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ABSTRACT

Numerical results of a finite difference scheme are presented for the
developing mixed forced — free laminar boundary layer flow in a vertical concentric
annulus with a uniformly heated inner cylinder. The effect of a superimposed aiding
or opposing free convection on the developing velocity profiles is investigated for a
fluid with Pr=0.7 over the ranges of heat flux 50 <q<250 (W/m?), Reynolds number
200<Re<1200 , and radius ratio 0.2<N<0.9. The effects of heat flux , Reynolds
number , and radius ratio on the developing of the axial velocity profiles ,
temperature profiles , and local Nusselt number along annulus are discussed. Results
show that the growth of the thermal boundary layer along the annulus increases as
heat flux increases and Reynolds number decreases. Computer program in Fortran
language was developed to carry out the necessary calculation.
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INTRODUCTION
Heat transfer takes place between a solid surface and a fluid whenever a

temperature difference exists. When mixing of the fluid particles occurs, the heat is
transferred by convection. The latter may either be forced or natural depending on
whether the fluid motion is imposed or whether it occurs because of a difference in
density. Mixed free and forced convection which is characterized by Richardson
number (Ri) which represents the ratio of buoyancy force (Gr) and inertial force
(Re?). There are many employments for heat transfer by mixed convection in
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concentric annular tubes because of special importance in many industrial
engineering applications for examples; double pipe heat exchangers designed for
chemical process, food industrial, heating of process fluids, the cooling of electrical
cables and nuclear fuel rods, and the collection of solar energy Holland and Moores
1970. El-Sharrawi and Sarhan 1980, studied mixed convection of upward and
downward air flow in a vertical annulus of radius ratio (0.5, 0.8, and 0.9) and
Pr =0.7 with a flat velocity profile at the entrance and under two cases .For first
case, the outer cylinder was isothermal while the inner cylinder was adiabatic under

(—700<Gr/Re, <1600); while for the second case, the inner cylinder was

isothermal and the outer cylinder was adiabatic under (—200 < Gr/Re, <800).

They noticed that when the free convection opposed the forced flow (heating with
down flow or cooling with up flow) there exists a possibility of reversal flow near
the heated boundary while such a reversal flow may occurred near the insulated wall
if the free convection was aiding the forced flow. Steady-state, fully developed
velocity and temperature fields in mixed convection through a horizontal annulus
(radius ratio equal 0.8), with a prescribed constant heat flux on the inner cylinder
and an adiabatic outside cylinder, were analyzed by Kaviany 1986, using finite
difference approximation over the range of 10°<Ra<10” and (Pr = 0.7,7 and 70).
Results of the inner surface temperature, development of axial velocity profiles, and
the effect of the buoyancy on the radial temperature distribution along the annulus
were calculated. Numerical solutions for the problem of steady laminar combined
convection flows in vertical annular ducts were presented by Heggs et. al 1988. The
axial diffusion terms were assumed to be negligible in the governing equations and
the resulting parabolic equations were solved by using an implicit finite difference
scheme and a marching solution technique. Constant wall temperature boundary
conditions were used and investigations were restricted to the case (Pr=0.72).

Large ranges of values of the governing parameters (Gr/Re) and radius ratio were
considered (—90<Gr/Re, <125) and (0.1<N<0.99) . For large values of

the ratio (Gr/Re) reverse flow was presented in the fluid. Falah 1993 performed

numerical investigation of axially symmetric laminar upward air flow in an entrance
region of a vertical annulus by solving in two direction the continuity, momentum
and energy equations using implicit finite difference method and Gauss elimination
technique. The investigation has covered Re range from 300 to 1200, heat flux
varied from 90 W/m? to 680 W/m?. Results showed that the local Nusselt number
increases as heat flux increases. Nieckele and Patankar 2001 presented a numerical
study for the fully developed region of the buoyancy affected flow with an axial
laminar  flow in a horizontal annular pipe of radius ratio

(N=0.2,0.33,0.5and 0.66), (10° <Ra<107), and (Ra/(Re,xPr)’ <1).

736



Asmaa Ali The Iraqgi Journal For Mechanical And Material Engineering, VVol.12, No.4, 2012

The inner wall was heated isothermally while the outer wall was considered
adiabatic. Results showed that at a given Ra, the effect of buoyancy on the heat
transfer coefficient was stronger at higher Pr. The local heat transfer coefficients on
the inner cylinder became highly non uniform at high Ra, while the lowest value
being at the top of the cylinder. Steady, laminar, mixed convection in a fully
developed region of horizontal concentric annuli was investigated numerically for
case of non-uniform circumferential heating by Habib and Negm 2001 .Two heating
conditions were studied, one in which a 180 arc encompassing the top half of inner
surface of the inner cylinder heated uniformly while the bottom half considered
insulated, and the other in which the heated and the insulated surfaces were reversed.
The fluid flow and the heat transfer characteristics were found to be affected by the
heating conditions. Coney and EL-Shaarawi 2005 used the finite difference analysis
for laminar air flow in an annulus of radius ratio (0.1, 0.5, and 0.9) and Pr =0.7 with
a simultaneously developing flow hydrodynamically and thermally. Two cases of
boundary conditions were studied, for (case one) the outer cylinder was isothermal
and the inner cylinder was adiabatic with uniform fluid temperature entrance and the
opposite state at (case two) was considered as a boundary conditions. A comparison
between the local Nasselt numbers and the mixing cup temperature along the
annulus were investigated. Results showed how much error can be introduced for the
case of gases (Pr=0.7) if the heat transfer was calculated by assuming a fully
developed profile from the entrance. Hashimoto et. al 2005, studied this phenomena
for both upward and downward helium gas flow with Pr=0.671, with a

simultaneously developing hydrodynamic and thermal boundary layer in a vertical
annulus of (0.9) radius ratio under isothermal or constant heat flux inner wall and

adiabatic outer wall, for isothermal wall case (0 < Gr/Re, <1500), and constant

heat flux case (0 < Gr/Re, <4000). They concluded that the critical condition of

Gr/Rey effect on the reversal flow and the effect of property variations on both
Nusselt number and friction factor for downward flow was much smaller than that
for upward flow. Shaik 2005 analyzed the hydrodynamic behavior of mixed
convection flow under isothermal boundary conditions along a circular channel. The
pressure and pressure gradient variation along the channel (from the entrance till the
fully developed region) was obtained numerically. Moreover, critical values of the
buoyancy parameter Gr/Reyq were determined and equal (0, 116.21, 200, 300, 400)
while the radius ratio (0.1, 0.3, 0.5 and 0.7). The hydrodynamic and heat transfer
parameters of relevant importance were also presented. A numerical study of steady
state, simultaneously developing laminar mixed convection in a vertical double pipe
heat exchanger was conducted by Voicu et al 2007 for upward parallel flow. The
results showed that the flow reversal occurs in the warm fluid for Richardson
number greater than equal to one. The coupled phenomenon of opposing mixed
convection and radiation within differentially heated eccentric horizontal cylindrical
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annulus was numerically simulated by Sakar and Mahabatra 2009. The radiation
transfer contributed from the participating medium was obtained by solving the
nonlinear integro-differential radiative transfer equation using discrete ordinate
method. It was found that substantial changes occur in isotherms as well as in flow
patterns, when the Richardson number was allowed to vary in the range of 0.01-1.

Of particular interest to the present investigation is the variation of fluid
density with temperature. A change in fluid density causes a change in the
gravitational body force on a volume of the fluid. At low Reynolds number
gravitational body forces play an important role in determining flow regime. Under
certain circumstances body forces created under the action of temperature-dependent
fluid density may change a forced laminar flow to the so-called combined forced-
free, or mixed convection laminar flow. The present study is an attempt to
investigate the free convection effects on the developing forced laminar upward or
downward flow in a vertical annulus with uniformly heated inner cylinder and
adiabatically insulated stationary outer cylinder.

GOVERNING EQUATIONS

The configuration of this problem is shown in Fig. 1 which represents two
concentric cylinder with uniformly heated inner cylinder and adiabatic outer cylinder.
Assuming steady, axisymmetric , laminar flow of an incompressible Newtonian fluid,
no internal heat generation, constant physical properties except the density which
only varies in the gravitational body force term according to the Boussinesq
approximation , neglecting viscous dissipation and axial conduction of heat |,
assuming Re>>0 , and applying the Prandtl boundary layer assumptions. The
governing equations of mixed convection in the entrance region of a vertical annulus
are as follows El-Shaarawi and Sarhan1980:

orv) , o) _ )
or 0z
M MNP hoplet e kO M
pi[v or T 62) 0z +p|g[1 B(t t')]+ ror (r 8rj @
p-c(vg + uﬂj = Eﬁ(rﬂj (3)
"\"or 6z) ror or

The minus and plus signs in the gravitational term of eq. (2) apply respectively
to upward and downward flows, taking into consideration that the force acts in the
negative z-direction in case of an upward flow and vice versa in case of a downward
flow.

Dissociating the pressure into the usual two components, i.e.

p=p+p, =PFp;@ @

in which the minus and plus signs apply respectively to upward and downward flows.
Eq. (2) can be written as follows:
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Using the dimensionless parameters given in the nomenclature. Egs. (1), (3), and (5)
can be replaced by the following dimensionless forms:

&+X+@:O (6)
R R oz
2
v U _ P ,C6rp 0V 1y 0
R 0Z 0Z Re RZ2 ROR
2
R 0Z PrlgrZ2 ROR

The three coupled egs. (6-8) are subjected to the following boundary conditions:

1. For Z>0 and R=N ,

U=V=0 and 8T/6R=(1- N)(rz/L)* (9-a)
2. For 7>0 and R=1,

U=V=0 , 6T/0R=0 (9-b)
3 .For Z=0,

U=1,v=0, P=0, T=0 (9-c)

The integral continuity equation can be written in the form:

1

[RU dR:lﬁ—Nz) (10)
N 2

FURTHER CALCULATIONS
Knowing that the temperature profiles from the numerical solution of energy,

the mixing cup temperature and the local Nusselt number at any cross-section can be
calculated. The mixing cup temperature at any cross section is defined by:

r2
r[t u r dr
tb - 1r (11)
2
|’[u r dr
1

or, in dimensionless form
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1
[T U R dR
Ty =8 (12)
U R dR
N

The local Nusselt numbers at any cross-section in the annular gap are defined
respectively as follows:

q D
Nu =—— N _ (13)
¢kt -t)
ot
D ot
h (ﬁrjr .
Nu = 1 (14)
/ (tSZ —tbz)
or, in dimensionless form, Eqg.(14) can be written as follows:
2a—N{g;J
Nu = R=N (15)
2 (0, -T)
The average Nusselt number is defined as:
1L
Num =E£Nuzdz (16)

NUMERICAL METHOD OF SOLUTION

Considering the mesh net work of Fig. 2. Basically, the flow region is divided
into grid network (AR, AZ) so that the different terms in the governing equations
expressed in finite difference form are subjected to the imposed boundary conditions.
It may be worth mentioning that, the chosen finite difference approximations are not
perfectly symmetrical nor are they of the same form in all the equations. This is done
so as to insure stability of the numerical solution and to enable the equations to be
solved in the manner that will be discussed later . In the following finite difference
equations  ( Egs. (6-8) and Eqg. (10)) the variables with subscript j+1 represent the
unknowns and those with subscript j are known (El-Shaarawi and Serhah 1980
and Coney and El-Shaarawi 2005) as follows:

Vipn Vig Vi Vi Miajat Y "G thig o o)
AR 2[N+(i—1)AR] 2AZ
Uit jrr ~Yicgju Uiia~Yij PijPijsa 26r
V. . +U. . = + ceoa T+
] 2AR ] AZ AZ Re hLJ+l
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The numerical solution of these equations is obtained by first selecting
values of Pr=0.7, heat flux 50 <q<250 (W/m?) , Reynolds number 200<Re<1200 ,
and radius ratio 0.2<N<0.9. Then , starting with j=1 (entrance cross-'section) and
applying €q.(19) for i=2,3,.....,n yields (n-1) simultaneous linear algebraic equations
which when solved by Gauss-Siedel elimination method give the unknown values of
T’s at all points of the second cross-section. Now, applying eg. (18) with
7=2.,3,.....n+1 and eq. (20) with i=2,3,....,n to the entire cross-section, we get 2n
equations which when solved, by means of a special form of the Gauss-Siedel
elimination scheme, give the unknown values of U’s and P’s at all points of the
second cross-section. Using the computed values of U’s and applying eq. (17) we
get the unknown values of V’s at the grid points of the second cross-section. The
known values of T, U, V and P were then used as input data to solve the next axial
step.

The introduction of second derivative of velocity and temperature in the axial
direction means that three axial positions were involved in the finite difference
approximation, two positions (suffices "n-1" and "n") were known and one (suffices
"n+1") was unknown. After solution of a given step, the old values at "n" and "n+1"
become the new values at "n-1" and "n" respectively and old "n-1" data redundant.
Computer program in Fortran language was developed to carry out the necessary
calculation as shown in Fig.3.

RESULTS AND DISCUSSION
Velocity Profile

Development axial velocity profiles along the vertical annulus axis with the
uniformly heated inner cylinder are shown in Figs.4-9. Fig.4. shows development of
axial velocity profile along the annulus axis for aiding flow case, N=0.5, q=100
W/m? , Re=200. It is obvious that when the free convection aids the forced flow the
fluid accelerates near the heated wall and decelerates near the opposite insulated
wall. This behavior can be explained as follows: the high effect of natural
convection causes a steep temperature gradient near the heated surface. As a result,
an appreciable density change (the fluid will be lighter in this region) creates a rapid
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growth of thermal boundary layer with the annulus length which causes an
increasing of the axial velocity in this region. On the other hand, there is no
significant variation of the temperature in the region bounded between annular gap
core towards the outer wall. As a result, a decreasing of the axial velocity will be
obtained in this region. Figure shows also that, as the flow progresses downstream,
the axial velocity begins to increase further towards the outer wall even reaches
negative value leads to obtaining a limited amount of reversed flow near the outer
wall.

If the Reynolds number increases to 1000 at the same input conditions as
shown in Fig.5., the effect of free convection will decreases and the maximum axial
velocity diverges slightly from the heated wall towards the annular gap core and the
decelerating will decreases near the outer wall because of the dominant forced
convection in the heat transfer process.

Fig.6 shows the effect of inner wall heat flux on the axial velocity profile for
N=0.5, Re=500 and at Z=0.04628. The increasing of heat flux creates an
acceleration in the axial flow near the heated surface and deceleration near the
opposite adiabatic wall, even reaches a negative values causes a limited amount of
reversed flow in a quite small region. This figure shows also that at R=0.75 (i.e.,
RR=0.4375) the axial velocities for a various selected values of heat flux are equal.

The developing axial velocity profile for opposing flow case, N=0.5, g=50 &
150 W/m? , Re=700 & 1200; are shown in Fig.7 & Fig.8 respectively. It is evident
from these two figures that, at the entrance the shape of the axial velocity profile is a
parabola then the maximum velocity bias towards the outer wall as the flow
progresses further downstream. This prediction (as explained before) can physically
be attributed to the fact that, when the free convection opposes the forced flow, the
fluid accelerates near the outer adiabatic wall, and due to the continuity principle,
decelerates near the heated boundary. As a result a reverse flow occurs in this region
and vice versa when the free convection aids the forced flow. This fact appears
evidently in Fig.9 which represents a comparison between aiding & opposing flow
case , N=0.5, =100 W/m? and Re=500.

Temperature Profile

The developing of temperature profiles along the vertical annulus are shown in
Fig.10 which represents for aiding flow case, N=0.5, =100 W/m? and Re=200. The
figure depicted a steep temperature gradient near the heated wall and the thickness
of the thermal boundary layer gradually increases as the flow moves from annulus
inlet toward annulus exit. It can be seen that there is relatively high temperature
variation causes an appreciable density change, which creates a rapid growth of the
thermal boundary layer with annulus exit.

The thickness of thermal boundary layer decreases due to decreasing of
temperature values if the Reynolds number increases to 1000 as shown in Fig. 11
because of dominant forced convection in the heat transfer process.

Fig. 12 shows the effect of heat flux on the temperature profiles developing
along the vertical annulus for aiding flow case, Re=500 and at Z=0.04628. It can be
seen that the growth of the thermal boundary layer along the annulus increases as the

742



Asmaa Ali The Iraqgi Journal For Mechanical And Material Engineering, VVol.12, No.4, 2012

heat flux increases. This means that the effect of natural convection seems to be
higher as the heat flux increases.

Temperature profiles development along the annulus axis, for opposing flow
case, N=0.5, Re=1200, g=50 W/m? and 150 W/m? are shown in Fig. 13 and Fig. 14;
respectively. The behavior of the temperature profiles development in these two
figures is the same as in aiding flow case.

Local Nusselt Number

The effect of radius ratio on the Nu, variation along Z-axis is shown in Fig. 15
which represents for aiding flow case, Re=500 and q=100 W/m?; and in Fig. 16
which represents for opposing flow case, Re=850 and g=75 W/m?. It can be seen
that the heat is removed most efficiently from the inner heated wall for small values
of N because for small N the gap in the annulus would be relatively very large and
even if heat flows into the fluid at a high rate it would be carried off downstream
before it was able to penetrate very far across the gap.

Fig. 17 represents for aiding flow case, N=0.5 & Re=500; and shows the
significant effects of a superimposed free convection on the heat transfer
characteristics of a developing laminar annular flow. It is clear that, at the entrance
there is no effect of the increasing of heat flux on the Nu, at the same value of Z,
until a certain point after which the effects of free convection appear and the values
of Nu; increases as heat flux increases at the same value of Z.

Validation of Present work

Figs.(18, 19 & 20) represent the development of axial velocity profile,
temperature profile and local Nusselt number; respectively, along annulus obtained
by Falah 1993. As shown in these figures the trend and behavior of fluid and heat
transfer are relatively agree with the present results especially in Figs.(5, 11 and 17).

Conclusions

1. The fluid accelerates near the heated wall and decelerates near the opposite
insulated wall in aiding flow case and vice versa in opposing flow case.

2.The growth of the thermal boundary layer along the annulus increases as heat flux
increases and Reynolds number decreases.

3.The thickness of thermal boundary layer decreases due to decreasing of
temperature values as Reynolds number increases more than 1000.

4. There is no effect of the increasing of heat flux at the annulus entrance then the
heat transfer process improves downstream as the heat flux increases because of the
strong natural convection.

5.The heat transfer process improves as radius ratio decreases.
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NOMENCLATURE

b, annular gap width, (r-r1) , m;

¢, specific heat of fluid at constant pressure , J/kg. °C;

Dy, hydraulic diameter of annulus , 2b = 2(r,-r1), m;

g, gravitational body force per unit mass , m/s*;

Gr, modified Grashof number , qgpL"/kv? ;
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h, local heat transfer coefficient based on area of heated surface , q/(tS —tp),
z

W/m?.°C;

L, annulus height, m;

k, thermal conductivity of fluid, W/m.°C ;

n, number of radial increments in the numerical mesh network ;
N, annulus radius ratio ,ri/r; ;

Nu , local Nusselt number ;

p, pressure of fluid at any point, N/m?;

pi, pressure of fluid at annulus entrance, N/m?;

ps, hydrostatic pressure , + pi g z, N/m? ;

P, pressure defect at any point , p—ps, N/m? ;

P, dimensionless pressure defect at any point , (p —pi)/ piui’ ;
Pr, Prandtl number , pc/k ;

g, heat flux, W/m?;

r, radial coordinate ;

ry, inner radius, m;

r,, outer radius, m;

R, dimensionless radial coordinate , r/r; ;

Re, Reynolds number , uiDy /v ;

RR, dimensionless radial coordinate , r-ri/ro-rq ;

t,  fluid temperature, °C ;

r r
2 2

tp, mixing cup temperature over any cross-section , fut r dr / fu rdr, °C;
¢ r
1 1

t,.  surface temperature, °C;

t;, fluid temperature at annulus entrance, °C ;

T, dimensionless temperature , (t—t))kbr,?/qL* ;

Ty, dimensionless mixing cup temperature , (ty—t)kbro?/gqL* ;
u, axial velocity, m/s ;

r r

ui, entrance axial velocity, jzurdr jzr dr, m/s;
r1 r‘1

U, dimensionless axial velocity , u/u; ;

v, radial velocity, m/s;

V, dimensionless radial velocity , v ro/v ;

z, axial coordinate ;

Z, dimensionless axial coordinate , 2z(1-N)/r, Re

Greek symbols

B, volumetric coefficient of thermal expansion, 1/Kk ;
p, fluid density , pi [1-B(t-t))], kg/m® ;

pi, fluid density at the entrance temperature, kg/m® ;
u, dynamic viscosity of fluid, N.s/m? ;

v, kinematic viscosity of fluid, m%s.
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Fig .(3)Flow Chart of Computer Program
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along the annulus,zfor aiding flow, annulus, for aiding flow, N=0.5,
N=0.5, g=100 W/m*, Re=200. Z=0.04628 , Re=500.
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u
Fig. (5) Development of the axial
velocity profiles at various positions
along the annulus, for aiding flow,
N=0.5, =100 W/m?, Re=1000.
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profiles at various positions along the
annulus, for opposing flow, N=0.5,
g=50 W/m?, Re=700.
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Fig.(8) Development of the axial velocity
profiles at various positions along the
annulus for opposing flow, N=0.5,
q=150 W/m? , Re=1200.
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Fig.(9) Development of the axial velocity
profiles at various positions along the
annulus for aiding and opposing flows |,
N=0.5, g=100 W/m?, Re=500.
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Fig.(10) Development of the temperature
profiles at various positions along the
annulus, for aiding flow, N=0.5, q=100
W/m?, Re=200.
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Fig.(11) Development of the temperature
profiles at various positions along the
annulus, for aiding flow, N=0.5, g=100
W/m?, Re=1000.
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Fig.( 12) Development of the axial
temperature profiles at Z=0.04628, for
aiding flow, N=0.5, Re=500.
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Fig.(13) Development of the temperature
profiles at various positions along the
annulus, for opposing flow, N=0.5,

q=50 W/m?, Re=1200.
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Fig.(14) Development of the temperature
profiles at various positions along the
annulus, for opposing flow, N=0.5,
q=150 W/m?, Re=1200.
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Fig.(15) Local Nusselt number versus
dimensionless axial distance, for aiding
flow, g=100 W/m?, Re=500.
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Fig.(16) Local Nusselt number versus
dimensionless  axial distance, for
opposing flow, g=75 W/m?, Re=850.
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Fig.(17) Local Nuslt number versus 0001 001 01

dimensionless axial distance, for aiding flow,
N=0.5, Re=500.
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Fig.(18) Development or axial velocity
profile for =90 W/m® and Re=1200
[Falah 1993].
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Fig.(19) Development of temperature
profile at various positions along annuls
for =90 W/m? and Re=300 [Falah
1993].
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7= y/RePrD,

Fig.(20) Local Nusselt number at
various positions along annulus for
different heat fluxes and Reynolds
numbers [Falah 1993 ].



