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ABSTRACT
The rescaling method is presented to allow us to establish nonnegative local solutions

to the evolution of the Cauchy problem (CP) of the nonlinear degenerate parabolic p-
Laplacian process with conservation laws that are posed in one-dimensional space. This
equation has specific restrictions in the range of parameters, the non-negative advection
coefficient, and a self-similarity representing the main feature. In this study, there are several
regions to discuss the qualitative analysis for the local weak solutions and the asymptotic
interfaces in irregular domains. The solutions of the CP for degenerate parabolic p-Laplacian
type diffusion-advection equations are asymptotically equal to the solutions of p-Laplacian
type diffusion or advection equations under some restrictions. Moreover, the blow-up
technique, comparison method, and characteristic method are used to estimate the
asymptotic local solutions to the CP and the interface functions. The results of this paper
can be used to solve problems in the oil and gas industries, such as estimating and

es/by/4.0/).

controlling the size of oil and gas resources as they evolve through time.

Introduction with Statement of Problem

The mathematical equation that describes the
diffusion difficulties has attracted the attention of
numerous academics over the years. Cherniha and Serov
[1] were giving the non-linear diffusion equations a
fresh analysis and accurate solution. New modification
equations were derived by Kuske and Mileniski [2] for
the hexagon-style in reaction-diffusion systems. These
systems exhibit more non-linearities than Smith-
Hohenberg models or Rayleigh-Bernard convection.
Matano et al. [3] investigated the interaction and
diffusion equations using the spatially heterogeneous
interaction term. If this reaction's term coefficient is far
higher than the dispersion coefficient, the strong
interface between two separate phases will be visible.
They demonstrated that the motion equation for this
interface includes a drift term even though drift was
absent from the original diffusion equations.
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The researchers in [4] investigated the uniqueness
and existence of the solution to the self-similarity of
diffusion equation. A study was performed to examine
fast gas flow models by heating various materials using
a microwave and by porous media. A source function
and nonlinear diffusion-advection equation is being
investigated in Alvarez et al. 1988 [13]; Aal-Rkhais et
al. 2018 [6], and Abdulla et al. 2019 [7].

ou o (aou” ou’ p

—_——— +C +bu =0;

ot 8x[ ox j X (1)

According to [17, 19, 24], the general theory of
the CP for equation (1) and qualitative analysis are
established in irregular domains with compactly
supported initial data. This paper represents the
continuity of our previous study that we started in our
earlier study, see [5]. We provide rescaling and blowing
up techniques that are effective to estimate the self-
similar solutions. Also, comparison principle and
characteristic methods are significant to handle our
results. Let us introduce the nonlinear degenerate
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parabolic p-Laplacian type diffusion PDEs equation as
follows,

p-2 A
ot ox||ox OX OX
u(x,0) =u,(x), t=0, xe R (3)
where the parametersA>0,p>2, 0<T<eoo,c >0and

U,(X) = 0is continuous. Because the non-positive sign

of the advection coefficient c. In [14, 19, 23], There are
several uses for fluid mechanics, plasma and quantum
physics, and many other fields. One among the key
characteristics of process (2) is the nonlinearity quality,
and due to the gap created by nonlinear variables and
irregular domains, the CP is occasionally discussed with
peculiar growth condition. The equation (2) with ¢ =0,
is interpreted as a particular case of the p-Laplacian type
diffusion equation. Recently it has attracted a lot of
attention additionally it has established itself similar to a
key concept during the study of parabolic PDEs. We
provide the readers with more details in several studies
[16, 20, 26]. Also, the interface functions of the
solutions to the CP(2)-(3) are separated regions and
more studies to the behavior of interfaces, [5, 6, 7]. The
local case for the initial data is

U (X) = A(—x)? as A>0;x—>0, (@)

where ¢ is a positive and =~ is an inequality in two
sides. Direction and behavior of the interface's
movement are determined by a conflict between these
two forces, p-Laplacian and advection. As demonstrated
in [17], becauseu,is a bounded initial function that

satisfies certain parameter restrictions as x — 0, it is
suitable for satisfying the general theory. Additionally,
the study of a porous medium equation (PME) and a
growth rate conditions to nonlinear parabolic PDEs
clearly introduces the global initial data in

Uy(X) =A(—x)7, xeR ©)

This study is regarded as a classification of the
evolution of the interfaces in our scenario, where
advection dominates over p-Laplacian type diffusion
force. Our main focus in the case when the advection
force dominates over the diffusion force of the p-
Laplacian type. To estimate the interface and the
solution near a shrinking or waiting time interface under
restrictions, in Tablel. Also, studying the initial growth
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of interface r(t) ={x:u(x,t) >0}and 7(0) =0, will be
considered. To classify developing interfaces and the
local weak solutions of CP (2)-(5) close to the
interfaces, we have to use the plane («,A) in Figure 1

where ¢ > 0.
AN

p 1. (1) (4¢) 4 (p

(S5 e~
"

b — —

AW

1/(p—1) 2(p—1)/(p — 2)
Figure 1. To classify qualitative analysis of the solution
and interface to the CP(2)-(3).

To make the calculation process easy, we impose
g =p —1,the study's discussion of interfaces and

solutions are limited to three regions in Figure. Where
from the tablel, region(1) is restricted depending on
rescaling technique and we get the p-Lapacian type
diffusion dominates with expanding interface. Similarly,
regions (2) is restricted and we get the p-Lapacian type
diffusion and advection in balance with expanding
interface. The regions (3) is restricted and we get
advection force dominated with expanding interface.
Finally, the sub-regions (4a),(4b) and (4c) are restricted
and we get stationary solution with WT interface.

Table 1. Description of the Regions where p-
Laplacian type diffusion dominates.

?oer? Restrictions Interface
. -1

M a<q(g-min{4,(q+2)/2})", Expanding
1<A4;

@ | a=(@-4)"q, 0<i<(@+)/2; Expanding

@-A'g<a<(A-1"g, _

(3) 1<4<(q+1)/2: Expanding

a) | a>q(A-)", 1<Ai<(@+1)/2; wWT

@b) | a>@-A)"q, @+))/2<i<q; WT
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20@-)"<a<@-2)",

(4c) @+)/2<1<q;

WT

The weak solution to equation (2) is existed from
the definition in [5], and we can get some significant
definitions and preliminary results, such as super or sub
solutions.

Let us consider the identity as follows
o o oust ot

m(t)
U—+|— ——cu* = |dxdt + qu dx
o ax o)

nn(t)

Hwt%=jj

()

where f eC} (¥), f |,_, =0, and

Y={(x1): nt)<x<n), 7,<t< 7}
Additionally, u is called local sub-solution (or super-
solution) to the parabolic PDEs (2) if I(u,f ,¥)<0
(resp.=0). The general theory of the IVP for (1) was
studied in several papers [18, 20, 21, 22, 27]. The
authors proved the qualitative properties using the
energy and the optimal growth rate is a feature of
equation (2) that can be achieved with ¢ = 0.

Also, we need to consider some concepts that are

“=0, (6)

significant in proof our results. Let{¢, } be a sequence

of functions defined on a set E. It is said to be
uniformly convergent to @(t) on E, < E if for each

&> 0;there exists k () such that|g(t) — ¢, (t)| <e&.

From the Arzela-Ascoli theorem, let {¢,}" be a

sequence of real-valued continuous functions on a
compact set E that is ¢, €C(E), for all n, {g,}is

point-wise bounded on E. and {4, } is equi-continuous,

then {¢, } is uniformly bounded and it has a uniformly

convergent subsequence, see [30].
Governing of p-Lapacian Type Diffusion

Based on the above preparation and
preliminaries in previous article in [5], we keep going
and formulate our problem to evaluate the solutions near
interfaces in different regions. The advection term with
c >0 is dominated over the p-Laplacian type diffusion
factor with shrinking interface as shown in region (1),
Figure 1. We will prove that situation in the theorem
below as follows:
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Theorem 2.1. If a < (q—min{4,(q+)/2}) g A1>1
and the interface is initially expanding as follows

nOt™ g, as t —0", 7
where

£ = A@D/@a@-DD) (8)
and &, =¢.(A,g,a) > 0. Then the p-Laplacian diffusion
force dominates over the advection force and the local
solution can be presented as follows

u Dth(p), (9)

along x =7,(t) = pt o , Where s is a shape function

that depends on A . To prove theorem 2.1, we have to
consider the auxiliary results in two lemmas as below.
Lemma 2.1. The CP (2)-(4) has a solution uwith q >1,
O<a<(q+1)(q—2", then it provides a self-similar
solution

(1) ~ TS (L), ¢ = tray, (10)
1_q q+l

S — S [ 1+qfa(q71)’ 11

(») o(q_a(q _1)+1pj (11)

So(P)=W(Lp) , & =sup{p: Sy(p)>0}>0. (12)
where (10) satisfies the shape functionS and wis a
solution in special case. Additionally, if u,satisfies (3),
the CP(2)-(3) satisfies the results (7)-(9).

Lemma 2.2. If CP(2)-(5) has a solution u,to equation
(9) that is satisfied under the following restrictions

a. O<a<qg(gq—A)" 0<A<(q+1/2.

b. O<a<2q(q-D", (q+D)/2<i<q.

c. O<a<2q(g-D*, A=aq.
Proof of lemma 2.2. From our previous techniques in
proof of lemma 3.2 in [5]. 3x <O, then

(A=) <uy(X)/(—x)* <(A+), x <X. (13)
By the continuity of solution to the parabolic PDEs(2)
with initial data (3), X <X <00, 3o >0, depends on

and 0<t <o we have

u_ (x,t)<u(x,t) <u (x,b); (14)
From lemma 2.1 in [5], and (13)-(14), then
u <u<u, for 0<t<o, x X< (15)

Now, let us rescale the functions u, as follows,
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uo =ku, (KVex  k@a@bie) (16)
u, solves the following Cauchy Problem:

q-1
Ly=QU_ O |aur ou gy e ou” —=0, (17)
ot 8 ax ax X
u(x,0) = (A £.)(-x)". (18)

Under the conditions of the definition 2.1 in [5], the
local weak solution to the CP (17)-(18) is existed. Under
the restriction a(q —A)—q <0, the following formula

should be true

kI|m U =V, ;. (x, t) e Rx[0, ) (19)
Letv, solve
q-1 A
Lu_2u_ o ffaufau) aut o o)
ot ox||ox|  ox OX

ux t)=(A£)(x)7; u(=x,t)=0 (21
u(x,0)=(A £.)(-x)?, |x |=|x], (22)
where, O<t<o,|x|2]x|,and u; solve the following

problem
w:@_ﬁ{@ﬁ
OX

ot oX

-1
QU 04 (23
OX OX

u(k “x ,t) =k (A +.)(—x )%, u(—k “x ,t) =0, (24)
u(x, 0)=(A +.)(=x)%, k*|x | >|x- (25)

g-a(a-)+

where 0<t<ok <« ,and

q— a(q -1)+1

|X l t<ok <« }
The DPs (20)-(22) and (23)-(25) have unique
solutions. Since the finite speed propagation property
and o >O0that is chosen such that 0<t<o, then we
choose u(—x,t)=0. Applying lemma 2.1 in [5], and
from (13),(14) and (15),(16) follows. Let us verify the
sequence{u; '} converges by the assumption
h=(A +De'(Ll+x*)*?, xeR, 0<t<o.
Then we have

oul*™ au c@-a OU*
Mp M ek
OX OX OX

=(A+De'@+x*)*T in D"
where T =1-H(x)+R, and
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H(

is a continuous function on D‘k and for |x|

H(x) is uniformly convergesent where k — co. Also,

R=ce“ ML+ x2)" 7 x(A +1)* e and hence
L.u=(A+DL+x?)%e'T >h
where Dj = Dk N{(xt): 0<t<o}.Then we have

R= O(k ) uniformly converges on D/ as k —>oo.
Thusfor O<ell 1

U (X,

> x|,

U (kex ,t) <h(xkex ,t), 0<t<o.
Since, 3k, =k, (, A1) thusVk >k, and lemma 2.1 in [5]
implies

u;- =h in Df. (26)
Suppose that P ={(x,t):xeR, t<t;}, and B<P
where B is a compact region. If k,is a large and k >k, ,
such that Dy o B. Inequality (26) implies that{u, }is
uniformly bounded in B, 3Jv, is a subsequence uj-
converges such that

lim u; =v., onP.

K'—>+c0

so, when A <1, advection term drops out as k — oo ,and
Vv solves (9).

Proof of theorem 2.1. By assumption of the theorem, let
the restriction of « and A be satisfied. Since the formula

(7) comes from lemma 2.1. The lower bound of the
interface satisfies as follows

£. <liminf ()t @,
tlo* 27)

in order to get the interface's upper bound, on the other
hand assume the arbitrary sufficiently small ¢>0and

the CP(2) and (5) has a solution u with ¢=0. We will

change Ato A +. , and first and second inequality of
(14) and (13) respectively, that will be considered. We

must now demonstrate that U supersolution of (2) is
satisfied with ¢ >0, then we have

QL) T XA ) e x (- 20X (1) +)
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La =c%.\ Now we should prove 0%20. Since
‘ OX OX

the advection coefficient Cis positive so only proving

ou . . .

g = 0is required. To solve CP(2)-(3), the technique of

regularization should be considered with ¢=0 and

u =(A +.)(—x){. Now, putw=uU to prove %20

and assume that
U= max(co(xeCt (€@ —1)/ C(q+1)),0) =max(w(¢,7),0)
LT =e"“Lw+ca, [ AT e + ]

=Cao, [ AT e +¢ |20,
ow

dw 0 { ql@a)J
w=2®_0 |90 00|
or oclloc| ac

It is clear that 6w/0< >0and the reason is thatc >0

and AU *7e" +¢ >0. In addition, since wis a classical
solution, using the maximum principle to obtain U <1
in D, by reducing|x |and o to such small values and so
du /ox >0. Then it must be éu */éx >0, s0 we get
Lo ZO inD, D={(x,t); x <x, o>t}

Theﬁ r-h-s inequality of (15) holds, from a comparison
principle along with (13), (14). And so we get

RO T < (A + )T L 0<t <o

¢. zlimsup (O (28)

Therefore, 7(t) ~t™ =92, t —>0"is valid, from
(27) and (28).m

Examplel. We consider the solution of CP (1)-(2) over
the n(t) ~ St/ P2 with
p=3,a=0.5.This example to describe the situation

where the diffusion dominates. Then we get three cases.
If £.=0,1.8, 1.4. Firstly, 7(t)=0,the interface has

waiting time for the initial function (2). In second case,
n(t)=0.2and third caser(t)=0.4with the constant

C =8and the interface is expending.

interface  function
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|— Toterface n(t) = 0|

0.2 0.4 0.6 0.8 1

1 08 06 D4 02 0
£
10 . . . . . . : —
- ~\\—*—Inl.seri'ar:e n(t) = 0.Q|
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3
o ! ! ! ! !
1 ©08 06 04 02 0 02 04 06 08 1

T

‘I+|Irll.e1‘£'ar:e u[f} = 0.4|

-0.2 o 0.2 0.4
T

Figure 2. description of the solution where the diffusion
dominates with expending interface.

-1 08 -06 -04 0.6 0.8 1

Let us take some values where £, =0,0.5,1,1.5; to show
behavior of the solution u(x,t) near the interface
function 77(t) =t P22, with p =3, =0.5; in the
Figure 2.

Balance Situation between
Diffusion and Advection

In the previous study in [5], authors discussed the
balance of the p-Laplacian type diffusion and advection
forces in the case where the diffusion force stronger than

advection force with the restriction (A >A,)and no-

p-Laplacian Type

positive advection coefficient. On the other hand, we
identify also in this section the same case but when the
advection coefficient is positive, and under the
restrictions of the parameters as shown in Figure 1
(region(2) in table 1).

Theorem 3.1. If o =q(q—A) *with 1 <(q+1)/2and

A= [@-)a (01" (29)
And if the initial data U, is satisfied (3) then the interface
has the formula 7 ~t%§*,t — 0" which is expanding

according asA > A.and &, is a positive value. Also, the
self-similar solution

u~t'S(p), ast—>0", x=¢&,(t) =t p. (30)
whereS(p) >0is a shape function forp <&, and

=(Q+D(g—4)—q(g—2) >0.1t is evident from
lemma 3.1 that global solution to CP (2),(4) satisfies
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—(a-4)

u(x,t)=t’s(&), &=t ° (31)

n=4&t 7, (32)
where, 77(t) is expanding, S(0) > O (see lemma 3.1), and
for 0< X <+00, 0 <t <+oo, such that

At (& -9 SUSAE (G-,
which indicates (34)
observing the r-h-s of (33) (respectively (34)) relates to
(31) (respectively (32)).
Lemma 3.1. Under the restrictions of parameters

a=q(g—A)"and 0<A<(g+1)/2; then the CP(2),
(5) has the self-similar form as follows

X3

O0<t<+oo,

(33)

(g=4

u(x,t) = S(E° ,E=xt~ 7
withS(0) > O under the restriction

Proof of lemma 3.1. The same technique in [5], we
assume that rescaling function for k >0,

(35)

u, =ku(xk ', tk ), (36)
that satisfies CP(2),(5). Then the global solution of
CP(2),(5) is existed and unique. Thus,

U=ku(xk *, tk). 37

By choosingk = t* and assuming the shape function
S(&) =u(&,1) solves the boundary value problem

wien G £510)
&S - e - e °CV 70 ©®
S(E) ~ A(-E)" £ 2 ES(E) =0, & <& (39)

whereS satisfies (38)-(39). Thus, (31) and (32) are valid.
Let us consider the initial data (4) and similar technique
as proof of lemma 2.2, then (13), (14) are easily satisfied
from (4). Therefore, from previous results, implies

u, (&,(z), ©)~7°S(p,A), as 70" (40)

wherez =k *t, 0 from (40) and (15) , the formula (35)
follows for the arbitrary value _ > 0.

Proof of theorem 3.1. Under the condition A > A., the

CP(2),(5), has a unique solution and the self-similar
form (31) in lemma 3.1 is satisfied. Assume that

h~1%S,(&), in U. (41)
To estimate Lz in U ={(x, t): O<x<§1tq-;9&, t >0},

where S, (&) =A,(&, — &) with some constants A,> 0,
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£>0, a,=q(q—-A)">&,: Calculating Lz in Uas
follows
Lza=t

o5 =95 (-
LS, =-25:(¢)

(q+1)(A-1)+1
£

L°S (42)

U=es, )

9

=S, 'S, Q) +c(S{ (&)
By substituting the value S,(&)in (43),

(43)

0 _ﬂ B _ (q+1;(7xﬁ_—1)-1 _ q-1 q_,1 B %
LS == Ajl&-9). {1 (A/A) +—(M)9§o(§o 8. }

if 2>1, c>0. To estimate the r-h-s of (43), we choose
& =&, A, =A,, then it becomes

A e ] g2 Q-4 muew
A9, {1 (aja) s }

since A, > A. where

L%, =

A [ o j“ & and 0=£ <, then
L5, > =20 Al (6 -0 - (AyA) ) @9

Therefore, from (42)-(44) then

La(x, t)=0, for x> tq%,t>0.

(x, 1) = 45)
La(x, t) >0 for x<{&t 7 ,t>0;
fi(x, 0)=u(x, 0)=0 in 0<Xx<X,, (46)
7(0, t)=u(0, t)=0 in 0<t<-+on, 47)

where X, >0 is arbitrary. We use (45)-(47) and by the

comparison technique (lemma 2.1 in [5]) in the domain
U . Thus the desired lower estimate in (34) follows. To
estimate the I-h-s of (33), we choose #as in previous
situation A <1, &, =q(q —1)". Choose &, =¢&,,A, =A,,
then

q+1)(2-1)+1 _ 29-2(q+1
N ROV et
It implies that
L, < A/ (G- ) {‘52 A A +(—C)i(9)A’“’1(q—1)q’lf%}
9 * (-3 2 2

is satisfied if A, >A., where

qa(-4)

_ &'
A, = =
(€)A(H@-D"q
Thus, we obtain that

(AT8@ -1 - &),

0
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q-4

LZ<0 in x <&t 7t >0;

q-2

Lz=0in x >&t 7,t >0;
with initial and boundary values conditions (46),(47).
Moreover, the value &, is arbitrary to estimate u. So, we

have proved the lower estimation under A, >A, >0

forA<1.Thus n ~th§*, as t —>0"is valid, from the
upper and lower estimations and comparison theorem.

Governing of Advection Force

Based on the above techneque and preliminaries
and from our previous study in [5], we keep going and
formulate our problem to evaluate the solutions near
interfaces in different regions. The advection term is
dominated over the p-Laplacian type diffusion factor
with expanding interface as shown in region (3), Figure
1.Now, let us prove the situation in the following
theorem as follows:

Theorem 4.1. If q(q —A) ' <a<q(1 -1, and
1< 1< (q+1)/2and the interface is initially shrinking

as follows 7(t) ~t1"‘(1H)p*; as t—0", where
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and p. = p.(c, A, A, &) >0.Then the advection force

dominates over the p-Laplacian type diffusion and the
local solution

U~ A[CAG 1™ 4 x]7, (49)

along x =pt1’“(11’1’ , CAG ' < p.To prove theorem4.1,

we have to consider the auxiliary results in the two
lemmas as below:
Lemma 4.1. The CP(2)-(4) has a solution uwith

1<A<(q+1)/2, a>0.Then, there exists & >0for

all p<é&., such that lim,_ _u =v, solves a
nonlinear advection equation
A
N, o (50)
ot OX

v=(A +.)(-x)* (51)
Lemma 4.2. Let CP(50)-(51) have a local weak solution
u for A >0and if g(@-A) t<a<gA-1)",

1<A<(g+1)/2, thenas t40,

240
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u(o, t) =o[t=]
forall p.(A, a, 1)< p;there exists G, >0, such that

U=A[CAG ™ 4+ x]7, O<t<o (52)

along x=7$,(t)= ptl"”(l’H). In particular, if p=p.,

then (52) is satisfied

G, =[cA(A-DaAY*]¢ 0D and G < p./(CA).
Proof of Lemma 4.1. Firstly, from the previous
techniques in proof of lemma 3.2 in [5]; X <0, then

(A—)<u,/(—x) < (53)
By the continuity of solution to the parabolic PDEs(2)

(A—-.), X SX<+o0

with initial data(3), 3o >0, depends on _and 0<t<o
we have
u_ (x,t)<u(x,t) <u (x.,b); (54)

From lemma 2.1 in (Aal-Rkhais et al., 2021), and (53)-

(54), then

u_ <u<u, for 0<t<o, x <X <o (55)
Now, let us rescale the functions u. as follows,

ui-(_h = kui; (kfﬂax , k(a(i—l)—l)/at)’ (56)
u. solves the following Cauchy Problem:

A-9)+q 4
Lu=@—k( >+ ﬁ(laulqlau+ ou _0,
ot OX OX OX (57)

u(x, 0) = (A +.)(—x);. (58)

Under the conditions of the definition 2.1 in (Aal-Rkhais
et al., 2021), the local weak solution to the CP (57)-(58)
is existed. Under the restriction «(4—q)+q <0 the
following formula should true

lim Uo =V, ;.(x, t)eRx[0, )

k~>+00

(59)

Let u. solves the problem
Ly _a 0(|67u|q18u) au -0 (60)

A XX X
u(x, )=(A£)(=x)7; u(=x,1=0, (61)
u(x, 0)=(A £.)(=x), Ix |2 x]. 62)
Also u,- solves the following problem
=2 g 0= |‘“a“) oo

ot X OX (63)
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u(kx )=k (A£)(=x)% u(kx , 1)=0. (64)
W0x,0) = (A £ )(x), IXI<k? Ix [ (69
where

o (A1)

; L O<t<ok « }

The DPs(60)-(62) and (63)-(65) have unique solutions.
The finite speed propagation property, and let o >0be
chosen such that 0 <t <o where u(—x, t) =0.Applying
lemma 2.1 in [5], and from (53),(54) and (55),(59)
follows. Let us verify the sequence{u, -} converges by

the assumption
h=(A+De'(l+x*)? xeR, 0<t<o.
Then we have

@ a(a a)-q £(| Oh |q—1 @ c on*
ot OX OX
=(A+De'(L+x° )“’ZT; in DX
where T =1+ H(x) +E, and

H(x)=

L=

(+x) e 1(A+1)ql e g ((a-2x2(1+X0) " +1)

(q)q

x|, thus H = O(k )
uniformly converges where k — oo, Also,
E =ce“™ )% X(A +1)* a2 and hence

LAa=(A+1)@A+x*)2e'T >h
where Dy =Dkﬂ{(x t): 0<t<o}.Then we have

R= O(k ) uniformly on Dk ask —oo. Thus, for
O< . 04,

a(x, 0) =u (X, 0) on |x|<k=|x ]|,
A(EkEx 1) > uf (tkex 1), 0<t<o.
Since, Ik, =k, (e, 4) thus VK >k, and lemma 2.1 in
[5] implies

U <# in DX. in DY. (66)
P ={(xt): xeR, 0<t<t,},and
B — P where B is a compact region. If K, is a large and

k >k, such that D = B. Inequality (66) implies that

Suppose  that

{u; }is uniformly bounded in B, such that there exists

a subsequence U, - converges to V . that means

lim u; =v. onP..

k'—>+o0
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So, when A <1, p-Laplacian type diffusion term drops
outask — oo, and v, solves (50)-(51).
Proof of Lemma 4.2. Let usolve (50)-(51) and assume

thatv =u”™, then v solves

N e o, v(x, 0) = A% (—x)** Y, (67)
oy OX
Applying the characteristic method for (67). Let

z =V(X, y) and consider the characteristic system

dx

— = cAz, X(s,0)=s;

pm (s,0)

dy

— =1, 5,0) =0;

pm y(s,0)

Z_i =0, 2(5,0)=A""(-95)7"7.

Since the Jacobian determinant is nonzero at the point
(s,0) then we obtain existence of local C'-solution. The

system of ODEs has the following solutions
x(s,t)=cAz (s, t)t +s; y(s, t) =t;
2(s,t) = A" (=) P,

then we get the implicit solution of (50) that is

u=A[x+ciu*'t] (68)
then the solution along x =7, (t)=t™“7 p is
U7, (), 1) = AT i ), )+ ol (69)

By assuming that u(z,(t), t) :t“’&’”Gp is a solution of

the implicit equation (69), then we get the following new
implicit equation depends on a variable G, > 0, where

G,=Alp+CciG/ " >0, G,>(p/(cA))’* ™.  (70)
To find the optimal value of (70), we assume that
M(G,)=A"G? —cAG " =—p, (72)

and under the restriction 1<A<(q+1)/2,a>0;and
M (0)=0, M (+x)
value G, >O0suchthat M "G, ) =0, where

=+oothen there exists a minimum

G, :[c}t(/l—l)aAi]“zri‘*“. The value of p.is coming
directly from (71). Then for p <caG’*the function
(69) along 7, ()=pt=> solves the implicit equation
(68) as well as G, solves (70), therefore (52) holds.
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Proof of theorem 4.1. The initial u,satisfies (4) and
assume that _>0is arbitrary small, 3x <Osuch that

(52) is satisfied for X <X <+oo0.Then let us consider a
function

(X, 1) = (A +.)[GE7T (A +. )70 +x]*, where

G = cA[cA(A —Dal" 7 >0.To estimate L in

D, ={(x, t): x <x<n,(t), 0<t<o}and ;

n,t) = ptm, where p<p. and p. satisfies (48).

Also, for o >0 is chosen such that 17,,(@)=x.We

get
Ln =" {T}
T =—a"(@—-1q(A +.) " S“@D _coi(A +.)*
aA-a)’-a (A1)

1 (i 1-1
+aG-a(A-D) (A +.) T g et
where M =x +Gt =™ (A +,)“<H) Choose x <0 with
|x | sufficiently small, such that |T [>. /2 in D, that

implies Lh(zh&%(,/Z). Moreover, let us prove a
relevant upper estimate by considering

A, ) =AXTE +x)7 in N__,
where, N, , ={(x, t): 0<t<o; 7, <X<+oc}, with

p€lp.,+o) and from (49) for arbitrary p = p. and for
.>0, 3o =0( ,2e) >0 such that
u(7, @, ) <A+ ) [p-(A+.)G] (72)
Calculating L7 in
L={ 0 7, () <x<&T, t<od,
L7 =t#i“T;;
T={Aﬂa—au~nr%p—éﬁﬂa+z—mm—@*m—;)

a1 qi sant . CA
_AP . tla(ll)_ 4 q;
~ ((q—ﬂ)zj e }(p &)

Let o=0o(.), be so small, then we have

q—A4)° q-2
hence

L7z>0 in N/ . (73)
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By using (73), we can apply [5, Lemma 2.1], in
N’ =N __ N{x<x} for Vx,>0, such that

Li=0in N, _/N;_, (74)

U0, @), <A + 7P [p-(A+ )] (75)
u(x,0) =xA(x,0)=0; u(x,,0)="~r(x,,0)=0 (76)
since X, >0is arbitrary, from (73)-(76) and comparison
theorem Vp > p,, . > Othere exists o=o(., p) such that
Ut S A(E )% in N7 )
Now, we shall prove the lower estimation by considering
R (1) = (A = )X+ G(A — ) I,

From lemma 4.2, the formula (49) is satisfied along the
optimal curve 7, (t)= ptml"’” where p(—.) satisfies

(48). Estimate LA _ in

D, ={(x, )% <X <, O30, O =77 p(=)
Now to calculate Lh_ :

La = ) — (7 " (7)), +c(il),

i aA (A =) Q- a0y

q

+aqq(1—a"l)(A—,)%h(j’—% D-(1) —(C¢)ad(A -.)" }

If |T|<&/2 in D, so

L >(D2)n"« (respectively) Li <—(3 /27" in g
u(x,0)<n (x,0) (respectively) uy(x)=7%_(x,0), x =X .
Because of the continuity of functions u, 7. ; and
o=0(.)e(0,0,] such that % (x,t)>u(x,t) and
since p=p. and
(respectively)  7_ (x, t)<u(x 1), 0<t<o. From

lemma 2.1 in [5], it follows that
h_ <u<n, xzX
7, ,O)<n(t) <1, ().
which implies (48). Evidently, (49) is valid along 7(t)
such that
7T p(— ) <op(t) <tUUE, 0<t<o

with & = ()

.>0 are arbitrary numbers.

(78)



P- ISSN 1991-8941 E-ISSN 2706-6703
2024,(18), (01):234 — 245

Stationary Situation with WT Interface

In this part, we consider the parameters when p-
Laplacian type diffusion and convection are in
equilibrium. This parameters as shown in Figure 1
(region(4) in table 1) and it is presented in the following
theorem.

Theorem 5.1. Let a<(1-1)7"qg, 1<A<(g+D)/2,

and a>(q-1)"q, (q+1)/2<A<q, then the advection
force and the p-Laplacian type diffusion are in balance
and the interface is in WT.

Proof of theorem 5.1. To estimate the upper-solution
and sub-solution by assuming the functions

h, =(A+.)(X)" and h_ =(A+.)((z-t)/2) (-x)®,
where 0<t <7, and A>0. To estimate upper case, let
assume that (1 —1)"q < «, then we directly get

h, =(A+.)(—X)T7 2u(x,t), if |0 1.
On the other hand, to get the lower estimate for u let
(1-1)7"q>«a such that,

n =((-t)/ 1) (A —.)(~x)"
Uy () =A(=X)% 2 A(=X)77,

3x <0, for X <x<0, and by continuity of the solution
there exist o >0 such that u(x ,t)>#%_ (x ,t). Also,
e get ; ; %
La_ <0, in P"={(x,t):x <x <0, O<t<a}.
To calculate Lz when a,=q(A-1)7", it implies
L#_ <0inP’. From the comparison technique and
Iemrﬁa 2.1 in [5], it implies that #_is the lower
estimation of u.Thus, we get #_ <u sh; .

Conclusion

The model of nonlinear parabolic p-Laplacian
type diffusion equation with convection term under the
condition of a non-negative convection coefficient was
discussed by using self-similar form to local solutions in
irregular domains. Classification of behavior of the
interface and the local solution near the interface was
clarified and estimated in four parts. Firstly, the p-
Lapacian type diffusion dominates over convection force
with expanding interface(tablel, region(1)). Secondly,
the p-Lapacian type diffusion and advection in balance

Journal of University of Anbar for Pure Science (JUAPS)

243

Open Access

with expanding interface(tablel, region(2)). Thirdly, The
convection force is dominated over p-Lapacian type
diffusion with expanding interface(tablel, region(3)).
Finaly, stationary solution and WT behavior of the
interface were considered (tablel, region(4)). The
interest of this study is that model can be used in a
variety of fields, including chemical process design,
biophysics, plasma physics, quantum physics, and
others.

Nomenclature
To clarify the meaning of some notations to readers,
we add the following notations.

Notation Meaning
ODE Order differential equation
PDE Partial differential equation
PME Porous medium equation
IVP Initial value problem
CP Cauchy problem
DP Dirichlet problem
WT Waiting time interface

p PuUY
Banach space of continuous functions

c(P on ¥ with the norm [lu|l¢) =
max ey |4 (x, £)l-
Banach space of continuous on ¥
C21(P) with x-de_zrivatives up_to t'he order 2,
xt and continuous t-derivative up to the
order 1.
There exists a constant C such that
f=0(g9) | Ifx)| < Clg(x)| for all x sufficiently
closed to x,.
)+ max{f, 0}
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