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1. INTRODUCTION

One of the best methods for solving ordinary differential
equations (ODEs) numerically are the Runge-Kutta methods.
Many methods were discovered from 1895 tell now. "The
search for better methods is always up to time" [1]. Here we v . Predictor
made a connection between the predictor corrector (PC)
methods see[2,3], the Geometric mean (GM) formula and
expanded "the front of computation" to have a new parallel $ : Comvocter
method. "Evans, Introduced a new Runge-Kutta method used U, ul u
the Geometric mean (GM) formula [4]". We gathered those
ideas by using the Implicit Runge-Kutta methods,which

computation front

p P
un un+1

p

un—l

previously calculated values | the values will be calculated

Fig.1: illustrates the definition above.

represented the backward form, from the Explicit Runge-Kutta 2. METHODOLGY
methods which represented the forward form [5]. At last, we 2.1. The Gm Method
introduce the new parallel method namely (PPCGM1 method). Uy — Uy = h (Z?:l m) )

1.1. Definition of the Computation Front
"The computation front is the imaginary straight line that
separates the values which are next to be computed (be

numerical algorithms) from all previously computing value Where 7;,5;; >0, h; is the length of step, u,, = u, () -
problems [6,7]". It is shown in figurel bellow.

Where,
Wi = ¢(tn + rihi ,un + hz;_:%lsuwj ) i= 1,2,3, w, oL (2)

If we regard ¢ as a function of only u. "this will
considerably reduce the lengthy Taylor series expansions of
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So (2) becomes,
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2.2. The Ppcgm1 Method
PPCGMI calculates u?

n+1

c

depended on  uj_; and

calculates uS depended on u§_; and ul , which has the
form,

ub L —uS_ =2h(wiwy) ... (4)

wy = @(tpq, Up—1) »

And,

u§ — ug_y =h(JLLy) ... (5

L1=¢(tnlu2) 5 L2=¢(tn_h

w, = ¢(t,_1 + 2h, uS_; + 2hw, )

,ub —hL;)

Process of PPCGM1 mode is shown in fig.2 where u! is
the predictor values, u§ is the corrector values and the red line
represents "the computation front".

X
)%

compitaionfront

up { forward )

—C (backwara)

n-1 ] n+l

Fig. 2: PPCGM1 mode.

Derivation of PPCGM1 Method
The predictor part of Geometric mean second order, which
has the form:

ub, — ul_ =2h(Jawbw,)... (6)

wy = ¢(Up_y ), Wy = ¢(up—y + fhw; ) , where a,b, > 0
To derive (predictor part) of PPCGM1, expansion of w; and
w, gives

=¢(up1) =9
wy = ¢(ug_y + fhw; ) = ¢ + Bhwiye | + o(h?)

Now,
abw,w, = ab¢? + abfh¢p*¢,c_ + o(h?)
So,
1
(abw,w,) 2 = (ab¢2 + abBhd> e | + o(h2)) g

= (ab)'2¢ (1+ Bhopyg_, + o(hZ))l/2

(abwywy)z = @0) Vo (14 2 s, +0(h?)) .. (D)
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When substituting eq. (7) in (6), we obtain

ub - ub = 2(ab)"2¢ (h + B2 ¢y, +o(h 3)) .(8)

Compare the last eq. (8) with Taylor eq.[9] of the form,
1 = 2h¢ + h?pp,,  + o(h3)..(9)

Uptr — Up-

We get,
2ab)' 2 =2 ,p=1

Which are 2 equations and 3 parameters, that is mean 1
freedom degree, by choosing a =1 (since a € (0, o) ) then
b=1.

Getting the system,

el — Un—q = 2h (Ywywy)... (10)
wy = ¢(tro1, Un-1)

Now, the corrector part of PPCGM1 is from the backward

uP

w, = ¢(t,_ + 2h, uS_; + 2hw, )

technique,
ui_, — uf = —h(yJalL,bL, )...(11)
and,

=¢(ul) , Ly=¢(ul—phL,)
Now, by expanding L; and L, , we get

=¢p(uy )=¢
= ¢( up = BhL, ) = ¢ — Bhop,p + o(h*)
al, = a¢

bL, = b — bBhpp,» + o(h?)
abL,L, =abgp? — ab[)’h¢)2¢uﬁ + o(h?)

1 Y/,
(abL,L,)"/2 = (ab¢2 — abBh¢?¢,» + o(hZ))

— (ab)2¢ (1 — B pp+olh 2)) . (12)

Substitute (12) in (11),

uf_y — uf = —h(ab)'2¢ + = p.p +0(h?) ..(13)
Compare eq. (13) with Taylor eq. of the form [9],
h2
Up_q — U, = —ho + 7¢)¢un + o(h3) .ooeoenn. (14)
We get,

2(ab)'2=2,=1

Which is 2 equations with 3 parameters, so having 1 degree
of freedom.

Choosing b =1then a=1 .
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The corrector part of PPCGM1 has the form: —_
g 2
c — =
Up = Up—q = h (y L1y ) ... (15) ~ | § 5 = =<l =
SIE| |2 ]| ®|EZ] =
= | = 8 S 272
— P — P | [ I
Ly=¢(t,, ul ) and L, = ¢(t, —h, ul —hL,) 2 E = = g% =
9 -]
Equations (10) and (15) represent our PPCGM1 method, 5 = .
ub | represent predictor part and u§ is the corrector part.
o <+ , o o ,
. ope S - o =) =3 4
2.3 Analysis of Ppcgm1 Stability Sl 2] 28w Z128_18w
. S o S Jaes| = S )
Runge-Kutta methods have an important feature, that they =1&al |3 =3 - 2
are stable," if we take a suitable small step size 4 [10]". o
e . = w0 ko I ol ®
"We test the stability of Runge-Kutta methods by using the =131 s E § S S b
. , . — ] en [y
known test equation % = Au [11,12] where 1 = d¢/du is 2121slg|g] s 3 &
) < S g < =N a
constant ". il I =T R BN IR
To test the stability of (the predictor part) for PPCGM1 “|als]lzl| = s ©
method which had the form, w | B |8 sls S S|z
< R S S ) = % 3
p 1213181812 & |3
Uy — Unq = 2h(wiwy) =l ]ls]|<] < - | s
wy = P(thoq, Up—1) » Wy = @(tyq + 2R, up_y + 2hw,) olslzlel]l =~ NS
2 = I - < - x
And to find the interval of absolute stability, we used "the Sl1gl1zlel=] 3 |8
Lo " cl=al1=s]18]l8] s 2| S
test equation 2 = Au ", So, ]l 3]l S - s
wy = P(tnor, Uno1) = Aupy .. (16) celalalel - o ©
w2222 2|8
wy = @(tn-1 + 2k, ug_y + 2hwy ) = A(ug_q + 2hAug_y) SlzlzlalE]| g R S
cl=a1s1818|s] & ]S
(17) — S = ~ S - =
Equations (16) and (17) substituting in (10) we get,
celsxl1818ls]| 88
1= = =~ o w) — o [yl
p c c c 2.,,C 1/2 8 & & o & g 2 =z
Upy1 — Un-1 = Zh((lun—l) X (/1 Up—q + 2hA un—l)) s R S e S S K =
2525222
wP, = u_; +2hAus_(1+2h) 72 . (18)
Dividing equation (18) by uf_; and putting z =h 1 we wl@ S| 3|ElZ] 2|3
; slelzlsl=sl&8| 3 |CE
get, =lz12318|1g|12| 2|8
My _ 1y
v=—"H=1+22(1+22)72...(19)
-1 lala]&] = e |3
i i iti ity s|E12|5|g[E| &%
Equation (19) satisfies the condition of absolute stability if 3 B BN R 21 2 § S
[ [
|| < 1 where z satisfies the condition when z € (-2,0) this 2l<lslsS] 22
interval is considered as the stability region of PPCGMI.
. =l 8|8] ¢ S
3. Test PPCGMI1 in examples w | @&l 2] 3]lal] = 2 Q
3.1 Examplel Sl&2(glz|2|1E|5|z2
.1 Example S =N = g|s = g g
We use the IVP example @ = —tu? , u (0) = 2, and h= I R B BT I IR
0.005, to test our PPCGM1 it is shown in table 1 below.
B I I = T N
. 1= — a < [<a) — [=a) o
Table 1: Results of PPCGM1 Method applied to examplel slgs|lal2]&8] s S PN
o L =y 0 a S @
s =N S S = = ® o
. d > > g =) >

79



Open Access

Journal of University of Anbar for Pure Science (JUAPS)

-ISSN 2706-6703

"

1991-8941

020,14 (2):77- 8

- ISSN

"
Z

l.n —n] c0s6v000 | so610000 | tivssooo | ossorroo | szesotoo | evsizzoo | roveszoo | oozescoo | ortervoo | eczisvoo
@).n pousam $000066°0 86L6'0 | L1169696'0 | svziceseo | coLcosveo | zezsesceo | 96669Lz60 | vLrssoren | coocesoso | oLszsreso
ot jeossepp oy | 150000660 | 668686L6 1169696 bTLE6S6 6LE68Y6'0 | TETsesee 6669L76'0 | bLPS89T6 6506 8786

lan — | L£0S6+00°0 | vpzosero0 | Locosszoo | coessscoo | sercocvoo | sosesosoo | ocLresooo | osezesLoo | eoLrezsoo | 6950906070

an I 8v666600'T | 616bLr10T | L8esee10r | 96zssczot | veozeszor | sscozeot | ceoveosot | seerrivot | zoeszsrot

;n—n 80066000 | vssseroo | sizoszoo | serescoo | oozproro | tiseosoo | eoriseoo | szocecoo | cocizsoo | siegos0o

n croser00T | spssLe00t | 9scovkior | teoco6tor | zoszoczor | sovcoszot | seesvzeot | zezerosor | Lrozeorot | Liisosvor
()n uopnyos exy | 96v0s66'0 | 0610660 | Tovbsseo | Loccoseo | osozoeo | szzizeo | wszeoeo | oozocoso | LseLsseo | ecsovseo
130 TeA $00°0 010°0 S10°0 020°0 S70°0 0£0°0 S€0°0 0v0°0 SH0°0 050°0
=

g . q
— B =
I m g
S5 £
LT806¥00°0 6¥6£6S00°0 ¥0590L00°0 06£87800°0 86¥65600°0 60L66010°0 8688¥C10°0 Y€690v10°0 LLIELSTO0 1868VL10°0 = ﬂ“ N
=R
££988986°1 0S0TSH86°1 88¢96186°1 YoLIT6LO'L 0EV8T9L6’T 99%91€L6’T 78098696°1 LIYLEII6'T 0780L796°1 7SE988S6°1 Nm m
SC &
[a+
SOLEYIOO 7018910°0 01S610°0 vO1IvTT0°0 801SST0°0 9118870°0 8TIETE0°0 €r109€0°0 $9166£0°0 610¥¥0°0 .._L.W ..w
o =
N =
€€9¢€1L00°C ¥856£800°C ¥085L600°C 9€ETTIN0'T LTTOLTIO'T 0€SIPPI10°T 96T¥7910°C €8STISIN'T SPI1070°C 607770°C Il m Ww
S “ —_—
STYT0T10°0 (122454 UXI] 60S78910°0 6097S610°0 0SLTYTT0°0 9€67SST0°0 €LIES]TO°0 YoreeTeEno LI8€09¢€0°0 LETY66£0°0 .wp. M w

5
= (@]
€0STLO0T 901+800°C 8€LL600°T 14124814 LOISTIOT €S8PY10°CT 8Y97910°C 96V1810°C €0¥1020°C LLETTTOT mm W
o Gy
oy O
7896£66°1 8ST8T66°1 SS8S166°1 LLYT066°L 6C718886°1L €I8TL86’1 9€S9S86°1 T10€6€86°1 VILIZ86'L 0861086°L W w hS
38 %
SS0°0 090°0 $90°0 0L0°0 SLOO 080°0 S$80°0 060°0 $60°0 001°0 _|D.1 Mw m o~
E22 o
S o el o
5 = 2
S S 3
o e

e =~

80



Open Access

Journal of University of Anbar for Pure Science (JUAPS)

E-ISSN 2706-6703

1991-8941

P- ISSN

2020,14 (2):77- 82

The authors declare that there is no conflict of interests

regarding the publication of this paper.

LS 8 4
< = = =
3522
$E Do
9€€90S1°0 9ELTIIN0 09112LT0 668Y€81°0 26TES61°0 0€L9L0T0 1L9S02T°0 8S90¥€T0 0vET8YT0 g Hu Dw mo
—_ 2 ]
S 2w E
TLTSYIPL0 PTOLETEL'O SPSI6LIL O 09290€0L°0 0STILL8I0 PTIL61ILI'0 09€£9559°0 68€898¢€9°0 10€¥0129°0 m m .m Q
£ 6 23
(a9 o o >
€PT6T8LI0 T98TLYSI0 6SI¥0161°0 LEEETLOT0 Y6S0€€0T°0 6119260T°0 66001S1T°0 01LT7802T°0 LTIVY9TT0 5 = M kVuJ
©c g =
0TTT1680°1 S6VSET60°1 P8LTSS60°1 81+9860°1 I8L69101°1 1L969%01°1 9€6€9L0T°1 099TSO01T°1L €TOSECTIT'T kS M m “m
v on .= =
= £ 2 .
T9918LI0 SLO9YSI'0 £576061°0 SITIL61°0 6861€0T°0 $8S160T°0 Y200S1T°0 STELOTTO S0S€97T0 2 E = m
=]
g °
09668801 L8EETTO0°1L PILIPS60°1 1€0€5860°1 0806S101°1L W0yesHor’l €80VSLOL'T 90TEF0IT’L £€S89TEII'L " 28 2 @ -
=} > = sy
L6T8016°0 £979L06°0 9810670 ¥80¥106°0 816£868°0 SSEPS68°0 £8€5768°0 $669688°0 6L16988°0 m m g 2 I m
®@ € a8 =
Q o
011°0 SIT°0 021°0 STI'0 0€1°0 SET'0 0r1°0 SPT'0 0S1°0 = 3 w g g m
So%8E 3
=250 &
m & o M =
883 < R
A-n S O ~— C
THILSS0'0 18€0€90°0 STSS0LO0 0SI1€8L0°0 £rE€€980°0 0029+60°0 8T8IE01°0 6v€0TI1°0 L6STITI0 S7990€1°0 90LY0V1°0
667LSE88°0 LYYSITLY 0 76£95098°0 0€16L8V8°0 95S789¢8°0 8SHSIPT8 0 Y6v9TTI8°0 6L1¥966L°0 £989L98L°0 86979€LL'0 €196109L°0
8L90L860°0 80¥59901°0 Y90SHPI1 0 £r6607T1°0 0€€096C1°0 66v969¢1°0 SILSIVPI'0 THILTISTO 0T€TT8ST0 €6110S91°0 €60ELILT0
1L66T6V0°1 1T7S9T€S0°1 €9LSTILSO'T 1#8L6090°1 S68TLYI0’ L 0901#890°1 9Pe0TL0T 9TTLSSLO'L TLYS06L0°T EIELYTIS0'T 09878S80°1
SL0S860°0 0€94901°0 SLITPIT0 8€T6ITI0 8YEV6TI0 P€089€1°0 12€0v91°0 9¢€TIISI0 Y0808S1°0 6v06+91°0 P66SILY0
6v0016¥0°1 TPLOESO'T 6vbL69S0°1 8L708090°1 0S095+90°1 006¥7890°1 6S6981L0°1 ISETPSLO’L 861168L0°1 S19¢€€780°1 S1L69S80°1
6765056°0 11199%6°0 690LT¥6°0 68L88¢€6°0 9ST1S€6°0 9SHY1€6°0 PLESLT6'0 8667760 S1€8076°0 TIEPLI6°0 9L60¥16°0
SS0°0 090°0 $90°0 0L0°0 SLOO 080°0 $80°0 060°0 $60°0 001°0 SO1°0

81



P-ISSN 1991-8941 E-ISSN 2706-6703 Journal of University of Anbar for Pure Science (JUAPS) Open Access
2020,14 (2):77- 82

Acknowledgments [6] Khalaf, B. M. S.,1990, “Parallel Numerical Algorithms for
The author is very grateful to the University of Mosul Solving Ordinary Differential Equations *, Ph. D. thesis,
College of Basic Education for their provided facilities, which University of Leeds, School of Computer Studies, U. K.

helped to improve the quality of this work. [7] Murshed, A. A., 2000, "New Parallel numerical algorithms

REFERENCES for solving stiff ordipary (.1iff. eq.s adapted for MIMD
[1] Hippolyte S., and Assui R. K., 2019, "A New Seventh Order Computers, Ph.D. thesis, Univ. of Mosul.
Runge Kutta Family: Comparison with the Method Of [8] Sharmila R. G., 2017, " Fourth Order Runge Kutta-Method
Butcher a.nd Presentation Of. a Calculation Software. Based on Geometric Mean for Hybrid Fuzzy Initial Value
Mathematics and Computer Science. 4(3), 68-75. Problems ", IOSR Journal of Mathematics, 13 (2), 43-51.
[2] Khalgf, B. M. S. and Abdulhabib A. A M., 2004, " Parallel [9] Mahmood, D. A., 2000, "parallel Runge Kutta methods for
Implicit Runge Kutta Methods for Stiff ODEs ", Raf. J. of MIMD computers ", M.Sc. Thesis, Department of
Comp. & Math’s, 1(2). Mathematics, University of Mosul, Mosul, Iraq.
3] SAinglh, N.,2014," Predictﬁr Corrector M?thocli OfNumelfica; [10] Lambert J. D., 2000, "Numerical Methods for Ordinary
nalysis-New App.roac > Intematlona Journal o Differential Systems, the initial value Problem", John Wiley
Advanced Research in Computer Science, 5(3). & Sons Ltd.
[4] Evans, D. J. and Sanugi B. B. ., 1989, “A Parallel Runge [11] Agbeboh G.U., 2013, " On the Stability Analysis of a
: » . y Yy
Kutta Integration Method”, parallel computing 11, 245- Geometric Mean 4th Order Runge Kutta Formula”,
251. Mathematical Theory and Modeling, 3(4).
[5]Cash, J. R.,1975, “A Class of Implicit Runge Kutta Methods [12] Bazuaye, F. E., 2018, " A New 4th Order Hybrid Runge
for the Numerical Solution of Stiff Ordinary Differential Kutta Methods for Solving Initial Value Problems (IVPs).",
Equations “; Journal of the Association for Computing Pure and Applied Mathematics Journal, 7(6), 78-87.

Machinery, 22(4), 504-511.

A il Jilisa Jad oastigh Jace gl l3 58 ) Rbonmn alaiiuly & )l sie pemnnall (padial) Ay Lo
‘;j\zﬂ (u.ulé glia 3 gana
3ol — G sl ol — il ) s — a1 i) S
DAl
radlly il Zasa aladiuly daphll oda gl @lldy Ay il Jilas Jal dg prall B il @Dl (e A0l A8 (e daph Gl e LIPS

Asie Baas Ayl o Jpeanll Cluall dadia et 405 aladiul

82



