
Journal of Kerbala University , Vol. 10 No.2 Scientific . 2012 
 

 157 

 

Certain Properties of Fuzzy Subgroup 

 

†  prof.Dr.Hadi Jaber Mustafa, 

†  Ass.Lec. Bassim Kareem Mihsin, 

†  Ass.Lec. Haider Baker Ameen. 
†- department of mathematics college of mathematics and computer science . 

 kufa university. 
 

 

Abstract 
In this paper, we study certain properties of fuzzy subgroup many basic propertiesin group 

theory carried over on fuzzy group 

 الخلاصة

يهذف البحث الى دراسة بعض الخىاص في نظرية السمر و التي يمكن تطبيقها على السمر الضبابية , ولقذ وضعنا بعض 

 الشروط اللازمة من اجل تحقيق رلك

 

Introduction 

Zadein in 1965 [9] introduced the concept of Fuzzy set ,Anthony and  Sherwood [1] 

introduced the concept of fuzzy group , in this paper, we study certain properties of fuzzy subgroup. 

We notice that many basic properties in group theory carried over on fuzzy group. 

We will use the symbol ( * ) to indicate the end of the proof. 

1- Fuzzy set :  

In this section we shall start to introduce the concepts about fuzzy sets an the basic definitions with 

some examples, also we shall give some important definitions and properties with operation on 

fuzzy set which are used in the next . 

Definition (1.1): [3] 

let A be anon – empty set, the function  1,0: AM is called fuzzy set in A . 

Example (1.2): 

Let X be real number R , then the function  1,0: RM such that  
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Is fuzzy set . 
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Remark (1.3) : 

If we want to know the difference between fuzzy sets and ordinary sets we observe that when A is a 

set in ordinary sense of the term , so it membership function can take only  two values 0 and 1 with 

a characteristic function : 











Axif

Axif
xA

0

1
)(  

Then  1,0)( xA for all Gx .  

While if A is a fuzzy set in G then 1)(0  xA for all Gx thus the ordinary sets become a 

special case of fuzzy sets . 

Next we shall give some definitions and concepts related to fuzzy subsets of G . 

Definition (1.4) : [7]  

Let ]1,0[: AXt  , Ax be a fuzzy set of A and ]1,0[t  defined by )(yXt for all Ay  

Xt(y)= 








yxif

yxift

0
 

Then Xt is called a fuzzy singletion . 

Example (1.5) : 

Let Zx  2 ,  1,0
2

1
t . 

Let Xt :  1,0Z  

 1,0:
2

1
2 Z  then  

0)4(
2

1
2      yx       2x    4y  

2

1
)2(

2

1
2       ,     zyx   

Definition (1.6) : [6]  

Let 21,MM be two fuzzy subset of A then  

i) 21 MM  iff AxxMxM  ),()( 21  . 

ii) 
21

MM  iff AxxMxM  ),()( 21  . 

iii) if 
21

MM  and there exists, Ax such that )()( 21 xMxM  , then we write 

21 MM  . 
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Example (1.7) :  

Let ]1,0[:1 ZM  such that . 


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
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And 
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
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Then 21 MM  . Where Ze is even integer number and Zo is odd integer number 

Definition (1.8) : [7]  

Let 21,MM be two fuzzy set in A then : 

i)    )(),()( 2121 xMxMMaxxMM  , for each Ax .  

ii)    )(),()( 2121 xMxMMinxMM  , for each Ax . 

Notice that  21 MM  ,  21 MM   are fuzzy set in A .  

If we generalize this definition by a collection of fuzzy sets then : 

   





)(sup)( 11 xMxM , for each Ax  . 

   





)(inf)( 11 xMxM , for each Ax  . 

Which are also fuzzy sets in A . 

Example (1.9): 

In the example (1.7) 

If Zex then  )(),(max))(( 2121 xMxMxMM   

                                            
2
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If Zox then  )(),(max))(( 2121 xMxMxMM   
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Now  

If Zex then  )(),(min))(( 2121 xMxMxMM   

                                            
3
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1
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1
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
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



  

If Zox then 
4

1

3

1
,

4

1
min))(( 21 









 xMM  

Hence 


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Notes (1.10) : 

1) Denote to ]1,0[  by I i.e ]1,0[I  

2)  setIfuzzyAMI A .:  . 

2-  Fuzzy subgroups of a Group :  

 This section consists the concepts of the fuzzy groups which was coined by 

Rosenfeld [8], who found many basic properties in group theory carried over on 

fuzzy group and in the same way applied to another algebraic structures like rings, 

ideals, modules and so on (See [4] , [2] ) . 

Definition (2.1) : [4]  

Let (G ,  ) be a semi – group i.e. , GGG  :  

Such that G )Im( and let IGMM 21, . 

Then, for each Gx  we define : 

 




 


otherwise

xifGx
xMM

xxxxxMxM
0

)Im(}},,|)}(),(sup{min{
))(.(

21212211

21
 

Its clear that, 21, MM  are fuzzy subsets of G . And if we take a collection  M of 

fuzzy subsets then for each Gx :  





 




 

 otherwise

Gx
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xxxM
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Proposition (2.2) : [4] 

Let  ,G be a semi – group YsXt,  be two fuzzy singletons , where GYX , and 

]1,0[, st . Then rxyysxt )(.,  where  str ,min . 

Proof : For each GZ . 





 


otherwise

zifGandz
z

zzzzzyzx
yx

st

st

0

)Im(}}.,|)(),(sup{min{
))(.(

212121  

)1(
0

.)Im(},|,min{
2



 


othewise

yxandzzifrandyzxst z  

On the other hand, 

)2(
0

))().((


 


otherwise

xyzifr
zryx  

From (1) and (2) we have rxyYsXt )(.  . 

Where  str ,min  

Definition (2.3) : [4]  

Let G  be a non – empty set and closed a binary operation ( ) and GIM   such that 

M , where   is the empty fuzzy set defined by 0)( x  for each Gx . Then  ,M  

is called closed if and only if MMM . .  

Proposition (2.4) : [4] 

Let GIM   and M . Then the following statements are equivalent : 

i) ,.)(M is closed . 

ii) For any MYtXt , . Then MYtXt . for each Gyx , .  

iii)  )(),(min)( yMxMxyM  for each Gyx , . 

Now we ready to define a fuzzy subgroup of a group : 

Definition (2.5) : [2]  

Let  ,.G be a group and GIM  such that M .  GxoxM )( . Then M is called a 

fuzzy subgroup of G if and only if for each GYX , .  

1)  )(),(min)( yMxMxyM  . 

2) )()( 1 xMxM . 
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Remark (2.6):  

Let e be the identity element of group  ,.G  then GxxMeM  )()( . 

Proof :  )(),(min)()( 11   xMxMxxMeM  

                                      )(),(min xMxM  

                                     )(xM  

)()( xMeM  . 

Example (2.7) : 

The group (G,.) such that   iiG  ,,1,1  and  .  multiplication ordinary and 

IGM : such that . 













iixif

xif

xM
,
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1,11
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Then M  is not fuzzy subgroup . 


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
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ixif
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xM
,1

2

1
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Then M  is not fuzzy subgroup. Because 







 

2

1
)()(,1)(),()( 11 iMiMiMiMiM . 
















iixif

xif

xM

,
2

3

1,1
2

1

)()3  

Then M is not fuzzy subgroup .  

Because 
2

3
)(

2

1
)1()(  iMMeM  . 

Definition (2.8):[5] 

Let G be a group and M be a fuzzy subgroup of G. then we define the following: 

 

1) }0.)({
*

 xMGxM is called the support of  M. also MM t
t




]1,0(

*
 

2) )}.()({
*

eMxMGxM   It is easy to show that M
*
 and M* are subgroups of G. 



Journal of Kerbala University , Vol. 10 No.2 Scientific . 2012 
 

 163 

 

Definition (2.9) : [5] 

M  is called torsion fuzzy subgroup of G  iff for each fuzzy singleton MXt  with 0t , there 

exists Nn such that tXtn 0)(  . 

Now we explain the relation between torsion fuzzy subgroup and the subgroups MMt, and M by 

the following proposition : 

Proposition (2.10) : [5]  

Let M be a fuzzy subgroup of G . Then : 

1) M is torsion , iff M is torsion subgroup of G . 

2) M is torsion , iff Mt is torsion subgroup of G . 

3) If M  is torsion , then M is torsion subgroup of G .  

Now we are ready to introduce the concept of torsion – free fuzzy subgroup:  

Definition (2.11): 

 A fuzzy subgroup M of G is called torsion – free iff for each MXt  with 0t and for each 

Nn such that tXtn 0)(  , then tXt 0 .  

Proposition (2.12):  

Let M be a fuzzy subgroup of G . Then : 

1) M is torsion – free iff M is torsion - free subgroup of G . 

2) M is torsion – free iff Mt is torsion - free subgroup of G for each  1,0t  . 

Proof :  

1) suppose that M is torsion – free fuzz subgroup iff  Mxt
 , with ot  and 

 Nn such that 0)(
ttxn  , then 0t

Xt  . 

Now MtXt  0 iff )0()(  txM iff  MX 0 . 

Also OtXtn )( iff  

xt+xt+….+xt=ot  iff  (x+ x+……+x)t=ot  iff Ottnx )( iff Nnonx  iff M is torsion – 

free subgroup of G .  

Similarly we can prove part (2) . 
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3-    Some properties About fuzzy subgroup : 

In this section we will give and prove some basic properties about fuzzy subgroup of an 

abelian group  ,.G   

 That we will need it in the next sections .  

 We start the following propositions :  

Proposition (3.1) :  

Let 21,MM be two fuzzy subgroup of G then 21 MM   is fuzzy subgroup . 

Proof : Let Gyx ,  . 

   })((),(min).( 2121 xyMxyMyxMM   

                       

    

 

    

    )(),(min

)(),(min,)(),(minmin

)(),(),(),(min

)(),(min,)(),(minmin

2121

2121

2211

2211

yMMxMM

yMxMyMxM

yMxMyMxM

yMxMyMxM









 

   )(),(min)( 2121 xMxMxMM   

                     )(),(min 21 xMxM   

                       =   xMM  21  

 21 MM   fuzzy subgroup . 

Proposition (3.2):  

Let 1M and 2M be two fuzzy subgroup of G and 21 MM  or 12 MM  then 21 MM  is 

fuzzy subgroup of G .  

Proof : suppose 21 MM   . 

Then      GxxMxMxMxMM  )()(),(max 22121  . 

Let Gyx , . 

                                        )(),(max 2121 xyMxyMxyMM   

                                                          )(),(min)( 222 yMxMxyM              (1) 

         )(),(max,)(),(maxmin)(),(min
21212121

yMyMxMxMyMMxMM    

                                                          )(),(min 22 yMxM                           (2) 

From (1) and (2) 
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         yMMxMMxyMM 212121 ,min   

21 MM  fuzzy subgroup . 

Proposition (3.3) : 

Let  
M be a family of fuzzy subgroup of G . 

Then 


M

 is a fuzzy subgroup of G  . 

Proof : for each Gyx ,  we have : 

i)         )()(inf)(inf)( xMxMxMxM 








  

                        )(),(mininf yMxM  

                           )(inf,)(infmin yMxM  

                         )(),(min yMxM 



 

  

Hence       )(),(min)( yMxMxyM 






 

  .  

Therefore 


M

  is fuzzy subgroup of G .  

Proposition (3.4) :  

Let  
M be a family of fuzzy subgroup of G . 

If  
M are chains , then 


M


 is a fuzzy subgroup of G .  

Proof : for each Gyx ,  we have : 

i)      


 


)(sup)(sup)( xMxMxM  

                      )( xM 





 

ii)    





)(sup)( xyMxyM  

                           )(),(minsup yMxM  

                              )(sup,)(supmin yMxM  

Because  
M are chains . 

                  )(),(min yMxM





 
  

Thus       )(),(min)( yMxMxyM 






 

  

There for 


M

  is fuzzy subgroup of G . 
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Definition (3.5) : [5]  

Let ),G  be a group and M be a fuzzy subset of G  and let Nn . Define a fuzzy 

subset nM of G  by :  

For each GX   . 










nGxif

nGxifnyxyM
xnM

0

|)(sup{
))((  

Where   GGyyyynynG  .... . 

Now we are ready to give the following propositions . 

Proposition (3.6) : 

Let 1M  and 2M be two fuzzy subgroups of G  and Nn . Then the following holds : 

1) 21 MM  is a fuzzy subgroup of G  .  

2) nM is a fuzzy subgroup of G  . 

Proof : To begin our proof of (1) we must hold the following condifions : 

i)     )()( 2121 xMMxMM   for each Gx  . 

       ),(,)(),(minsup)( 2121 GvuvuxvMuMxMM   

     ),(,)(),(minsup 21 GvuvuxvMuM   

      GvuvuxvMuM  11111211 ,,)(),(minsup  

                        )(21 xMM   

ii)       )(),(min)( 212121 yMMxMMyxMM   

for each Gyx , . Let )(),( 1111 GvGuvux  . 

                                  )(),( 2222 GvGuvuy   

Then ).()( 2211 vuvuyx  since (G,+)is a commutative group ,  

So vuvuvuyx  )()( 2211 . Now we have  

    ),(,)(),(minsup)( 2121 GvuvuyxvMuMyxMM   

                               )()((,min 2121212211 vvuuyxvvMuuM   
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    

 

    222221111211

22122111

22122111

)(),(min,)(),(minmin

)(),(),(),(min

)(),(min,)(),(minmin

vuyvMuMvuxvMuM

vMvMuMuM

vMvMuMuM







 

Thus ,  

         22222111121121 )(),(minsup,)(),(minsupmin vuyvMuMvuxvMuMyxMM 

                            )(),(min 2121 yMMxMM   

Hence        )(),(min 212121 yMMxMMyxMM   

Therefore , 21 MM  is a fuzzy subgroup of G . 

2. Let Nn to prove nM is fuzzy subgroup of G  we must prove the following 

conditions : 

For each Gyx , . 

i)   ))(()( xnMxnM   



















nGxif

nGxifunxuM

nGxif

nGxifnuxuM
xnM

0

)()(sup{

0

})(sup{
)(

 

))(( xnM   

Hence ))(())(( xnMxnM   

ii)  ))((),)((min))(( ynMxnMyxnM   










nGxif

nGxifnuxuM
xnM

0

})(sup{
))((  

Also , 










nGyif

nGyifnvyvM
ynM

0

|)(sup{
))((  

nux   and nvy   implies that nwvunnvnuyx  )(  

Therefore  










nGyxif

nGyxifnwyxwM
yxnM

0

}|)(sup{
))((  
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








nGyxif

nGyxifvunyxvuM
yxnM

0

)}(|)(sup{
))((  

If nGxnGyx  ,  and nGy  , then  

 )()(),(minsup))(( vunyxvMuMyxnM   

                   )()(),(min vunyxvMuM   

                     nvyvMnuxuM  )(sup,)(supmin  

                   ))((),)((min ynMxnM  

If nGxnGyx  , and nGy  , then : 

 ))((),)((min))(( ynMxnMyxnM   

Hence  ))((),)((min))(( ynMxnMyxnM   

Therefore , nM is a fuzzy subgroup of G . 

Definition (3.7) : [1]  

Let M  be a fuzzy subset of a group ),( G is called has the suprimum property iff 

   )()(max)()(sup xfyxMxfyxM   where f is a function from G to G . 

i.e. there exists Gx 0 . Such that y=f(xo) and M(xo)=sup{M(x)| y=f(x)}. 

Now we will explain the relation between the suprimum property of a fuzzy subgroup 

M and the torsion – free support of M by the following proposition: 

Proposition (3.8) : 

Let M be a fuzzy subgroup of G  and M  is the support of M . Then the following 

holds : 

1) If M is torsion – free subgroup of G , then M has the suprimum property. 

2) If M is torsion – free fuzzy subgroup , then M has the suprimum property. 

Proof : 

1) suppose that M is torsion – free and Nn . If we deal with n  as a function from 

M to M  by nuunX  )( and 2121 )( nunuuun  ( n is a group homomorphism) . 

ker      00)()( unMun because M  is torsion – free .  

Thus n is injective iff )()( vnun  , then  Mvu  . 
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So  )()(sup uMnuxuM  where nux  because  nuxu  is singleton . Thus we obtain 

the definition of suprimum property of M , i.e. 

   nuxuMMaxuMnuxuM  )()()(sup  . 

Thus M has the suprimum property . 

2) suppose that M is torsion – free, hence M  is torsion – free by proposition 

(2.2.11(1)) . M has the suprimum property by part (1) . 

Now we give the following proposition with prove in more details as mentioned in 

[5] . 

Proposition (3.9): 

Let M be a fuzzy subgroup of G (it is enough to say that M is a fuzzy subset) and 

Nn  . Then for each  1,0t  we have : 

1) tnMnMt )( .  

2) If M has the suprimum property , then tnMnMt )(  . 

Proof :  

1) Let nMtx . Then nwx  for some Mtw and twM )( . Thus 

  tnwxwMxnM  )(sup))((  . Then tnMx )( . 

2) From part (1), tnmnMt )( . To prove nMttnM )( . Let 

  tnyxyMxnMx  )(sup))(( and since M has the suprimum property, So Gy  0  

such that 0nyx  and   tnyxyMyM  )(sup)( 0  . 

Therefore, Mty 0  and then ,0 nMtxny   

i.e. nMttnM )( .  

Hence tnMnMt )(  . 
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