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Abstract
In this paper, we study certain properties of fuzzy subgroup many basic propertiesin group
theory carried over on fuzzy group
Al
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Introduction

Zadein in 1965 [9] introduced the concept of Fuzzy set ,Anthony and Sherwood [1]
introduced the concept of fuzzy group , in this paper, we study certain properties of fuzzy subgroup.
We notice that many basic properties in group theory carried over on fuzzy group.

We will use the symbol ( *) to indicate the end of the proof.

1- Fuzzy set :
In this section we shall start to introduce the concepts about fuzzy sets an the basic definitions with
some examples, also we shall give some important definitions and properties with operation on

fuzzy set which are used in the next .

Definition (1.1): [3]

let A be anon — empty set, the function M : A — [0,1]is called fuzzy setin A .
Example (1.2):

Let X be real numberR, then the function M : R —[01]such that

1 .
1-= if x>1
M (x) = X
0 if x<1
Is fuzzy set .
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Remark (1.3) :

If we want to know the difference between fuzzy sets and ordinary sets we observe that when Ais a

set in ordinary sense of the term , so it membership function can take only two values 0 and 1 with

a characteristic function :
1 if xe A
A(x) = .
0 if xg A
Then A(x) e {o1jforall xeG.
While if Ais afuzzy setin G then 0 < A(x) <1for all x € Gthus the ordinary sets become a

special case of fuzzy sets .

Next we shall give some definitions and concepts related to fuzzy subsets of G ..
Definition (1.4) : [7]
Let Xt: A—[01], x< Abe a fuzzy set of Aand t [0,1] defined by Xt(y)forall ye A

t if x=y

Xt(y){o if x=y

Then Xtis called a fuzzy singletion .
Example (1.5) :

Letx=2ez,t=%e[o,1].

Let Xt: Z —[0/]

2% :Z —[04] then

2%(4)=0 X#Y Xx=2 y=4
1 1

2—(2)=—= , X= z
5= y

Definition (1.6) : [6]
Let M,,M, be two fuzzy subset of Athen

1) M, = M, iff M,(x)=M,(x),vxeA.
i) M, c M, iff M,(x) <M, (x),vxeA .
i) if M, cM,and there exists, xeAsuch that M,(x)<M,(x), then we write

M, cM,.
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Example (1.7) :
Let M, :Z —[0]1] such that .

- ikeg,
Ml(X): 1
Z ifXE Zo
And
% if xe z,
Mz(x): 1
- if xe
3 Z,

Then M, = M,. Where Z, is even integer number and Z, is odd integer number
Definition (1.8) : [7]

Let M,,M, be two fuzzy set in Athen :

i) (M, UM, )x) = Max{M, (x),M,(x)}, for eachx c A.

i) (M, "M, )(x) = Min{M, (x),M, (x)}, for each x e A.

Notice that (M, UM,), (M, "M, ) are fuzzy setin A.

If we generalize this definition by a collection of fuzzy sets then :
LKEJQ M kx) =sup{M{ (x)|er € @}, for each xe A .

LQE M kx) = inf{M{ (x)|e € @}, for each xe A .

Which are also fuzzy setsin A.
Example (1.9):

In the example (1.7)
If xezethen (M, UM,)(x) = max{M, (x),M, (x)}

11]) 1
=max{=,~r=—
{3 2} 2

If xeZothen (M, UM,)(x) = max{M, (x),M, (x)}
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Now

If x e zethen (M, A M,)(x) = min{M, (x), M, (x)}

. {1 1} 1

=minq=, =t ==

32 3

If x e Zothen (MluMz)(x)=min{i,1}:%

4'3

Hence (M, " M,)(x) =

B, Wl

Notes (1.10) :
1) Denote to [0,1] by 1i.e I =[01]

2) 1" ={M : A— Ifuzzyset}.

2- Fuzzy subgroups of a Group :

This section consists the concepts of the fuzzy groups which was coined by
Rosenfeld [8], who found many basic properties in group theory carried over on
fuzzy group and in the same way applied to another algebraic structures like rings,
ideals, modules and so on (See [4], [2] ) .

Definition (2.1) : [4]
Let (G, e)beasemi—groupie.,e:GxG—>G

Such that Im(e) cGand let M,,M, €IG.

Then, for each xeG we define :

sup{min{M , (X)), M , (X))} X = X, X» Xu» X, € G}}  if x e Im(e)
0 otherwise

(M,:M,)(x) {
Its clear that, M,,M, are fuzzy subsets of G. And if we take a collection {M|a € Q}of

fuzzy subsets then for each xeG:

sup{inf{M , (x,) | x= HQ X, X, €G VaeQ}}

0 otherwise

(gMa)(XF{
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Proposition (2.2) : [4]

Let (G,o)be a semi — group XtYs be two fuzzy singletons , where X.,Y eGand

t,s[01]. Then xt.,ys=(xy), where r =minft,s}.

Proof : For each z G.

sup{min{x,(z,). Y (z,)|z=2,7,.and z,.7, € G}} if zIm(e)
(xt-ys)(2)={ x(2).Y.(z)12=2,7,.and 7,.7 !
0 otherwise
B min{t,s|[x=z,andy=7}=r if zeIm(e)andz=x.y B
o othewise
On the other hand,
r if z=xy
((xy)r)(z) = : (2)
0 otherwise

From (1) and (2) we have XtYs=(xy), .
Where r = min{t,s}
Definition (2.3) : [4]

Let G be a non — empty set and closed a binary operation (e) and M <1°¢ such that

M = ¢, where ¢ is the empty fuzzy set defined by ¢(x) =0 for each xeG. Then (M,e)

is called closed if and only if MM =M .
Proposition (2.4) : [4]

Let M €1® and M = ¢. Then the following statements are equivalent :

1) (M,.)is closed .

i) For any Xt,Ytc M. Then XtYtc M foreach x,yeG.

iii) M (xy) > min{M(x),M(y)}for each x,y € G.

Now we ready to define a fuzzy subgroup of a group :

Definition (2.5) : [2]

Let (G,.)be a group and M e1°such that M =¢. (M(x) #ovxeG). Then M is called a

fuzzy subgroup of Gif and only if for each X,Y €G.
1) M(xy) = min{M (x),M (y)}.
2) M(x)=M(x™).
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Remark (2.6):
Let e be the identity element of group (G,.) then M(e) > M (x)vxeG.

Proof : M(e) =M (xx*) > min{M (x),M (x )}
=min{M(x),M (x)}
=M(x)
M(e)>M(x).
Example (2.7) :
The group (G,) such that G={-1i-i} and () multiplication ordinary and

M : G — | such that .

1 ifx=1-1
DMOI=IL i
2 1

Then M is not fuzzy subgroup .

1 ifx=1,
AMOI=IL e
2 ]

Then M is not fuzzy subgroup. Because M (i) = M(il),(M(i) =LM(@i™) =M (i) :%)

if x=1,-1
3) M(x)=
if x=i,—1I

N|Ww N~

Then M is not fuzzy subgroup .

Because M(e)=|v|(1)=%¢|v|(i)=g .

Definition (2.8):[5]
Let G be a group and M be a fuzzy subgroup of G. then we define the following:

1) M ={xeG|M(x).>0}is called the support of M. also N\ = U M,

te(0,1]

2) M.={xeGM(x) =M(e)}. Itis easy to show that M™ and M- are subgroups of G.
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Definition (2.9) : [5]
M is called torsion fuzzy subgroup of G iff for each fuzzy singleton Xt <M with t >0, there
exists n e N such that n(Xt) =0t.

Now we explain the relation between torsion fuzzy subgroup and the subgroups Mt,M *and M, by
the following proposition :

Proposition (2.10) : [5]

Let M be a fuzzy subgroup of G. Then:

1) M is torsion, iff M "is torsion subgroup of G.

2) M is torsion , iff Mtis torsion subgroup of G.

3) If M s torsion , then M, is torsion subgroup of G.

Now we are ready to introduce the concept of torsion — free fuzzy subgroup:

Definition (2.11):

A fuzzy subgroup M of Gis called torsion — free iff for each Xt = M with t>0and for each
n e N such that n(Xt) =0t, then Xt =0t.

Proposition (2.12):

Let M be a fuzzy subgroup of G. Then:

1) M is torsion — free iff M " is torsion - free subgroup of G.

2) M is torsion — free iff Mt is torsion - free subgroup of G foreach t e (0,1] .

Proof :

1) suppose that M is torsion — free fuzz subgroup iff (vy M), with t>oand
(vne N)such that n(x,) =(Q,, then Xt=,.

Now Xt=0tcMIiff M(x)>(t>0)iff X=0eM".

AlsSo n(Xt) = ot iff

Xe+Xet. ... +X=0p Iff (X+ x+...... +X);=0; Iff (nx)t = Ot iff nx=0vne N iff M*is torsion —
free subgroup of G.

Similarly we can prove part (2) .
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3- Some properties About fuzzy subgroup :

In this section we will give and prove some basic properties about fuzzy subgroup of an
abelian group (G,.)
That we will need it in the next sections .

We start the following propositions :

Proposition (3.1) :

Let M,,M, be two fuzzy subgroup of Gthen M, "M, is fuzzy subgroup .
Proof : Let x,yeG .
(My "M, )(x.y) = min{M, (xy), (M, (xy)}

{
> min{min{M, (x),M, (y)}, min{M, (x), M, () }}
= min{M, (x), M, (y),M,(x),M, (y)}

= min{mi

min{M, (x),M, (y)}, min{M, (x), M, (y) }}
=min{(M, "M, )(x),(M, "M, )(y)}

(M, A M, )(x) = min{M, (x), M, ()}
=min{M, (=x),M, (-x)}
= (M, "M, )-x)
(M, ~nM,) fuzzy subgroup .
Proposition (3.2):

Let M,and M,be two fuzzy subgroup of Gand M, cM,or M, c M then M, UM, is
fuzzy subgroup of G.
Proof : suppose M, c M, .

Then (M; UM, Xx)=max{M,(x),M, (x)} =M, (X)vxeG .

Let x,yeG.
(M, UM, Xxy) = max{M, (xy), M, (xy)}
=M, (xy) 2 min{M, (x),M, (y)} (1)
min{(M, UM, )(x),(M, UM, X(y)}=min{max{M, (x),M, (x)}, mx{M,(y), M, (y) }}
=min{M, (), M, (y)} (2)

From (1) and (2)
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(My UM, Nxy) = min{(M; UM, Xx).(M; UM, Xy)}
-.M,; UM, fuzzy subgroup .

Proposition (3.3) :

Let {M,} _ be afamily of fuzzy subgroup of G.

Then N M, is a fuzzy subgroup of G .

Proof : for each x,y € G we have :

i) (A M, 0 =inf{M, (e e @f=inf M, (-0)le € Qf= [ M, k%)
> inf{min{M_, (X),M_, () o € Q}
= minfinf{M , (X)|a € Q}inf{M_ (y)a € Q}}
= mintf;)Makx),k%Maky)}

Hence kQQMakxy) > mi”iszMaXX)’kQ,Ma)(y)} .

Therefore M, Is fuzzy subgroup of G.

Proposition (3.4) :

Let {M,} _ be afamily of fuzzy subgroup of G.

If {M_} _,are chains, then U M, is a fuzzy subgroup of G.

ae

Proof : for each x,y € G we have :
i) (UM, 0 =sup{M, (e € 2f =sup{M,, (-x)r € 2}
=luM, )

i) (U M, kxy) =supiM,, ()l € @

> sup{min{M_, (x),M,, (y) ja € Q]

= minfsup{M , ()@ € Q}sup{M , (y)|a € Q}}
Because {M, | _, are chains.

=min {u M, Jx).(w M, k)

Thus (U M, kxy) = min{u M, [x),(w M, ky)f

There for UM, is fuzzy subgroup of G.
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Definition (3.5) : [5]
Let G,+) be a group and M be a fuzzy subset of G and let ne N. Define a fuzzy

subset nm of G by :
Foreach X eG .

sup{M (y) | x=ny if xenG

(nM)(X):{O if xenG

Where nG={ny= y+ y+....+y|yeG}gG.

Now we are ready to give the following propositions .

Proposition (3.6) :

Let M, and M,be two fuzzy subgroups of G and ne N. Then the following holds :
1) M, +M,is a fuzzy subgroup of G .
2) nM is a fuzzy subgroup of G .
Proof : To begin our proof of (1) we must hold the following condifions :
i) (M, +M,)(x) =(M, +M,)—x) foreach xeG .
(M, +M,)(x) = sup{min{Ml(u), M, (W) fx=u+v,(uve G)}

= sup{min{M, (~u),M, (-)}- x = —u—v,(~u,~v € G) |

= sup{min{M, (U,),M, (v,) - x = U, +V,,u,,v, € G|

=(M, + M, )(—x)
i) (M, + M, )(x+y) = min{(M, + M, }x),(M, + M, Xy)}
for each x,yeG. Let x=u, +v,(Vu, € G),(W, €G).

y=u, +V,(Vu, € G),(Vv, €G)

Then x+y=(u, +v,)+(u, +v,). since (G,+)is a commutative group ,
SO x+y=(u, +v,)+(u, +v,) =u+v. Now we have
(M, + M, )(x+y) = sup{min{M, (u),M, (V) |x + y = u+Vv,(u,v e G)

> min{M, (Uy +U, ) M, (v, +V,[X+ Y = (Uy +U,) + (v, +V,)
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> min{min{M, (u,),M, (u,)}, min{M, (v,),M, (v,) }}
= min{Ml(ul), Ml(uz)a Mz(Vl)l MZ(VZ)}
= min{min{M, (U,),M, (v,)}x = U, +v, , min{M, (u,),M, (v,)y = U, +V, }

Thus ,

(M, +M, )x+y)= minfsup{min{M, (u,),M, (v,)J}x = u, +v, },sup{min{M, (u,), M, (v,) }y = u, +v, }}
=min{(M, +M, }x).(M, + M, )(y)}

Hence (M, + M, Jx+y)>min{(M, + M, }(x),(M, + M, X(y)}

Therefore , M, + M, is a fuzzy subgroup of G.

2. Let neNto prove nMis fuzzy subgroup of G we must prove the following

conditions :

Foreach x,yeG.

i) ("M )(x) = (NM)(~x)

M (x) = sup{M (u)|x = nu} if x e nG
o if x¢nG

_ [ sup{M (—u)}-x =n(-u) if -xenG
o if —xenG

= (M) (-x)
Hence (nM)(x) = (nM)(-x)

i) (NM)(x+y) = min{(nM)(x), ("M)(y)}

(NM)(x) = {SUD{M (fx = nuHf x & nG
0 if xegnG
Also,
sup{M(v)|y=nv  if yenG
(M)(y) = | 2P Wy =nv iy
0 if yenG

x=nu and y=nv implies that x+y=nu+nv=n(u+v)=nw
Therefore

sup{M (W) | x+y=nw} if x+yenG

(nM)(x+y):{0 if Xx+yegnG
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sup{fM (U +V)|x+y=n(u+Vv)} if x+yenG
(M)(x+Y) :{O .
if Xx+yenG

If x+yenG,xenG and yenG , then
(NM)(x+y) > sup{min{M (u), M (v)}x +y = n(u+v)}
> min{M (u),MV)x+y=n(u +v)}
> minfsup{M @)k = nusup{M (0ly =)
= min{(nM)(x), ("M)(y)}
If x+yenG,xenGand yenG ,then:
(NM)(x+ y) = min{(nM)(x), ("AM)()}
Hence (nM)(x+ y) > min{(nM)(x),(nM)(y)}
Therefore , nM is a fuzzy subgroup of G.
Definition (3.7) : [1]

Let M be a fuzzy subset of a group (G,+)is called has the suprimum property iff

sup{M (x)|y = f (x)} = max{M (x)|y = f (x)} where f is a function from Gto G.
I.e. there exists x, € G. Such that y=f(x,) and M(x,)=sup{M(x)| y=Ff(x)}.

Now we will explain the relation between the suprimum property of a fuzzy subgroup
M and the torsion — free support of M by the following proposition:

Proposition (3.8) :

Let M be a fuzzy subgroup of G and M" is the support of M. Then the following
holds :

1) If M *is torsion — free subgroup of G, then M has the suprimum property.

2) If M is torsion — free fuzzy subgroup , then M has the suprimum property.

Proof :

1) suppose that M*is torsion — free and ne N . If we deal with n as a function from
M*to M~ by X =n(u)=nuand n(u, +u,) =nu, +nu, (nis a group homomorphism) .

ker (n) = {u e M*|n(u) = 0} = {0}—because M* is torsion — free .

Thus nis injective iff n(u)=n(v),thenu=veM" .
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So sup{M (u)|x = nu =M (u)jwhere x =nubecause {u/x = nufis singleton . Thus we obtain
the definition of suprimum property of M, i.e.

sup{M u)x = nu}= M(u) = Max{M (u)x = nu} .

Thus M has the suprimum property .

2) suppose that M is torsion — free, hence M~ is torsion — free by proposition
(2.2.11(1)) . M has the suprimum property by part (1) .

Now we give the following proposition with prove in more details as mentioned in
[5] .

Proposition (3.9):

Let M be a fuzzy subgroup of G (it is enough to say that M is a fuzzy subset) and

ne N . Then for each t € (0,1] we have :

1) nMtc (nM)t.

2) If M has the suprimum property , then nMt = (nM)t .
Proof :

1) Let xenmt. Then x=nwfor some weMmtand M(w)>t. Thus
(NM)(x) :sup{M (w)|x = nw}zt . Then x e (nM)t.

2) From part (1), nMtc (nm)t.  To  prove (nM)t = nMt. Let
x € (NM)(x) = sup{M (y)|x = ny}>tand since M has the suprimum property, So 3y, € G
such that x =ny,and M(y,) = sup{M (y)x= ny}zt :

Therefore, y, e Mt and then ny, = x e nMt,

I.e. (nM)t  nMt.

Hence nMt=(nM)t .
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