and vibration problem of
conduits.

In this paper, the nonlinear dynamic model of viscoelastic axially moving belt
with geometrical nonlinearity is established. The effects of material parameters, the
steady-state velocity, and the perturbed axial velocity of the belt on the dynamic
response of the belts are investigated by the research of digital simulation.

2. Equation of Motion
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Kelvin-Voigt model ,that presented the material as elastic spring and damper
connected in parallel [Lixin (1999)], was used to represents a solid undergoing
reversible viscoelastic strain. Upon application of a constant stress, the material
deforms at a decreasing rate, asymptotically approaching the steady-state strain. The
constitutive relation, [LI et. al. (2003)], is expressed as a linear first-order differential
equation:

de(t)

O'(t):Eg(t)+777 (1)

Consider that the viscoelastic belt is in a state of uniform initial stress, and only
the transverse vibration in the y direction is taken into consideration.

A

c=dxldt

v(x, t)I,

L

v

Figure 1. A mode of moving belt.

Figure (1) shows a prototypical model system of a viscoelastic moving belt used
in this analysis. The Lagrangian strain component in the x -direction related to the

transverse displacement, [LI et. al. (2003)], is &(x,z)=V?(x,¢)/2. Thus, the equation of

motion in the y-direction, [Lixin (1999)], can be obtained by Newton's second law of
motion:

oV oV , T\oV *(1 zj *[1 2)
+2 + —-— =E"\=V-WV _+VIE|=V 2
Porr " orox (pc Aj P 2 )= 2 ) @)
with boundary conditions:
V(0,¢)=0 V(L,t)=0 3)

The Kelvin viscoelastic model is chosen to describe the viscoelastic property of

the belt material. The linear differential operator £* for the Kelvin viscoelastic model,
[Lixin (1999)], is given below:

0
E'=E +n— 4
0 ﬂat (4)

Introducing the following non-dimensional parameters:

V:K g:i z’:t TZ 7/:0 ’O—A
L L PAL T,
2
azﬂ 0=Q pAL Ee:EOA E =n A2 (5)
I, I, I, pT,L
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The corresponding non-dimensional equation of the transverse motion, [Lixin (1999)],

is given by:

0% 0%y ) 0%y

—+2 +y°—-1-acoswt)—=N 6
82'2 v 82’8g (7/ a )agZ (V) ( )

where the nonlinear operator N(v), [Lixin (1999)], is defined as:

N(v) = E(%)v?vgg +v, {E(%vi ﬂg (7)

Introduce the mass, gyroscopic, and linear stiffness operators as follows:
0 2 4\ 0
M=1I, G=2y—, K=\y" -1— (8)
Where operators M and K are symmetric and positive definite and G is skew-
symmetric for sub-critical transport speeds. Equation (6) can be rewritten in a standard

symbolic form:
2

v
0L’ 9)

Equation (9) is in the form of a continuous gyroscopic system with weakly
nonlinearity and parameter excitation term.

The method of multiple scales is applied directly to solve the governing partial
differential equation (9), which is in the form of a continuous gyroscopic system.

Here, to give more accurate results than the results studied by Lixin (1999),its
preferred to use the harmonically fluctuating velocity that suggested by [LI et. al.
(2003)],as followed :

V= C{COS[mz(l— cZ)+nmcy,d + H]Sin nwé +

My, +Gv, + Kv=¢gN(v) + sacosmt

nic.
Lcosw{cosnrs cos[nr(l-cl)+
w

(10)
nmcy +60]—c,sin mrgsin[n;z(l— c2)+nmc,d + 6’]}}

The values of C=-0.5, =0, ¢,=0.9, and ¢, =0.06, arbitrary constants, could
be easily determined by initial conditions [LI et. al. (2003)].

The first term is usual constant velocity solution and the second term is the
correction due to variation in velocity.

3. Limit Cycles and Existence Conditions

For nonlinear systems, limit cycles may exist in the vicinity of a parametric
instability region. In this section, the interest is focused on the behavior of limit cycles
around the parametric instability regions for elastic and viscoelastic nonlinear systems.
Express 4, and 4, in the polar form as [Lixin (1999)]:

A, = %aneiﬁ" (11)
1 iB
Al = Eane (12)

Note that «, and B, (k=n, [) represent the amplitude and the phase of the
response, respectively.

3.1. Limit Cycles of Elastic Moving Belts
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The response amplitude of steady state response of summation parametric
resonance for elastic systems, [Lixin (1999)], are obtained:

af :?af (13)
Where
a 2 2
pt———Re(m,)? +1m(m,)

" (BEemZn 3Eem2,nj
8nrx 8l°x
where m,,, m,, are solved by using direct multiple scales method by [Lixin (1999)] as:
e 4n1?v][-sin(n +1) v + i(1— cos(n + 1) )]
o (n+D[(n+D)*V —(n—1)]
From the amplitude expression above of elastic problems, it can be seen that the
first limit cycle exists if:

> \/Re(mnl)2 + |m(l’l’ln|)2 a

(15)

16
2\nlx (16)
And the second limit cycle exists if
2 2
,U > \/Re(mnl) + Im(mnl) a (17)

2\nlx
As a special case. the response amplitude of principal parametric resonance (n=/)
for elastic belts is given in the following:
2n7z|sin nﬂ;/|a

Anmu+
al = 4 (18)
3Ee (_mZn)
The first limit cycle (select plus sign in equation(18))exists if the translation speed
|Sin n7r}/|a

is sub-critical (¥ <1) and u+ >0. The second limit cycle (select negative
sign in equation(18)) exists if the translation speed is sub-critical and

B |Sin n7ry|a

2y
It should be mentioned that existence conditions of non-trivial limit cycles are the
same as the stability conditions of the trivial solution for elastic systems (Zhang, 1998).
Thus, it is concluded that the non-trivial limit cycles bifurcate from the trivial limit
cycle at the stability boundary of the trivial limit cycle for elastic summation parametric
resonance.

>0.

3.2. Limit Cycles of Viscoelastic Moving Belts
The response amplitude of steady state response for vescoelastic systems, [Lixin
(1999)], are obtained:

R (19)
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It is seen that the relation between «, and ¢, of viscoelastic systems is different

from that of elastic systems. The following amplitude modulation equation for steady
state response, [Lixin (1999)], is obtained

cal+c,al +ca’ =0 (20)
Where

n
2 2 e 2
o=| it SEa | VL (5 m, P @)
2n 2/ / 1 1 n-\'n
_ 7+7
INT n

n
¢, =127, (’"Z" 4 M’ \/a \fl . (22)
"

Cs :16722;12L2— az(lm(mnl)2 + Re(mm)z) (23)
1/n 1
0

Where m, , m,, are the same values in equation (15).

It is obvious that equation (20) possesses a singular point at the origin (trivial
periodic solution). In addition, two non-trivial singular points may exist describing
limit cycles with amplitudes

2_—cziw/c§—4clc3 (24)

o =
! 2¢,

Equations (19) and (24) represent the amplitudes of the steady state response of
the summation parametric resonance for viscoelastic systems. From the amplitude
equation (24) of viscoelastic systems, it can be seen that the two non-trivial steady state
solutions exist only when the following conditions are satisfied, the first limit cycle of
viscoelastic systems exists if:

(4\[ 4\/7J\/Im(mnl) + Re(m,)? ["2[ JJIm(mn.) +Re(my)’c;
GAY

—4rE o,m,,
(25)
and the second limit cycle exists if:
1‘{/; + 11/7 \/Im(mm)2 + Re(mnl)2 lz \/7 \/Im(mnl) + Re(mnl) G
NI n\n u \I°VI
<=<
4r a —4rk w,m,,
(26)

As a special case, the response amplitude of principal parametric resonance
(n =1) for viscoelastic belts is given in the following:

319



Dynamic Response Analysis of Viscoelastic Moving Belts Essam Z. Fadhel

38Enmu n’r’a’sin® nxy 3E€j2_ 2 2_1’127[26128"121’17[7/ Eva)nj2
.8 4y? 8 a 4y? 4

a, = 3 2 2
Ee Eva)n —-m
2[[ 5 ) o B ”( )
(27)

The first limit cycle (select plus sign in equation (27)) exists if the translation
speed is sub-critical and

2 ain?2 2 2 =2 2
3Eeﬂ+ a“sin Znﬂ;/(3Eej B ﬂz_a sin anf (Eva)nj 20 The second
8 4y 8 4y 4

limit cycle (select negative sign in equation (27)) exists if the translation speed is sub-

2 qin? 2 2ain2 2
critical and 3E8€,u_\/a sin nﬂy(BEej _(qu_a sin nﬂy][Evlla)nj 50,

4y* 8 4y*

It can be seen from equations (25) and (26) that the existence conditions of non-
trivial limit cycles have an upper boundary for viscoelastic models, which is different
from the conclusion of the corresponding elastic systems. The upper boundaries of
existence conditions for the first limit cycle and the second limit cycle are identical and
are determined by the viscoelastic parameter £, . The lower boundaries of existence

conditions have no relation with the nonlinear parameter £, and the viscoelastic
parameter £ , and are different from those of the corresponding elastic systems.

4. Results and Discussion

In this section, numerical results of steady state responses and existence
boundaries for the summation parametric resonance of moving belts are presented.
Effects of the viscoelastic parameter, the amplitude of excitation, the frequency of
excitation, and the transport speed on the response of non-trivial limit cycles are
investigated for the belt moving in the harmonic velocity. Belts are composed of cord
reinforcement materials and the outer layer of rubber materials, which can be
considered as a spring (reinforcement materials) and a dashpot (rubber materials)
connected in parallel. Thus, Kelvin viscoelastic is a natural representation of the
mechanical properties of belt materials.

Figure (1) compares the current results with the results in Lixin (1999). The
system parameters are E =400, E =0, a=0.5 and »=0.25. where give a good

agreement between these results for both the first limit cycle and the second limit cycle.
The amplitudes of non-trivial limit cycles of the first principal parametric resonance
(n=[=1) are plotted in Figure (2) as a function of excitation frequency (detuning), u,

and excitation amplitude, «, for an elastic system. The non-dimensional transport
speed () is 0.2 and the nonlinear parameter of Young's modulus (£, ) is 400.

Figures (3) and (4) shows the analogous results for the second principal
parametric resonance (n=2, /=2) and the first summation parametric resonance (n=1,
[=2), respectively. From Figures (2) to (4), it can be seen that the amplitude increases
without bound as detuning parameter increases. When the excitation amplitude grows,
the response amplitude of the first limit cycle increases while the second limit cycle
decreases. Only the trivial solution exists if the existence conditions of non-trivial
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solutions are not satisfied. The results obtained here are identical to those given by
Mockensturm et. al. (1996).

The non-trivial limit cycles of the first summation parametric resonance (n=1,
[=2) for a viscoelastic moving belt are shown Figure (5). The non-dimensional
transport speed is 0.2. The nonlinear parameter (£,) is 400, and the viscoelastic

parameter (£ ) is 5. It is evident that though the amplitude increases with the growth of

detuning parameter, there exists an upper bound. The non-trivial limit cycle will vanish
when non-dimensional amplitude of perturbation tension and detuning parameter
approach this bound, which indicates that damping introduced by the viscoelasticity
enlarges the region of the trivial limit cycles. This phenomenon for viscoelastic moving
belt is quite different from the corresponding elastic systems.

Translation speed not only influence the amplitude of the non-trivial limit cycles,
but also influence the existence region of non-trivial limit cycles significantly. Figures
(6) and (7) illustrate the effect of the translating speed on non-trivial limit cycles of the
first principal (n=/=1) and the first summation (» =1, /=2) parametric resonance,
respectively. The non-dimensional amplitude of perturbation tension (a) is chosen as
0.5 and the nonlinear parameter (E£,) is 400. From Figure (6), for the principal

parametric resonance, it is seen that the amplitude of limit cycles decreases with the
increase of transport speeds. The non-trivial amplitude grows more slowly with
detuning parameter when translation speeds is larger. Moreover, for the translation
speed unsatisfying equation (26) and (27), the non-trivial limit cycles no longer exist.
These results indicate that by increasing the transport speed while keeping other
parameters constant, an unstable belt can be stabilized. For the summation parametric
resonance, the relation between the response and the transport speed is much more
complicated. There exists a maximum value of response for the first limit cycle and a
minimum value of response for the second limit cycle when non-dimensional transport
speed is around 0.2.

6. Conclusions

From the above study, the following conclusions can be drawn:

1) The amplitude of the limit cycles decreases with increasing transport speeds for
principal parametric resonance. There is no such a simple relation for the summation
parametric resonance.

2) There exists an upper existence boundary for the viscoelastic model and this upper
boundary of existence for limit cycles is determined by the viscoelastic property E, .

3) The lower boundary of existence for limit cycles of elastic systems is identical to
the stability boundary of the trivial solution. This suggests that non-trivial limit cycles
of the summation parametric resonance bifurcate from the trivial limit cycle at the
boundary of the trivial limit cycle.

4) The boundaries of existence have no relation with the nonlinear parameter £, .

5) The most effects of the transverse amplitudes come from the frequency of the
perturbed velocity when the belts moves with harmonic velocity.
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Figure 1. A Comparison of the current result with the Lixin result, Present result, *
Lixin result. (n=1, I=2, E =400, E,=0, y=0.25, a=0.5)

A: the first limit cycle. B: the second limit cycle.
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Figure 2. The nontrivial limit cycles that bifurcate from the boundary of the first
principal parameter instability region (y=0.2, n=I=1, E =400, E,=0)
A: the first limit cycle. B: the second limit cycle
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Figure 3. The nontrivial limit cycles that bifurcate from the boundary of the second
principle parameter instability region (y=0.2, n=I=2, E =400, E,=0)
A: the first limit cycle. B: the second limit cycle
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Figure 4. The nontrivial limit cycles that bifurcate from the boundary of the first
summation parameter instability region (y=0.2, n=1, I=2, E,~400, E,=0)
A: the first limit cycle. B: the second limit cycle
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Figure 5. The response amplitude of nontrivial limit cycles for the summation parameter
resonance of a viscoelastic moving belt (y=0.2, n=1, =2, E.=400, E,=5)
A: the first limit cycle. B: the second limit cycle
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Figure 6. Effect of the transport speed on nontrivial limit cycles for the first principle
parameter resonance (a=0.5, n=I=1, E =400, E,=5)
A: the first limit cycle. B: the second limit cycle
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Figure 7. Effect of the transport speed on nontrivial limit cycles for the first summation
parameter resonance (a=0.5, n=1, I=2, E =400, E,=5)
A: the first limit cycle. B: the second limit cycle
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NOMENCLATURE
Symbol Definition Units
a Non-dimensional amplitude of perturbation tension -
A Cross-sectional area of belt m°
c Axial velocity of belt m/s
Co constant -
C1 constant -
C constant -
E Non-dimensional equivalent Young's modulus -
E Equivalent Young's modulus N/m’
Eo | Initial Young's modulus N/m?
Ee Non-dimensional Young's modulus -
Ev Non-dimensional viscoelastic parameter -
G Non-dimensional gyroscopic operator -
K Non-dimensional stiffness operator -
L Length of moving belts m
m,,, m, | Non-dimensional parameter -
M Non-dimensional mass operator of moving belts -
N Nonlinear terms -
t time of moving belt sec
T Initial tension of moving belts N
TO Steady state tension N
Tl Perturbation tension N
v Non-dimensional transverse displacement of moving belts -
\ Transverse displacement of moving belt m
X Local coordinate in longitudinal direction -
a,, a, | Response amplitude of the nth and mth mode -
£ Non-dimensional small parameter -
é, The ith eigenfunction of moving belts -
0 constant -
4 Non-dimensional translating speed -
P Belt mass per unit volume Kg/m’
n Dynamic viscosity of the dashpot -
A, Eigenvalue of mode n -
H Non-dimensional detuning parameter -
T Non-dimensional time -
10, Excitation frequency Rad/sec
o, Natural frequency for mode n Rad/sec
Q Excitation frequency Rad/sec
4 Non-dimensional coordinate in longitudinal direction -
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