
ar:r"j.ll J \5lgl1 ).l^ll d.iJr)l fA$ 4$!l A\"ll

,,,iLllJ L,:Jll qJl3J ssFll dJr$l
cr.,- .!t * ir.,,.. r.l.,l

J..riyb iJrrrl lrls
r1.r.;S llt4,

o.li'i.,.ll
pl.sj--L e;.rL;6Yl cJ !&ll $s!l dlJ-:.ll + $irJ.i.lrr (f$!l q,jtl"la dLjl _2jq

.!LbU c)J.Jlr frL;i)l urt il. I ,.+L.1

.-Ldl - d-!l ,l.ri:-r r: ulLlr , F },lr j]li J"Lr,& 'Ln J.i, L,f.., L..f. r _F,Jv J I'

l+--;lnll drhl,Jl d\r1. 1e. dil: .+lj i i. ,,,lLllr c.r:-dl ltr afU- q.r..j i-. !
..ILdr e"Eil Jl &,Jl

. ,JCr]!l qJ dr*rLll il;rn ."t'l t r3rl crsl a-:lJ aill Jl &ril i
L$..$

u .6 ,lS,j, LrL^-:Nl iLJl -! '.3Jl !i'31 
-Lll 

. - -!,.--al Jl , * *i- - 
- 

\:- J v/ * L / v L.

,ir._rti, irgt" 1"u;s)l drlJijJl djo )L,l c-DLl,ill d. J.Ldl esjl

Jjl4ll Ll,S$ll ,r J*,-lc ,, rlill ,',SLJ| ri OSul Ojl.Jill :kol 4SJl J*o dF l+ l.J

. tej! rJ,ll JJl yrJl j cJ-2si6Jl ,.
L--p Jl &rill 1l)j. c.r- -S+ grll 'J-!l c!+Jl r.,,JJJI ;-)ljijl jkc l ;G alc

.o.ll J]c .{:rL::5)l ot-,':Jl gq,1 L rcl-$ll3 (J-.)l.ii}l !li:
(rs-,r-ff O-jyfr 4L3 kDi: u. !F., &l' +l-i ds3-l ,.rll .'-rrl .-i"l+ cllll iJt,l

.r-!i !-l>r 1JL5 c-rltij u,.J,ll rf ,.r;,t-r plo iS$ a;rL;l!l ol-.pull

: U.:U":.-.-.jr;l Cr.+ll rl+ l.:l

.u"-rll -r.:,_:L;!!t eJ ,$iJl ilr JJJ &!l .iJtr-ll sSJJl ojlr,I r+

alJ-+i.3Jl uJ-+ 1.. &l+.llj .iJlSll !li.: 
"-J$ d L.a. t rt-l r,rLb. 1-$ll (.jyrLll r,i

'q,--rl Jul ;r.o qrL-:!Yl



.4ilnlnll 6rru.I Crr:-l ,Jla d.,+L:lr 6U.tt : )9i
:arlEil l:il-Ujtl :Jl1Jl l+J ,rirs Jl

Yfty +arIflf1+........ +an-rY(i)+anY=b.. ........(l)
. $=.J "oii- cF.:!J

Yr,t * arYo * azY = b ....,.,.......................... (2)

. c+tj (ar , az ,\ I 4" cJS ai ii

uLS lil aSJ . i;la.iJl aJrUJla iJrLJl .r"; '',,r- , i-r- 6-:t+ (b) .+ril s.I OrS :.1

.L.1l+i. JJE {rul OJs- S15, i..;,i- g3U+ ) (b) c{I.:,M
qj*l! O3S+- (l ){i)JL u,.Bll dlJl Oti b+0 , U* O.;s u,:,I AlUt ;

Y1,,=Y"-Y,
r"L,: .t .r. ).,5! s.-l+J d.S ( particular integral ) d-U.ll &l5:ll clu Yo Ol J

Ol i -\. . Ojlr-ll rlL tJc, Y, .jlFl Jl Yc JJ,r! I tji , Yt i.lrL-.0 1,,\rjlrilt f4jilt

. dr.il! O3,s; (Y )l!)l-,ll crtll &tsll
',.r^ b /i\ ^ JnYp -; ............... (3) az*o

. ( y 
) ioLx i-.iJr i.llr} &i yc 

atr J..jiI cfu dllr.t &r . hl

JK,ilL 4rL-bljlll alJUJl .ils J OS

\t) + a;Y(ry + a2Y = 0 .............................. (4)

O- !-yl IILJI+ .)tstll l.j,.ri !,lsl . ,.rlr ll dJl .l! &jll ,s-r, .r< &t,! lr
a, .!.l rJLll lrA $ir ({) lDJl dJ t+-lj. l+rLi .- Ldl UL.:1] (Y:Aed) tr.I

Yq4 = 1'1n"

i14 : 7z 4"t
...tl-r

ar:.-,j,J, ,ra +Ell ifl,u _r,r Y .)$iJ] Jrr ei:.:Jr ,f" J. r i{)J' ;1 ,1,:.r -r.
. Y ,:il-X d,illl

: sl6.lr ds,Jr Jl ( r) a1)-]r ,Jlr dj ,j"r (Y, Y, Y ) a-tJl J irtr:-l

Aed (r2 + arr + au2 ) : 0 ................................. (4u )
LL-JI L-!t- gtl til . (t) i.!r-r-J ,rr-i.n (r , A ) & Jq ril,j.l $t ol .rtr't .,i.
frJ.Jl Crit*l+'d ll; A c,.ritl 1"+.+J+ d.ijir,ii.i: c.! .-.J! (Y=Aen; aOU:t

i-oLJl ;-in c,l .rir r # d oc u . aL.! i.6. l-!, 1

12+a1r+a2=0 .... .... ........ (4b)



(.l) Lot tt utst lJrLJr tsit _rl 1r;uu-lr;*.tt uJr L{,jL.iF J-i rlDl-lr il
UJ,J!-J, l+ 1 .{l -.,t! 11 d.l + O+ uj"; 16:l f! r os !,*-r Afrt* ec l-)f,c Q;!

-:u:!l cJ<Jt Q,c .;a lj , e.r's"J

-al i
fr,fz =

. LlJl JL* d: .1'r- !L31S a'r'.. r .j -s+ #llJ a!J,+ fi.tr + ,r?n a,)A JJ+ ol il

;ei gi . a, g1t+ L#J; &L c.rl_r -a, fJL+ ().,J+lt a-ra g3"-,Ji il

rr *r2=
T:--at-Jai - 4a2 _2a1

= -a1

(-at)2-(ai- 4az) 4a2
--- cra4L

( Y=Aed) L-DlJl dl- ,$l r J ku.i ei.5- qF:ll r$ll !i. $a &J+ll drJia :.Jr dil

. . J6.lt JS:tt ,J., i.e)*ll ,'sL dEa , ,1 ..i- !n #l
Yt=Ate'lt
Y z=Azefll
I slt. J .-JI i ulJJ- Ol.r.l1 L"r 12 , r1 qx JS ul-, OQE L"a 42, At ir" dlS Jl iJ

Ji-.s &J,"r A2,Ar dr+Bll u. ,.JS $J..jF,a sl-, rt- ,J- Jl eBsj lJ (o) :3\!ell dF

,,D|Jl r.!-bu. (,r] a-jl lljull 41!Jl rl. qr\r t- ij . rJr, Bll t-!l i,.:.JUlji eljuJ 1lo

(JJ) r+E 6.rJ glr l.rl .6li:-l,Yl A+Lc D- ir'!3r".U riij dj- 4jl.i fqg f;rrSr :;aill Vt,t

L-nJl lj,.UI Or+ OI il , dr.. .B Lit4 dl.li ,,rL"! lr.l qtlstltr d,--r .iui 0u Yt &DlJl

.illi ,,.{ll dj Ul (:)S.Jr A2 ,Ar }i., lll )ls ir..-b3 J+! Yz , Yr r}. cJS 6-.- }: lr-13

rD-X dn i.a Yz , Yr .r Js at< l!l.i (t) is},J rlc' J.S Yr+Y2 a.+ lLo rJ)\i a,.

: dsLlll tusJ- (1) iilJl ,,5i l-++J:J:l iiij La.4j,] ari (t)
i1. *a1Pq6 + a2Yr= o

frr+arfrr+a2Y2=o
:,,.1c J,.-.: J;3{)J' L#ta e^+ir

(?1. +F2)+ar(Irr +Yrr)+a2(Yr+Y) =o (6)
d2/d2t(Y1+v2) d/dt(Yl +Y2)



*-Jl Nl ;,L ctn 61, (Jlcr e}lJl JS.'.lq (t) 1i)J .Ji"r eJ. I :rU' 01 d$r
+,$ a.,1 O<4 (\) l-U-ll i-,iJ a,lr-rl 6"rl ,,,1 J ( a'"rWJ ilrl-Jl trl ) (t) :'U'X

.(o) ;OlJ! kj"l Jti'Jl 6iH'Jl .r:"+lr 1+- '.*: (Y": Y' + Y'z ) J(lI+

, , .- Jl.ll Jl+. d ),&: aJ iJs4 d.)l- ,i>i (.Jtl 12 , 11 dJlJ 6i: ;r!l rjl', l+:
r ,o:1tti r.:stt eb' rz , \ o" ds 1+$

: ( distinct real root ) dtill -j+..ll -.rqll :A!l iIsJl

..j3 rri;i' lc do',Jqc ra (o) airJ qiqr^..i!t -r$r ot! ai > 4a2 ur:S: Lsc

: ;Yl els: gi Ls+ ]Jlc 
"jN- 

!iii',"* c.rlfl+" rz, rr u-,r+ll

yc = yr+Y2: Arerlt +A2erzt ...,.,.'....(7)
:.2&"Jl .,P1Jl :l+u i'n.rll

.-,-- .,.--*>,ri -i irl oLi ai :4ardsJq a+L:ur ILLJI oi cin-uJl oF t;""'

: i1 gl , :..rua" # ulirl+- g;:e^J u.,J!. I 0lr ,r"Dl+ dr* (6) iDUl

-al
r(=r, =tr) =t
ul.Jt 1',.r.( J IJJSJI JJr.l. 1 Al.:J-Uirr lr.l ,rJiSJ )$l+ G-6 Jrqll 'lA & di

: Js'j'll+ :'-&J
Y.= Yr + Y2

: gi ( ".\lj ai?:.i .,lo ,1,-.- *)) il;*" UJ-./ {i{+- ar"+ll 
'f 

i
y" = [,sd + A2en : ( A1+A2)ed = A3ed ........ ... .... .... .. (8)

"!r:y ;. l,L. Lli i..hlr. aF U.-ei]l l+ls OSI C llLll DjAJ l"ii r:lr ''-"8 (Jtc rJ'"-" it

.(t) iDlJl drr-e r- rt+J jA +.]l &.l5ll au lJ !r-!l rJrLJl ,rJ) ls" li

,.-rL" ,,r-. Ji,\-+ t J*&J ir) ul} l) (A4ted),ra ':lLJl l'IA g;r35'r srI lilJ iJ

i--,iJi alhll .;1U l.r'l (A3et) -rl gc !U- Jn*' r' .P rnJl !l l)a OU l! !. r"'J
; ,rr .r33Jl -i+Jl

Y" = 619'lt +Aa,e'2t (e)

:(The complex roots) !&rl1 .s\$ :l3lliX iJlsJl

(o) i+ll ,/ s..l,..Jll| .*J Or: ai < 4a2 r-EJ,r! 1L:E:ll AllJl dJ-L' Orr3 l'rc
: ds"'ilr ',r.<J dJ "s"r

l4a2 - ai i
; rjsill llj;iJl liJl riL- tiar

-a1
h= 

- 
and vi=

4a2 -;i .,{:T =



I .3l 
"gJi"- 

c,J.l'.J Ud -lU! ,:rJ ;S'; ae-6)l 4l !]

r1 ,12=ht vi

nl il 4r- a1 .<I: '1":tr Ue.! Jtilulf r-9.,r+ll+ L<l JLi, &dul o|,Ji+ll drda (Jl il

,.r.<", ..1^&ll Lll,r.ll eU lil vi, h 4e L ii.,1ill &e u.,Ult3 vi , h 3r--,..!+ Urst

: sJl,
y" = shtl 4,s'ir + Are-'i') ,,.......................... (10 )

,r:S:-" l-dl AlJl oU a$$. lir- Jl d*lr,ill O.,i L q, Jr"J \r-!l J#Jl UIF l
: u.lEll rJi$tq3 . JJr"rl dr1$t-c d$i-L &.3 dJ*,r '4S. l!

eio = cos@ *i sin 6 .............,..................... (1 1)

e'io = cosO -i sin O ..........,........................ (12)

: {J' d,^r- lll , (6=vt)rJ'++:
euit = cosvt + i sinvt and e''ii = cosvt - isinvt . '. '... '.. (13)

d,;ai+*-! rij: "b: 
(1 .) :rr' !l qf (Yc) l-,i"ll i.lhll i,i dli C$r {Dll .ra cr:

: luJr iJsJu 1.6:.ljs 
"rlpl 

os+ (t t) -1 (t t )
Y.=.n" I A, (cosvt - isinvt) - A: (cosvt - isinvr)]

=.h'114,+Ar) cosvt-r(Ar-Az)isinvt I ...... ..... (14)

:.lc cI--.: rJljiYt+-r

A5 = Ar +A2 and fu=(A1 -A2)i
: e+.46,r 1 a :'D,11 0t! Itl

{"= ghr ( [5gs5y1 + A5sinvt ) . ,.. .... .,........... . ( l4a )
+-,,i8." rJlr $ ( cosvt ) d, !$ ( A5cosvt ) .rr.ll uL-)5 (a\ t) U>Ul+ u'-l J

2n ; f;i.-.!t "'rJl+ Yt -Jrd6'll

Wlrere:(2n = 6.2832)
rt g1 t--r.*,". r, ds 6.r.Ir: aLiitt il qfi2\r+LjJl ;$l .l: (t)'-pr6ra3

t dr.j LJS qf &sr- JlJSll ali l:t q-, Jr'LS t u']l riL U+'y 2n -j'r!a rlr;'
. 2nlv ..)Iri'lla "r!-.!l 

Oi$ ''s^I

,,-+i.jll ",Ul .\.i dJ* lll #Js.il JuL!. I ,,r,! 't-!i. 
l+1 Jrnel 13'trc t d "'JL!)LJ lll

,r--le ,J,s-+.- clli 4u A5 cllllll lisl cr.r]: .Ztlv tls\n l+l Jtiol slo (cosvt)

Ul-,J--.i hA (+1 to *A5) jlsJl lrl+- J-r$ll i.r'ri* $3 eqsll gE lll (cosvt) sll

. (\) .Js r.s.tJl Ors

,.,,r+ lll. 
"r" 

".1,o ja (Ascosvt) lJ Olj l+*l+J ' .,'r tl Ji!"i lr].jll tiJ ue Ll

.4.6 ..1.r! 6.u.3 (2nlv) Lr.,;$ i:.;3 t4,.jl pL3



L-:l yr+,..i.j- (A5cosvt*A6sinvt) .jsJl i.l I isjj* ,1 Lt- 
"t' 

lar'l ; 'S'- l:l

i--Dll Jl i.r!l .so3 2nlv J& jFl hA rlri d+.+ t d)'j 91 ,,f l1llt l-j s5

i.i+-all ,r. (-! (A5cosvt+A6sinvt) i," ah Y. J! dl Jri'll aS" (Y, = Y. + Yp )

,,b cu- ++s d! s,s -r+ !Jr+ q,Jlr 4 C +s, (Y) $3"11 ,sr'.!l .)L*I &a

6.15 !-1 a.Il (r t) ar,J. I (+ r-r- L.s gh' ', ' "J",t sll ue L"J (Y) uJ't-it rs!*
.r-..c!6r L!r- ,,Fljl iLJ di ,-lA &$l Jdl .r' c'+.r o-'! dllir ' #!l JC'lll \rr

h=0 O$ 4l1s qj ajl .J:dl Us+ i:n: . alJi-- rjc #+- ri +Jlrq! 4i J O BJlri (,J

(A5cosvt+A6sinvt) dE--,l,ll+ kjc '+Jl 'q.lJl 
aJlJl gb lJ1'Jl 'u ;3 ehtl 4tl t'rl

.riL* J:- eh' rJ gU h< 'li.ilS J l,l ' JIJ!3-)I :l"ir 'sc g;1 eJi Ulr" tr '$J

. kl .!.ul iJdl Oc .1EL-:" irr^ Oo i*n- iJifr& "D-.ur rJS c.ri-r t rL.lii e' ii;u!
AJL ul: +lJi,. silFl dre 91 11.1:" ''.''rs J 'r'j'r- l+li h> 'arS'r 1^i.'' d'6Jlr

'.rr.1 u'i'lr ;'!L g':6r'J6i i l- ail 
't'L 

oJrr'lr

B

C

.rj.jl Jt-J O "-Sr'.i,3l.r} !* .,t" .x-,,tt J$i' '"'r''J qir+ldl JL-)l ,,'i r'l lJo

,rc tJl 9;,ro .1-3. ) .J"SL.

: +!l1J dJ.J dlJi sjilr]Jl .1t ,,lr : ltl
d+6-iJ tl.rl ..,14.rt-+..,1 ,fS.J -1L-!l Jr''l ei .e;2aJl O"Jil ilr$" d fut"l

',' lurl.r cFll Cr erEr' i'L or+Jr+ Ju*!l 'tiil ril cJ'!: ' r-n' lillr J.:l!l

:Jt J l)A $e 4#BI-, All iE:il'ill ll$'i-l a*'!
: aE':lhll 14J cljls J

Qa=D(pr5,P{u,P('))

:.Q

D

P

\

.- FH
i



Q" = s (pr,r , Pn,, Fu, ) ...... (15)

.-+ ( F, Pp,) n--.-ll olJrr1.Jl j:.r ut +: Jrill ,U :sfi.! {Lll ,l' usl J
: .i!l fubs ssa

Qa = a - PP + mP +nF ... .........$,o > 0)

Qs = - y+ 6P + IP + wP ) ............(r,6> 0).............(16)

C* m > 0d!1s ..,J oi ll , Li4i,*.llr 1cl+ll JL-!l d,1.3ri r+ (m,n ,wl't,) .J'-J !,i

a;.;-ilr r! JJ +y"lu: ' Qd 'rrtL ll i'31 irlj Jl gr, Ju-!l '')lrj dJ d!!

Ju--!l di LJl} iJ.l- r€!Ji,j,. 6)lrj o. !) or.rB l.J J,n^{- J.-!l tlnJ or,!r.,-
, JL-!l d ,.161-. Ci JJ rp{*" dll gti m < 0 d,rL( I L4 : "' !; ...1; p

. Jl--!l u,:liiil ..r11$ r.J-. ! r{.l+j,i. O++.jr- +; ll gU l"rl

;L--l r:.1 (dp/dt) ;r;I r'J.,- ,,1' U,J uq a5a^l dJA J'+ r+lr n lu Oc l-l

.a:JJl l+J!;JI tr-J. qt lrL -t -U,S LJis m,n dl,J

L-J1i!- LJ..i..J-.!l .kdd]].l O",r U e-l+Ll '..li'. Lsj!a w, p Cl-Jl ue 1-l

. UL* Jjc # drli m,n dF dS d'++ anlJ JU-l drt*tJi L---:$ -Liii','lLll rJr ci

ill- ,.s .r # 'Ut., 
.3r""1 ul elJS. !*" 61'!ri dr.,.a:l ) sr;rJl r d.il .4ir.i*

aJil- lll C-++r ell.J irls.,l . ':JLllr L'..IJI u:Ilr tuj3. LsJl o C-,^ clhl ' iri'':
: a.,:iJI iD,Jl u,L d,-'.r-.-,n-!l 6)1,c-L.r (\ 1) 10-ll $i

; m- P+6 c(+yp*=p_?p=? .............(r7)

i-:lr, (Y)]-JrLJl rj.r- ii.6 hr3j- iri i1 . 1r; &)Jl sura .l' (,^ ')ol r{).i ii
: *rlBt gr4 .a!l

y= p ; ar=m/n , u, = Tu b: 5l-!

oLr liJ (p, i6') 1,i. ullr Jrl iu:r:,:,J d. Js !..5i (\v) s1 t+*J ,rA iJ uur
. dlr*ll !i,-1 rre. qf e.rt:,tt ,,*JI 6c i..71'o .lra rl:l g:ll .l*Jl

: ri).ll rlri:-! clll: ..r1-.1 dliaJl O. ii)*ii 'ra l'"'-: #J'Ji dJlrill ti
b

; a2i 0 ;Y61=
: uE (l V) ri}Jl 1ii3.,

tr=Ip,^,=
9+6 Ez '"'

1 r\gLi pn, 1"&ll illr.ll iJE l-l , 0Sl- aJli ito Jr.: lpli 1.1 .++:.:': ^tl cr-61-l

: sA clY1s C,)l:



4 ai ;;"",'jli' ,+ : Jsll LlL:t

" B +6).
(m/n )' > -4(-)

Ploy= A1e'lt -t A2e'2t
:,l il

: 9 plJl JJ ;E e!-rl iaj3

6Ss L.i5 I i$i AJL.ll

, ..9+6).(m/n1'=-41 - ,

: ,rr-1 6r-c. # rrL 6jr.ll Jr\'11 d, dllJl 'f" & te

r = -lw2n 
: is,\ 6'-; pul iJl 6u 'l

r= -m/2n p1n = A3"-"' * 4"n,.'"" * ffi
OrS: l-+' : 

'jJEll 
lllsll

" G+6).
(rnln)' < -4(-)
. elrjll lnL$ riJl Jrc)l gn 63;4e 'DJLE qr^ t j-l^Jl Jr!'J q:! aLJ ':" & .r

, ,"r! +i

: on a.lLJt ,\l rt-ll i-"i..Jl 1ll'll ai

. ^- (t+v
pqg : P" +Po = 6,s.r + Are''' +6;6

rl,r2 = h+vi

m
whereh=-; andvi=r/2tr(ry}6

I cJS;Jta g+""r PUI 
jJl 6l! l-tl

Pt,) = "-"'n l4rcosvt + Aosinvt 1 +ffi
: l-l!,1 u4Jr,$ .,i.b!l

elt"J liir 4il &-ill as., etl! +:r.l , ,Jlr +Ll tr rJ3 !J ,rlJl -ltJ1 :t;j j;!
rrri. rl cJ;lJiill (Jlc lJ+ 4j lJ'-blJill

,,Jc' :,,-:r;.riB lJl.r i+J d,-r . r,.JH !3lr .pl 41 l' a.i)'Jl dJ"i e it' 1:$ )l.l
' LlslJ' 4J-'L

(E)'? + (T)1m
rr,r2=-[- -*



.,++ L- *s, ojli illsl liir dJJl # siul JL-tl Cr oe J+'3 : slJtl furljl
. L-brJJl :+rSllr tuJlll !.Sl1

cJ. c.r.r*'):-.pL t:l -ru-!l 1{i & nill cii.L ll-JJl .JA "' '.1:+1{ lL-'.ll

. dp/dt CLI 13 d..." t-+ r",6 l.L-.rJl 
'ta d riJs./ ..tr r}li a{.!-i,i"

l.. ar esilrjle Jilj.]l. o.bir- lr.l r.!!i,j1- JL-!l i,l aJrJi,j,ll i+ :A$.$ i.Ir+rjl

d.L.t! eii,1,Jt aLJJr Clur,Jl LE-l .,+" dp',ldt', ,,.tu'l.9 Ju-!l dri'- $! -,rd
'.'i!l

y 4jl de );i . L:J-;F.ll 1+ <\l: .Jl ,; L ;JDtJl &.J !-:lJiil U-l+i 1+iF l+'J
I s '!' lLll )rL $ oilj.ll drlJt,.r r<s+ c,Jl -llijll Ol -r.1 .,.* 6L.!i o.':ir

.ii-l e-r+-
:qdLI 6iLj

ol.\AL.i.lt i ;r, p ,t -!l d n* d.rri. Qd (9-i* &.1 1,1.1:ll 1i)Jl | &ill g:tJ.iI

r l-,llill

o P P.Q
24 16 384 256

15
31 13 403 169

41 10 410 100

46 I 414 81

48 192 16
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