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ABSTRACT 
      This study is used to compute the primitive variables of moderate supersonic flow 
based on finite difference computational fluid dynamic methods. The problem  
considered  deals with a three-dimensional external, inviscid ,compressible supersonic 
flow over a three-dimensional arc circular bump. In this work, Euler equation was 
solved using time-marching MacCormack’s explicit technique. The flow conditions 
are taken at sea level and Mach number at 1.97. To deal with complex shape of arc 
circular bump the so-called “body fitted coordinate system” were considered and the 
algebraic methods were used to generate grids over an arc circular bump. The results 
showed a good agreement with other published results.  

  :الخلاصة.

في ھذا البحث تم إظھار أھمية الحل العѧددي فѧي أيجѧاد حѧل للمѧشاكل الأيروديناميكيѧة عنѧد الѧسرع الѧصوتية          
تم اللجوء الى  الأسلوب العددي .  عندما يكون رقم ماخ اعلى من واحد(supersonic flow)العالية المعتدلة أي 

ن حѧѧѧل أي مѧѧѧشكلة أيروديناميكيѧѧѧة تحتѧѧѧاج الѧѧѧى نفѧѧѧق ھѧѧѧوائي  ًلتعѧѧѧذر حѧѧѧل المѧѧѧشكلة الھندسѧѧѧية تحليليѧѧѧا وكѧѧѧذلك فѧѧѧأ
(supersonic wind tunnel )اربѧوھو غير متوفر في العراق ويتطلب  وقت زمني كبير جدا لاجراء التج ً. 

فѧوق الѧصوتي وإيجѧاد  في الدراسة الحالية تѧم التعامѧل مѧع برنѧامج ھندسѧي متكامѧل وتطѧويره للتعامѧل مѧع الجريѧان
ѧرات الأساسѧية          المتغي( primitive variables)رارةѧة الحѧضغط ودرجѧسرعة  والѧي الѧة     وھѧوالكثاف 

توليѧѧد مجѧѧاميع النقѧѧاط  تѧѧضمن أسѧѧلوب الحѧѧل ، حѧѧل معادلѧѧة أويلѧѧر وتѧѧم. ورقѧѧم مѧѧاخ والطاقѧѧة الداخليѧѧة عنѧѧد أي نقطѧѧة 
لحѧل العѧددي تѧم ا.  كحالѧة للدراسѧة arc circular bump  وتѧم أختيѧار (mesh generation)بواسطة تقنية 

كفѧѧوءه   عنѧѧد اسѧѧتخدامھا لدراسѧѧة  وھѧѧي طريقѧѧةs Method )’ (MacCormackبأسѧѧتخدام طريقѧѧة ماكѧѧارموك
 (Free stream Mach number)الجريѧان الخѧارجي فѧوق الѧصوتي وتѧم اختيѧار رقѧم مѧاخ للجريѧان الخѧارجي 

 على  حѧساب المتغيѧرات  (shock waves) ًكحالة  دراسة وايضا تم دراسة تأثير موجات الصدمة) 1.97(بقيمة
 .الأساسية للجريان الخارجي الانضغاطي وباھمال تاثير لزوجة الجريان

Keyword: Arc circular bump , CFD, Supersonic aerodynamics, Euler equation. 
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finite difference method with time marching was adopted to predict the aerodynamic 

characteristics of three-dimensional external compressible inviscid supersonic flow 

over an arc circular bump to compute the primitive variables such as the internal 

energy, pressure, density, Mach number and temperature at each grid. The time- 

marching method was chosen to treat an arc circular bump as a plane body. In the 

next section, the mathematical analysis will be described in detail and the style, which 

used to produce meshes or grids are given. It is very important to refer that the 

primitive variable covers, velocity, density, temperature, pressure, internal energy and 

Mach number.     

        

Mathematical Analysis  

        The studied supersonic flow is a non-viscous, non-heat conducting fluid, so it is 

described by Euler equation. The latter is obtained from Navier-Stokes equations by 

neglecting all shear stresses and heat-conduction terms, so it is a valid approximation 

for flows at high speed (supersonic flow), i.e., at high Reynolds number outside the 

viscous region developing near the solid surface. The mathematical behavior of the 

Euler equation is classified as hyperbolic in supersonic flow Hosseini (2006). The 

solution is obtained using time-marching method. In this method two points must be 

noticed.  

1. The grid points are generated in physical plane and transformed to 

computational plane before solving governing equations. 

2. The solution is obtained by marching from some initial flow field through   

      time until a steady – state is obtained.  

     The governing equations for an inviscid, non-heat conducting, external, 

compressible, three-dimensional supersonic flow expressed in conservation 

form are Hoffmann (1989): 
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The conservation of momentum equation is  :  
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The conservation of energy equation  is  : 

 

( ) ( )[ ] ( )[ ] ( )[ ] 0=+
∂
∂

++
∂
∂

++
∂
∂

+
∂

∂
wpE

z
pE

y
upE

xt

E
ttt

t ρυρρ
ρ

                         (3)

  



Dr. Ahmed , The Iraqi Journal For Mechanical And Material Engineering, Vol.9, No.1, 2009 

 

 

 3 

It is suitable to put these equations in a vector form before applying a numerical 

scheme to these equations. The 3-dimensinal Euler equation may be arranged  in a 

vector form as Hoffmann (1989) 
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where Q,E,F and G are column vectors which is defined by:  
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also  the equation of state is given by :-  

RTp ρ=  ,   at ambient temperature, it becomes :- 

∞

∞
∞ =

RT

pρ                                                                                              (6) 

and  the speed of sound is given by :-  

∞∞ = RTa γ  

The total pressure and temperature (or stagnation pressure and temperature) are given 

by: - 
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The Reynolds number and boundary layer thickness are given by :- 

 

∞

∞∞=
µ

ρ Lu
Re  and 

5.0Re

0.5

L

L
=δ                                                (9) 

Moreover the velocity components are given by :-  

 

αcosVu =∞                                      (10-A) 

αυ sinV=∞                                                                                                      (10-B) 
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where  ∞= aMV    noting that:-  

M=Mach number.   and    ∞a = speed of sound.  

V =Fluid velocity.  

δ =Boundary layer thickness. 

Re=Reynolds number.  

∞µ =Free stream dynamic viscosity.  

 

Three- Dimensional Mesh Generation: 

In this work, the algebraic grid generation method is used to produce mesh. 

This method generates grid points in space by means of interpolations based on given 

boundary data. Because of the non-uniform shape of arc circular bump, a “ body-

fitted coordinate system “ is used which enable us for the transformation of governing 

equations from a Cartesian system (x ,y,z) to a general curvilinear system ( ξηζ ,, ) 

and it help us to transform from physical plane to the computational plane Fox 

(1993).The transformation of any partial differential equations from physical plane (x, 

y,z) to computational plane ( ξηζ ,, ) are defined by the following relations :- 

 

ξ =ξ (x,y,z)                                                                                                        (11-A) 

ζ =ζ (x,y,z)                                      (11-B) 

η =η  (x,y,z)                           (11-C) 

 

     The details of transformation is very long and complex, for more details, it is 

recommended to see Hoffmann (1989) and the results are given by:  
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where  J   is the jacobian of transformation, and it is defined as the ratio of the 

volumes in the physical space to that of the computational space. Also the metrics of 

transformation are given  (in 3-D domain) as follows:- 
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and  
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 the physical meaning of the metrics is that, it represents the ratio of arc length 

in the computational space to that of the  physical space. The terms xζ , xη , yζ …. 

are computed numerically using forward approximation, as an example :- 
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Numerical Scheme:  
        Explicit time-dependent solution of the three-dimensional Euler equations has 

been performed using MacCormack’s predictor-corrector finite difference technique, 

which is second-order accurate in both space and time. This method is very effective 

finite difference technique for viscous and  inviscid supersonic flow, specially for 

unsteady flow shock capturing. By using this technique a computer code is 

constructed to predict the shock wave  which consists from the following steps:  

1. a three-dimensional domain is chosen over a arc circular bump, which 

consists from ( im=21,  jm=16 and km=21  ), where:-  

im  = maximum number of grids in x-direction. 

jm =  maximum number of grids in y-direction. 

km =  maximum number of grids in z-direction. 

2. a grid generation is performed in (x-y-z) direction and the Jacobian and 

different metrics are calculated.  

3. a flow conditions such as (u,v,w,M,T, e,ρ and P) are computed at the 

surface (k=1) and then they are computed in the domain except at the 

surface where (I=1 to I=im, j=1 to j=jm, k=2 to k=km). 

4. a time step calculation is performed, the time step employed in this work 

is designed so that it is not exceed the maximum step size permitted by 

stability. In this study the inviscid CFL conditions AL-Dulaimy (2002) is 

used which is given by the following relation: - 
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5. a changing of primitive variables to fluxes is occurred which causes to 

compute the values of flux vectors for all grid points at time step (n). 

6. a forward predictor version of MacCormack’s which is given by 

Hoffmann (1989):- 
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  is used inside the domain where  (I=2 to im-1, j=2 to jm-1, k=2 to km-1)  where :- 

         n  is the  time level (t) and   n+1  is the time level  ( t+dt ). 

7. In order to make our numerical scheme accurate and stable, since we deal 

with high velocities (high Reynolds number) the following expression for 

explicit artificial dissipation is added to the predictor step, where 1

,,

+n
kjiSQ is 

a fourth-order artificial viscosity term, defined by Anderson (1995):- 
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The main advantage of artificial dissipation is to provide some mathematical 

dissipation analogous to the real viscous effects inside the shock wave. 

8. A decoding is occurred which is used to produce our parameters from 

fluxes, also at this step, the contravarient velocity components are 

computed as :- 
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are computed .The contravarient velocity components U,V and W represent velocity 

components which are perpendicular to planes of constant ξ , η   and ζ  

9.  A corrector step is computed, where the value of fluxes ( E ,F,G) are 

computed at each grid in the intermediate level (n+1) depending on the 

values of primitive variables from previous step, so the computations 

occurs inside the domain [i=1 to i=im, j=1 to j=jm and k=1 to k=km].  

10. a backward corrector version of MacCormack’s method which is given 

by Fox (1993) is then applied :- 
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  which is used inside the domain ( i=2 to im-1, j=2 to jm-1, k=2 to km-1)and, 

also a fourth-order artificial viscosity term Anderson (1995) at corrector step 

is added to Eq.(19). This expression is given by:  
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11. after a corrector step is completed, a decoding step began where our 

parameters such as (u,v,w,P,T,e and M ) are computed. 
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12. our parameters are computed under different boundary conditions which 

can be explained as follows:- 

a. up-stream boundary condition(i=1, j=1 to jm, k=1 to km) and at 

the edge of  the body (k=1,i=1, j=1 to jm).  

b. solid boundary condition  (k=1,i=2 to im ,j=1 to jm ) 

c. down stream boundary condition (i=im, j=2 to jm-1 and k=2 to  km-1). 

d. upper plane of symmetry(j=jm, i=2 to im and k=2 to km). 

e. plane of symmetry  ( j =jm, i=2 to im, k=2 to km ). 

f. far-field boundary condition  ( k=km, i=1 to im, j=1 to jm ). 

13.Examining solution convergence, knowing that the last flow field 

variable to be convergence is the density, therefore, the following 

convergence criterion was applied at every point in the flow field from 

one time step to the next Wylie ( 1966) : 

 
8old 10*1error −≤
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RESULTS AND DISCUSSION 

 Fig. (1) shows a mesh generation over a three-dimensional arc circular bump 

in a moderate supersonic compressible external inviscid flow. The mesh points are 

produced by using an algebraic grid generation with (21 x 16 x 21) grid points . The 

explicit technique has required about (4000) time steps to achieve the converged 

solution (steady state solution ).In the present work, the artificial viscosity is taken as 

( 0.5 ),as shown in the figure. 

 Fig. (2) shows a Mach number contours for 3D arc circular bump for free 

stream Mach number = 1.97. The shock wave can be noticed clearly. From this 

figure, the flow pattern near the leading edge of arc circular bump, where the 

incoming supersonic flow undergoing a sudden change in flow direction resulting a 

continuous compression wave. The angle of the shock wave depends on arc circular 

bump shape and free stream Mach number. The shock wave is observed to be 

detached from circular bump angle and flow behind the shock near the trailing edge 

of arc circular bump area becomes subsonic. Also, its very important to refer that the 

clustering process is very necessary near the leading edge of arc  circular bump in 

order to capture all the expected shock waves. This prediction gives a good agreement 

with the experimental results dealing with the same problem as indicated in Marsden 

(2004).It is very useful to note that the predicted shock wave by the numerical 

solution of the current work decelerate the flow speed from supersonic speed up 

stream of the shock wave to subsonic flow down stream of the shock wave. 

 Fig. (3) shows a temperature contours for supersonic arc circular bump for free 

stream Mach number =1.97.This figure indicates that the temperature distribution 

occurs at the region between the arc circular bump surface and the shock wave. Also, 

the temperature increases at the leading edge of arc circular bump due to shock wave 

strength and is decreased gradually toward its free stream value. The higher 

temperature can be noticed at the edge of three-dimensional arc circular bump, due to 

shock wave effect. 

   Fig. (4) shows a pressure contours over a three-dimensional arc circular bump 

for free stream Mach number =1.97. From this figure, the pressure values increases a 

head of shock wave and then decreased toward its free stream value away from the 

shock wave. This is agree with Sorensen (2002) and Dietz (2004) also, the pressure 
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values is increased dramatically near the leading edge of arc circular bump due to 

shock wave effects. 

         Fig. (5) shows a density contours over a three-dimensional arc circular bump for 

free stream Mach number =1.97. From this figure, the density values increases due to 

increase of the pressure and this is due to increase in shock wave strength.  

 Fig. (6) shows the internal energy contours over a three-dimensional arc 

circular bump for free stream Mach number =1.97. This figure shows clearly the 

shock wave prediction and again the internal energy values increases due to shock 

wave effect. This behavior can be explained as follows:- Since the shock wave 

decelerate the flow from supersonic speed ahead of the shock wave to subsonic speed 

down stream of the shock wave. This is certainly causes a reduction in kinetic energy, 

due to direct proportionality between the flow speed and the kinetic energy and as a 

result causes an increase in internal energy.   

    Fig.s (7) and (8) explain the wall pressure profile along an arc circular bump and 

the historical convergence of numerical simulation of the same problem. The latter 

figure explains the intermediate solutions of time-dependent schemes. The time level 

(n=1) is the specified initial condition and the figure refers, that at iteration equals 

(4000) the steady state solution is reached. Obviously, this figure just explains a 

means of reaching to the steady state solution. However, if correct (from physical 

point of view) and accurate initial data is provided, the solution at various time levels 

will represent the time dependent solution and it is usually referred  to as the time-

accurate solution.  

 

CONCLUSIONS 
  The following conclusions can be drawn from the results of the present  work :- 

1. a solution of Euler equation for three-dimensional arc circular bump 

converges at a range of (4000) iterations. The range of iteration is related 

to the procedure of grid producing.  

2. for capturing the flow field parameters ; a more mesh points are required 

near the surface of the arc circular bump. 

3. geometry and  arc circular bump curvatures have an important effect on 

the flow field pattern; where in the supersonic flow the change in flow 

direction due to geometry induced a type of drag. This is called wave drag. 

4. since the mesh generation has been separated from explicit solver any 

mesh type can be used. The stability of the solution depends on the 

number of grid points and CFL condition. 

5. the rise in the value of temperature at the stagnation point is due to flow 

nature change from supersonic a head of the shock wave to subsonic down 

stream of the shock wave. This change will reduce the kinetic energy and 

at the same time, this  reduction gives an increase in internal energy and as 

a result increase the temperature.  

6. the time-marching solution which is used to deal with a three-dimensional 

arc circular bump, which can be extended to deal with an axis-symmetry 

body such as aircraft. 

7. from  the results obtained, the hydrodynamic properties such as pressure, 

temperature and density are increased  due to shock wave effect 

8. the software developed explains, that the convergence depends on the 

optimum values of the grid points, artificial viscosity and CFL. 
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9. clustering process is very necessary at the leading edge of the three-

dimensional arc circular bump in order to capture the expected shock 

wave. 
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Fig.(1): Algebraic grid  generation over  a three -dimensional arc circular bump with 

mesh points (21 x 16 x 21 ) 
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  Fig.(2): Mach number contours over a three-dimensional arc circular bump at free 

stream Mach number = 1.97 
(3 D )  0 5 Ja n 2 0 0 7 

0

0 .5

1

1 .5

z
-a

x
is

0

0 .5

1

1 .5 x -a x is
0

0 .5

1

y -a x is

1 3
1 31 3

1 3
1 8 1 3

1 7
1 8

1 3
1 71 3

1 3
1 5

1 2

1
1 9

56

1 8 1 5
95991 0

1 3
1 0

1 1

1
5 1 5

1 6

X Y

Z

2 0 3 8 3 .5 7 6

1 9 3 7 0 .0 6 2

1 8 3 5 6 .5 4 8

1 7 3 4 3 .0 3 4

1 6 3 2 9 .5 2

1 5 3 1 6 .0 0 6

1 4 3 0 2 .4 9 1

1 3 2 8 8 .9 7 7

1 2 2 7 5 .4 6 3

1 1 2 6 1 .9 4 9

1 0 2 4 8 .4 3 5

9 2 3 4 .9 2 1

8 2 2 1 .4 0 7

7 2 0 7 .8 9 3

6 1 9 4 .3 7 9

5 1 8 0 .8 6 5

4 1 6 7 .3 5

3 1 5 3 .8 3 6

2 1 4 0 .3 2 2

1 1 2 6 .8 0 8

T e m pe ra tu re ( k )

(3 D )  0 5 Ja n 2 0 0 7 

 
 

Fig.(3):Temperature  contours  over   a three -dimensional  arc circular bump for free 

stream Mach number = 1.97 
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Fig.(4):Pressure  contours  over   a three -dimensional arc circular bump for free 

stream Mach number = 1.97 
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Fig.(5): Density  contours  over a three- dimensional arc circular bump for free 

stream Mach number = 1.97 
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Fig.(6):Internal  energy  contours  over  a three dimensional   arc circular bump 

for free stream Mach number = 1.97 

 
( X Y )  2 3 N o v 2 0 0 5 

0 0 . 2 5 0 . 5 0 . 7 5 1 1 . 2 5 1 . 5 1 . 7 5

x ( m )

0 . 4

0 . 6

0 . 8

1

1 . 2

1 . 4

P
/
P
in

f

( X Y )  2 3 N o v 2 0 0 5 

 
 

Fig.(7): Wall pressure ratio profile along a three-dimensional arc circular bump for 

free stream Mach number = 1.97 

 



Dr. Ahmed , The Iraqi Journal For Mechanical And Material Engineering, Vol.9, No.1, 2009 

 

 

 13 

(X Y )  2 3 N o v 2 0 0 5 

0 1 0 0 0 2 0 0 0 3 0 0 0 4 0 0 0

N um b e r o f ite ra tio n s

3 E -0 5

3 .1 E -0 5

3 .2 E -0 5

3 .3 E -0 5

3 .4 E -0 5

3 .5 E -0 5

3 .6 E -0 5

3 .7 E -0 5

3 .8 E -0 5
T
im

e
s
te

p
(
s
e
c

)

M a x im u m nu m b e r o f ite ra tiu o n s = 4 0 0 0
A rtific ia l v isco s ity = 0 .5

(X Y )  2 3 N o v 2 0 0 5 

 
 

Fig.(8): Historical convergence  of supersonic flow past a three-dimensional arc 

circular bump at free stream Mach number = 1.97 
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Nomenclature 
Symbole Description 

a Speed of sound. m/s 

CFL Courant  Fridrich  Lewys  stability condition. 

C ξ ,

ηζ C,C  

Artificial viscosity coefficients in ξ ,ζ and η  directions 

respectively.  

e Specific internal energy per unit mass.  J/kg 

Et Total energy per unit volume.  J/m
3
 

E,F,G Column vector in Cartesian coordinates. 

GFE ,,  Column vector in body fitted coordinates.  

L Length of the arc circular bump. m  

J Jacobian of coordinates transformation.  

∞M  Free stream Mach number.  

∞P  Free stream pressure.  N/m
2
 

Q  Flux vector. 

Q  Vector of conserved variable in body fitted coordinates. 

Re Reynold’s  number.  

R Universal gas constant. J/ kg. K 

1SQ  Artificial viscosity term. 

∞T  Free stream temperature. K 

t Time. s 

u Velocity component in x-direction. m/s 

U  Contravariant velocity component in ξ -direction m/s 

v Velocity component in y-direction. m/s 

V Contravariant velocity component in  η -direction m/s 

w Velocity component in z-direction m/s 

W Contravariant velocity component in ζ -direction m/s 

x , y, z Cartesian coordinates. m/s 
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