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ABSTRACT 

     This work is aimed to study the dynamic behavior and control of the triple inverted-

pendulum system. A nonlinear dynamic model of the inverted-pendulums fixed on a cart, 

based on CAD model is developed. The Lagrange equation is used to obtain the nonlinear 

dynamic models of the system. The dynamic model is then linearized around operating 

point. An augmented dynamic model using the linearized model is also derived. Two control 

approaches are used to stabilize the pendulums in vertical position.  First approach: State 

Feedback Control based on the linearized model is used to generate the input force control to 

stabilize the system. Second approach: Model Predictive Control is designed based on 

augmented dynamic Model to control the motion of the system. In order to verify the 

developed model and the chosen controller gains several simulations for different carts’ 

paths are carried out. Several 3D animations are also presented to verify the usefulness of 

the designed CAD model and the controllers. As a future work: the 3D model of the triple 

inverted-pendulum system gives a valuable resource for virtual reality work. Beside, another 

advanced control approach can be applied on the derived dynamic model.  

Keywords: Inverted-pendulum, CAD models, State Feedback control, Model 

Predictive control, 3D-animation. 

 

 

 انسيطرة وانتصًيى انًعاٌ نهبُدول انثلاثي انًعكىس
 

  انهُدست/كهيت  / خايعت بابم يصطفى تركي حسيٍ

 

 انخلاصت

ثلاثً معكوس مثبت على من بندول الهدف من هذا العمل هو دراسة السلوك الدٌنامٌكً والسٌطرة على نظام متكون     

استخدمت معادلة  .باستخدام برنامج كادتم تطوٌر النموذج الدٌنامٌكً الرٌاضً غٌر الخطً للنظام  .قاعدة متحركة

النموذج الدٌنامٌكً الخطً اشتقاق ثم تم  " للحصول على النماذج الدٌنامٌكٌة غٌر الخطٌة للنظام.Lagrangeلاغرانج "

تم استخدام طرٌقتٌن للسٌطرة  م اشتقاق نموذج دٌنامٌكً معزز بالاعتماد النموذج الخطً.كما ت حول نقطة الاستقرار.

 State Feedback Controlالطرٌقة الأول: تم استخدام طرٌقة  لتحقٌق الاستقرارٌة فً البندول فً الوضع الرأسً.

 "لابقاء البندول فً الوضع العمودي". نموذج الخطً لتولٌد القوة اللازمة لتحقٌق الاستقرار فً النظامالاستنادا إلى 

نموذج الدٌنامٌكً المعزز العلى أساس  Model Predictive Controlالطرٌقة الثانٌة: تم تصمٌم طرٌقة السٌطرة 

ومعاملات السٌطرة  الرٌاضً المشتق فً هذه الدراسة  من أجل التحقق من النموذج للسٌطرة على حركة النظام.

كما تم تقدٌم من عملٌات  .مختلفة لقاعدة التثبٌتلمسارات  الدراسة العدٌد من تجارب المحاكاتالمختارة, نفذت فً هذه 

    3Dللتحقق من فائدة نموذج كاد المصمم وانظمة السٌطرة. اعمال مستقبلٌة مقترحة: نموذج3D المحاكات الافتراضٌة 

إلى جانب ذلك, ٌمكن تطبٌق نهج سٌطرة  فتراضً.لنظام البندول الثلاثً المقلوب ٌعطً مصدرا قٌما للعمل بالواقع الا

 متقدم آخر على النموذج الدٌنامٌكً المشتق.

المحاكات انكهًاث انًفتاحيت: انبُدول انًعكىس, ًَىذج يعانح بانكىيبيىتر, َظاو سيطرة, َظاو سيطرة تخًيُي,
 الافتراضية ثلاثية الابعاد
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 NOMENCLATURES 

 

Generalized coordinates Lagrangian  
Generalized force vector  
The generalized coordinates vector  
Cart position on the horizontal axis   
Inclination of each pendulum from the vertical axis ,   
The difference in the angles for the second and the third pendulums,   
Total kinetic energy of the system  
Total potential energy of the system  
Kinetic energy of each element of the system,   
Potential energy of each element of the system,   
Mass of each element of the system,   
Length of each pendulum,   
Center of gravity of each pendulum,   
Gravitational acceleration  
Input force  
Mass moment of inertia of each pendulum,   
Total Mass Matrix  
Total Coriolis and Centrifugal matrix  
Total Gravitational effect matrix  
Total generalized force matrix  
Model parameters,   
The generalized state vector  
Transformation matrix  
The generalized state matrix  
The generalized input matrix  
The transformed state matrix  
The transformed input matrix  
The transformed output matrix  
The transformed feedforward matrix  
The transformed state vector  
The output vector  
State feedback controller gains vector  
Estimated transformed state vector  
The performance index  for the state feedback controller  
The weighting state matrix  
The weighting input matrix  
The solution of the Riccati equation for the state feedback controller  
The solution of the Riccati equation for the state observer  
The transformed discrete state matrix  
The transformed discrete input matrix  
The transformed discrete output matrix  
The discrete next step symbol  
Control Horizon of model predictive controller  
Augmented state vector  
Augmented state matrix  
Augmented input matrix  
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Augmented output matrix  
Model predictive controller gains vector  
Material density  
Desired cart position  

 

INTRODUCTION 

 
The inverted-pendulum system has the characteristics of non-linear, unstable and non-minimum 

phase dynamics hence the balancing of an inverted-pendulum is an ideal problem in the field of 

control theory which considerably interests in many fields such as mechanics, physics, and applied 

mathematics [Brisilla and Sank 2015]. Due to nonlinearity and instability challenging control 

objectives; Inverted-pendulum systems have used as excellent test-rigs for control theories. This 

system has two equilibrium points, one of which is stable while the other is unstable. The stable 

equilibrium point represents the point where the system swings about with decreasing amplitude 

until it comes to rest if it is released from any position other than precisely vertical. Therefore, the 

stable equilibrium point needs no control action to be achieved, thus it is uninteresting from a 

control point of view. The unstable state of the system in which the pendulum points strictly 

vertical and requires a control input force in order to keep this position.  

The inverted-pendulum system is used effectively to illustrate several ideas in linear control theory 

as stabilization of unstable systems [Wang 2011]. Furthermore, the inverted-pendulum systems 

and due to their nonlinear nature are used to illustrate many ideas in the nonlinear control field 

such as: variable control structure, back-stepping control, nonlinear state observers, task oriented 

control, swinging up control, and nonlinear model reduction [Roose et al., 2017]. The planar 

inverted-pendulum carried on a cart is the main control idea of the inverted-pendulum system, and 

has several types such as single inverted-pendulum, double inverted-pendulum and triple inverted-

pendulum. The control problem of the pendulum system can be divided in general into two 

problems such as stabilizing and swing-up. 

The controllability of the non-zero friction joint (damped) of triple inverted-pendulum is 

investigated in [Su and Woodham 2003]. The work is aimed to canceling the uncontrollable 

poles and zeros which can unstabilize the transfer function of the system. A symbolic 

manipulation for the dynamic model is done in order to calculate the transfer function and a 

numerical result is also presented.  [Gmiterko and Grossman 2009] presented an automatized 

procedure to derive n-link inverted-pendulum dynamic model. The procedure is incorporating the 

Maple software for deriving the dynamic model symbolically. A numerical example is also 

addressed and the LQR control approach is applied for double-inverted pendulum resulted from 

the numerical example.  The motion control of a triple inverted-pendulum on a cart is presented in 

[Glück et. al. 2013], where two degrees-of-freedom controller scheme is used in order to 

accomplish the swing-up problem. The scheme contains a nonlinear feedforward controller and an 

optimal feedback controller. The proposed controller is validated using an experimental test-rig. 

[Zhang et. al. 2015] proposed a cloud genetic algorithm + PID neural network to control triple 

inverted-pendulum. Furthermore, a 3D animation model based on Solidworks MATLAB and 

LabVIEW is also illustrated. The CGA-PIDNN controller validated using the simulation results 

and 3D animation model. An alternative representation of fractional Lagrangian for modeling of 

triple inverted-pendulum is presented in [Escamilla et. al. 2016]. The dynamic model of the 

system is derived based on the fractional derivative definitions in order to simplify the modeling 

process. A numerical simulation using the representations is done.   

In this paper, the design and control of triple inverted-pendulum system is presented. The main 

objectives of the present work are as follow:  

 3D CAD design using Solidworks of triple inverted-pendulum system, 
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 Mathematical modeling of the system, 

 Design of state feedback and Model Predictive controllers. 

The CAD software "Solidworks" is used to design the system in order to simplify the modeling 

process. The dynamic model of triple inverted-pendulum under study is derived using the 

Lagrange equations by implementing the parameters produced from the CAD model. The model 

linearized around upward operating point for the sake of State Feedback controller design. The 

linearized model is then discretized and augmented in order to design a Model Predictive 

Controller (MPC). The Laguerre function is used in the MPC to generate the required input force 

to control the motion of the system. The graphical programming LabVIEW Software is used to 

design the controllers’ gains for each of the controller type, and also to simulate the controlled 

motion.  

The rest of the paper is organized as follow: in section 2, Triple Inverted-Pendulum model 

description is presented, after that the nonlinear dynamic model and the linearized model is 

addressed in section 2.1. Later controller design is explained 'section 3', the State Feedback 

method and the Model Predictive Control method are detailed in  3.1 and 3.2 respectively. The 

simulation results are illustrated in section 4. Conclusions and future work suggestions are written 

in section 5. 

 

MODELING OF TRIPLE INVERTED-PENDULUM ON A CART 

 

The triple inverted-pendulum system is a nonlinear under actuated system, furthermore triple 

inverted- pendulum on a cart represent a challenging control design problem. In this section the 

dynamic modeling of triple inverted-pendulum on a cart is derived. The system under study is 

graphically shown in Fig. 1. The dynamic equations of motion are derived using one of the 

possible ways which is the Lagrange equations: 

 

(1) 

Here  is a Lagrangian.  is a vector of generalized forces acting in the direction of 

motion coordinates  and not accounted for; in formulation of kinetic energy  and potential 

energy . The generalized coordinates vector  is defined as .  

Kinetic and potential energies of the system are given by the sum of energies of its individual 

components (a cart and three pendulums) [Tsachouridis 1999]: 

 

(2) 

 

(3) 

Kinetic and Potential energies of the cart is given by; 

 

(4) 

Kinetic and Potential energies of the first, second and third pendulums can be calculated as 

,                                                        (5) 

,   
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,          

,                                                                                         (6) 
 

, 

. 

(5) 

 

2.1. Nonlinear Dynamic Model 

 

According the above derived Eqs. (2-5) thus the Lagrangian of the three inverted-pendulum 

system is given by 

 

(6) 

Applying the Lagrangian (6) into the Lagrangian function (1), the dynamic equations of motion 

for the triple inverted-pendulum on a cart system can be written in a compact matrix form and 

given by 

,         (9) 

 

 
 

 
 

 
 

Linearized State-Space Dynamic Equations of Motion 

 

The dynamic equations derived in (2.1) section "Eq. (Error! Reference source not found.)" 

describe the system's motion and they are clearly nonlinear. For the sake of the controller design 
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the dynamic equations are linearized around the equilibrium point 

, the nonlinear and higher order terms in the dynamic 

model are neglected. This process leads to the following state-space system 

 

 

(10) 

Where 

 
are the state and input matrices respectively, and the state vector is  

 The outputs of the system in the model  are the difference in the 

angles of the links as shown in Fig. 1, a similarity transformation [Gu et. al. 2013] is defined as 

follows:   

Here , , and  . 

Using the transformed states yield the state matrices (10) of the system as:  and 

. The output of the system will be in this case the position of the cart and the angles of 

each link with respect to the link before,  as shown in Fig. 1.  

 

CONTROLLER DESIGN  
 

In this section the regulation problem of triple inverted-pendulum is addressed in this article. The 

main goal of the control system defined in this section is stabilizing the states of closed-loop 

system around an unstable equilibrium point. Therefore, controller task is to maintain the position 

of the cart at the specific  position while the pendulum is balanced in upright position. The 

controller of the system for the regulation problem is designed based on the linear model although 

the dynamics model of triple inverted pendulum in Eq. (Error! Reference source not found.) are 

non-linear. In this section and for the sake of validation of the designed model; two types of 

controllers for the triple-inverted pendulum under study are proposed. 

 

 State Feedback Controller 

The dynamic equations of the triple inverted pendulum under study in state form (10) are used to 

design the feedback gain matrix by linear quadratic regulator (LQR). This method has an 

advantage over the pole placement method because it allows the feedback gain matrix to be 

determined that will result in the minimum amount of energy being required to stabilize the 

system [Franklin et. al. 2014]. The block diagram of the state feedback controller is shown in 

Fig. 2. The input force according to state feedback control law is given by:  



  

 

 

Mustafa T. Hussein           The Iraqi Journal For Mechanical And Material Engineering, Vol.18, No.3, Sept.2018 

 

 488 

                                                                                                                          (11)  

which minimizes the performance index: 

. (12) 

Where  is the state feedback controller gains vector,  is the estimated states of the system,  is 

a positive semi-definite real matrix and  is a positive definite real matrix. By adjusting the value 

of the matrix , the amount of control input can be varied. Increasing  will result in less energy 

being used to control the system [Dorf and Bishop 2016]. The matrix  determines the amount 

of weighting or importance assigned to each of the state variables. A larger value puts more 

emphasis on that particular variable. The full-order estimator is constructed to estimate the state 

vector of the system. The selection of the estimator gain matrix  is also based on LQR. The 

observer dynamic equation is expressed as: 

 

(13) 

 

There are many different design techniques used to design the observer gain matrices [Franklin 

et. al. 2014]. Here the gains of the controller and the full state observer are found by minimizing a 

linear quadratic performance index , which leads to solving the algebraic Riccati equation: 

. (14) 

And for the observer the following equation is used: 

. (15) 

 

Model Predictive Control (MPC) 

 

The main design objective of MPC is to compute a trajectory of a future input or control variable 

 to optimize the future response of the plant output . The optimization is implemented within a 

limited time window by giving plant states information at the start of the time window. The basic 

idea of solving this problem using MPC is to find a way to construct the optimal control trajectory. 

The control sequence will be computed for a specific time interval called Control Horizon ; it 

will determine the progress of the system for a longer time interval called the Prediction Horizon 

[Wang 2009]. 

First the state-space system dynamic will be discretized using zero order hold with sampling 

period. The resulted system can be expressed as: 

 

(16) 

In Eq. (16),  is the discrete system states,   is  discrete system matrix,  is  

discrete input matrix, and  is  discrete output matrix. 

Taking a difference operation on both sides of (16), obtain that: 

  by denoting the difference 

of state variable as , , and the control 

variable by: . With this transformation, the difference of the state-space 

equation is: 
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(17) 

The system now can be augmented in a way to connect   to the output . To do so, a new 

state-space model is chosen to be: 

 

(18) 

In Eq. (18),  augmented system states,   is  augmented system matrix,  

is  input matrix, and  is  output matrix. 

The aim now is to use MPC Controller in order to compute the control input force 

sequence , [Takashi and Shimada 2017], which is then applied to the system through state 

feedback to keep the system states in (Error! Reference source not found.) bounded and stable. 

According to Laguerre function which is used in this work the control input can be written as: 
 

 

(19) 

Here  

 

(20) 

with 

, 

 

,  , and  . 

 

Using the control gain feedback the controlled system becomes 

 
                                               . 

          

(21) 

From the above system of equations the original 8 by 8 pendulum system can be regenerated. The 

original system is just the 8 by 8 block part of  and the first 8 lines of . 

The block diagram of the MPC problem is shown in Fig. 3. 

 

SIMULATION RESULTS  

 

The parameters used in this work for the system illustrated in section 2 are addressed in table 1, 

the parameters are calculated from the CAD model designed in Solidworks software; the design 

process is as follow: 

 Build 3D model for each element cart, first pendulum, etc, 

 Add material property for each element, 

 Calculate the mass, center of mass, and inertia for each element, and finally 

https://www.sciencedirect.com/science/article/pii/S2405896317305657#!
https://www.sciencedirect.com/science/article/pii/S2405896317305657#!
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 Assemble the elements together to form the triple inverted-pendulum system shown in Fig. 1. 

In table 1; , , , and  are the masses of cart, first pendulum, second pendulum, and 

third pendulum respectively. The density of the material used in the design is . 

These masses are calculated automatically using the CAD system, the values of the dynamic 

moment of inertia ,  and   are also calculated in the CAD system then transferred to 

LabVIEW software. Using the parameters in the table 1, the model parameter ’s values (9) are 

calculated and presented (table 2). All the dynamic model analysis and control design problem are 

solved using the graphical programming LabVIEW software.  

The state feedback controller gains (11) calculated based on the linearized model (10) using the 

solution of Riccati equation (Error! Reference source not found.)  are: 

,   

the observer gains in equation (12) are detailed in the appendix for the sake of shorten the 

presented numbers. The MPC gains produced using Laguerre function (19-21) are: 

. 

The designed controllers (State feedback and Model Predictive) first tested against the initial 

conditions ; for these initial conditions without 

controllers the pendulums will fall. In figure 4, the controlled motion of the system due to initial 

conditions is presented, it can be noticed from the figure that both state feedback and MP 

controllers are successfully generated the required control input to stabilize the system (all the 

outputs equal zero at the end of the simulation). The only one advantage for the MP controller 

over the state feedback controller, is the faster settling time. In order to test the controllers under 

complicated situation, three suggested paths for the cart are introduced as follow, 

 

 A sinusoidal motion for 10 seconds then constant value: 

. 
(22) 

 A sinusoidal motion distorted with a random function: 

. (23) 

 A sinusoidal motion distorted with a random function for 14 seconds then minus constant 

value: 

 

. 
(24) 

 

For the sake of the simulation the suggested paths are combined in the desired motion states as:  

 

, (25) 

here  is the initial condition of the cart position.  

 

The simulation results for the suggested paths are presented in Figs. (5-10). First the state 

feedback control for (22) as desired cart motion is shown in Fig. 5, and the input control force 

generated from tee feedback law is shown in figure 6, it is clear that the state feedback control is 
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capable of following the cart motion and keep the system stable in the vertical position 

“preventing the pendulums from falling”. The MPC is used with both of (23 and 24) paths, the 

results are addressed in Figs. (7-10). Model predictive control is completely successful of 

determining the required force to avoid the falling of the pendulum, even in the presence of the 

sinusoidal motion and the random effects in the desired input for the cart. Furthermore, the system 

is simulated in 3D environment by combining the LabVIEW system with Solidworks to verify 

effectiveness and reliability of the used control approaches.  A set of videos are available online at 

the links in table 3. 

 

CONCLUSIONS 

 
The results of theoretical model and CAD design of triple inverted-pendulums system were 

analyzed. Two control scenarios were implemented theoretical simulation and in virtual 

simulation. The nonlinear mathematical model of the system was developed by integration the 

model of the cart and triple pendulums.  The system equations of motion are solved and simulated 

using LabVIEW software; besides, a virtual 3D simulation in Solidworks CAD software. 

Afterwards, two control methodologies were applied to control the motion of the system. The 

derived mathematical model was successfully validated using the two control techniques 

presented. The CAD model represents a good simplification for the dynamic model design and 

control. Virtual simulation addressed in this work signifies the validation process in modeling and 

control of complex mechanical system. Further work is necessary in the directions of CAD 

modeling and control. 

 

 

 

Table 1. Systems parameters using Solidworks. 

Parameter  Unit  Parameter  Unit  Parameter  Unit  Parameter  Unit  
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Table 2. The model parameter ’s values calculated based on the inertial properties from 

Solidworks. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

 

Table 1. 3D simulation Videos 

 

Free Fall https://youtu.be/TxnSTxig0wE 

Triple Inverted-Pendulum State Feedback Control https://youtu.be/TdSea9eV8H0 

Triple Inverted-Pendulum MPC 2D view https://youtu.be/ySO9TKJzYiQ 

Triple Inverted-Pendulum MPC 3D View https://youtu.be/Rbr_5_M0u1o 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 1. Triple Inverted-Pendulum Solidwroks Model.  
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Figure 2. State feedback and observer problem diagram.  
 

 
 

Observer Eq. 

(Error! Reference 

source not found.)  

 
 

 

Control Input  

Estimated States  

 
Desired 

 

  States 

Outputs 

  

Figure 3.  Model Predictive Control MPC problem diagram.  
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Figure 4. State feedback response           , and MPC response           , due to 

initial conditions. 
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Figure 5. Desired response (Error! Reference source not found.)            , 

and State Feedback response           , with initial conditions. 

 

 

 
Figure 6. State Feedback Control input force. 
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Figure 7. Model Predictive Control response due to random disturbance (23). 

 

 
Figure 8. Model Predictive Control input force due to random disturbance (23). 

 

 

 

 

 

Figure 9. Model Predictive Control response for tracking a specific path (24). 
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