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Abstract

Some authors introduced direct inequalities for the constrained approximation of convex and
piecewise convex functions in C[-1,1] with restricted degree of approximation. Here we study the
pointwise constrained approximation of piecewise convex functions by pointwise polynomials .
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1. Introduction and Notations:

Let F € L, (I) change its convexity finitely many, say s > 0, time in the interval.
define L,(I) ={F:1>R:F € Ly}wherel =[-1,1],

1

(M ={F:I>R: F e L} IIFlly, = (f_llljf(x)lp)" , For keN and interval I, s > 0,
times interval.
We are interested in pointwise estimates on the approximation of F by algebraic
polynomials there are coconvex with it.
The set of all collections Y; == {y;}{_; such that —1 < y; < --- < y; < 1, denoted by
Ys,SEN.
Let A (Y,) denoted the collection of all function F € L,[—1,1] that change
convexity at the set Y; and are convex in [y,, 1]. Namely in the interval [y, 4, vi], F is
convex when i is even, and is concave when i is odd. We also use the notation y, = 1
and ys,; = —1. Denote

M(x) = [T (x — y) (1.2)
Then for example, if F € L,*[-1,1] N L,[—1,1] then F € AP (Y,) if and only if

AP (F) >0 in (-1,1)
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The convex function as the case s = 0, where we write Y, := {0}
P, the set of algebraic polynomials of degree < n
Norm estimates on the degree of approximation of F € A® (Y,) by
P, € P, N AD(Y,) ,namely, estimates of E¥ (¥, Y,) = infp ep a@ ) IF = Pullp
K . /K K _K
ALF(x) = (—1)““(_)7—“ (x +-h+ ih),ifx +-h €1 and := 0 otherwise.
i=0 1 2 2
wi(F,1) = suppepoq AR F Ilp = SuPhefo,qMaAxre[—1,171AhF ()] ,1 > 0 is the kth
modulus of smoothness of F on I.
Givenn € N,k € N,t € Ny, s € Ny and Y € Y. We wish to estimate
F -7,

Y (FO, Q)
F(x) — Ri(x)
0 () wi (FO, 0, (x))
Where 9(x) = V1 + x2and Q,(x) = 9(x)n  +n2%,x € [-1,1],
In [1] by Nikolskii, Timan, Dzyadyk, Frend and Brudnyi study the classical pointwise
estimates for unconstrained approximation which is also true for coconvex
approximation .
In [5, 6] the authors restricted them attention to the following three cases:
a)r=>3ands=1, b)r=2,k<3ands=1, ¢) r=0and,x = 3. All other cases
also have been investigated .
For instance, for s > 2, it introduced by [3,8] that for no k > 1, and r > 0. is it possible
to have constants C = C(x,r,s) and N = N(k,t,s) , depending only on k,r and s, such
that the inequality

Eg,zlz,r(?! Ys) <c (1.2)
Is satisfied for all n > N and Y; € Y, and for all F € A (Yy) n L, (D).
Furthermore, for s = 1, it follow by [7,Theorem 2 ] that no k > 1 and r > 0 such that
k+tr>2, and Y; €Y, Is possible to have constants ¢ = c(k,r,Y;) and N =
N(k,,Y;), depending only on x, r and Y;, such that (1.2) hold for all n > N and for all
F € AD(Yy) n L, (D.
In [4] and [5] the authors studied the pointwise approximation of special polynomials.
In this chapter we study the general pointwise approximation by any piecewise
polynomial for function in L,[-1,1].
Yk = Xxn thex;, 1 < <mn—1piecewise polynomials of degree not exceeding k —
1,that are continuous.
Ykn is the space of all piecewise polynomials P with [|P’]|, < oo,
Thatis, S € X, , if

2 .
Eﬁ,lz,r(?: Ys) = Inf?neannA(z)(YS) |

)

= infp ep Aa@(y,)MAXre[-1,1]

S| =P, =P, i=1,..,n
Where P, € Py, and P(x) =:Piyq(x). 1=1,..,m
Given Yg € Y, let
0; == 04 (Ys):=(x41, x5-2), if y; € [x5,%5-1), denote
0=0(mYs) =Ui_; 0;, 0(n, D) =0,
And write j € H=H(n,Y;), if ;N0 = 9,
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Finally, denote by Y. (Ys) € X , the subset of those piecewise polynomials for
which P, = P4, whenever both j,; + 1 & H.
ForT € CDK I'#0.And S € Y., (Y),denote
lIpi—pll
bII(S) _bI]n(S) = F(hl)p(_)K 1<ij<n

Also, denote

b () = by, (S): = maxy i< bi;(S).

2. Auxiliary Lemma

In this section we introduce the result that we need to prove our Theorems.
Lemma 2.1 [1]

Forany e I;, F:[-1,1] = R,

h; ;
|7 (x) - iP(x)|<C< >(F(h)"'|jD A

hy
Lemma 2.2 [6]
( |By |<cF(h)( )Kx611,0—123) and  |Bs |<cF(h)( )K |B,| <

K—1

cr(hj)(—hl;i)K-l and [By|:=h;;4; , Alch(hj)—'ﬁ.K , Where Bl(x)= Jo(x -
i i i
WS du , B,(x) = f;(x—u)?i”du | ) = —f;(x—u)?{’du ,and S,P are
1 1

polynomials.
Lemma 2.3 [6]

|(x — 2+ — ()| < c(b, )T () , where T(x) = (
polynomials with b = k + 3, and

(o= ). =1

b ,
|H|+h) , T oare

x—xi,

0, otherwise.

ifx > x;,

Lemma 2.4 [6]

T'M)N(x;) 2 0,x € [-1,1], % € I; .

Lemma 2.5 [6]

QL) < 40(lx -yl +Q),

(lx—yl+@Q)/2<|x—yl+ Q%) <2(lx -yl +Q), =xye[-11]

3. Main Results
We begin this section to prove some Lemmas by properties of the b;;¢s

Proposition (3.1)

Letl' € d¥,x € N,F € Ly(Dand S € X, , If wr (F, 1), < c(p)I'(H) and
(32) I1F =Sl < cIT(I2.1,), # € [-1,1]

Then

b (s,T) < c(k,p)
where ¢(p, k) depends on p and k.
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Proof.
Recalled that T # 0,so0 thatT'(x) > 0,2 > 0.For1 <i,j<m,
Ipi=pill, A
we have b;:(S) = (D)
(S = 5" 6D

e 1(“? Fll, (_1>“+M<g)“),_ g
. B r(h;)  \h r(h) \h e

where ||, — Fll, = (/. (P, — F)Pyp
l7=ll, = F-mm
-1
now by(3.1) and(3.2)
Ipi = Fllp < c@II2n@)lp) < c(P)T(hy),x € [-1,1],

e, - 227 () 5 <583 1.

Hence, J; < 1, where we used the fact that if h; < h;,

then T'(hy) < T'(h;),and if h; > h; then ['(h;) /T(h)h* < h;* .
So as for J,, we observe that

wi (F — Py t)p = wi(F,Dp < T (D).

So that by Lemma (2.1), taking x, := x; and h := % we obtain for each x € I;,
CA\K
lF@) - R, < @ (hh—) (r(h) + |7 - 7] yand so,

7 =2, < ) GHET(hy). Applying(3.2)

|17 =]
F(hl)p( Ly¥ < ¢(p), therefor J, < c.

Progosmo n3.3
Letk > 3,T € d*and S € YL, Then b, (S) < c(p) ||

ol
Proof.
since P(x) =s(-1D) +s'(-Dx+ 1)+ [ (x - u)s”(u)du—i—f (x —

wP";(w)du. and
Pi(x)=s(-1)+s'(-D(x+1) +J (x —uw)s"" (wW)du +J (x —wW)P";(wW)du.

We have P, —P; = fjil(x w)s" (Wdu + [ (x —wp” (u)du - (x =
wp” (wWdu. =: By(x) + By(x) + B3(x), then

|7, — ?illp < c(P)UIBL (Il + 1Bz ()l + 1Bz (2)l)-

Clearly, our proposition readily follows from the inequalities

(3.4) (IIByll, < cI'(h) Bijyx ,x € l,v =123

Now to prove (3.4) for v = 1,2, 3

So by Lemma(2.2) (|B,| < cF(h)( Bisyx ,x €L, =123
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I1B5()llp < I GED™, B2 ()l < e(PIF(hy) M

(hipk—t
k
h;

IB;(®)lp < h;;B;, where B; < c(p)I'(hy)
So fmaxlsi'iSn{bi']— (S, F)} = bK(S, F)
[[Pi=i

r(hy)
Lo =123

(i.e||? - 1Pi||p < c(p)[‘(hi)(% )k . This prove is complete.
1
Theorem (3.5)
Letk > 3,T € S € Yyn/2(Ys) N AP (Y), where n is an even number, and

1Pz — 2. | < e (%2 —x2), 2 <1< /2

h; hi;
P (h—ij)K =:b;;(s,I),we have b (s) < ||B, (x)ll, < c(p)l“(hi)(h—iI KXE

‘1?"/2”p(1 wUL
, L,'E L_l;i N
where S|1,;> =P t=1..,m/2, then there isan § € YL..(Ys) N AP (Y,), such that
36)  [[S@) —S@)| < e@Er@)«e[-11]
Proof.

For2 <ij<m,set

lxi_l - xj—Z S'(xj_l + 0) = S'(xi_l — O)
2 xi_l - xl xl w xj—Z

And a,(x):=0,andfor1 <j<n-—1,set
o 12 Fj S'(xj+0)—§’(x]-—0) — 2 =
bi(x) = P (x — x;_,)", and b, (x): = 0.
Then
S(x) = S(x) + a;(x) + b(x) , z €T,
Is the required function, simple computation, give
a1 (%) = b5(x;), 1 <i<m—1,while
b1+1(x1) — lxi+1—xj+2 S (x]-+1+0)—§ (xj+1—0) (x d x])zz

a;(x) = (x — x;)*

2 X% Xjt2 =%
1% 1—%_2 S"(x;_1+0)=S"(x;_,—0 .
a,i(xi):=_11 i—2 (11 ) (11 )(x—xj)2=0,1S1Sn—1.
2 Fi-1m% X~ Zj—2

Hence S(x; +0) = S(x—0),1<j<n-—-1.

Also §'(x; + 0) = %S'(xj —-0) + %S'(xj +0)=

Xi+1~%j S’(xi + 0) + mg’(xj — 0):§'(xj — O), 1< I <n-—1

Xi+1—%j—1 Xi+1~%j—1
SothatS e YL, .

We need to prove that

(3.7) S € Xkn(Ys) N AD(Yy),

In order to prove that § € Y. (Ys), we have to show, with P, == S|, 1 <j<n—1,
that if j, i + 1 & H(n,Y,), then P; = Py, 4, rec all that

Pinjz = AS'|IL%, t=1,...,n/2 and distinguish between two cases, either j is even, in

which case j/2 ¢ H(n/2,Ys) and % +1¢Hmn/2,Y;)

Hence ?%m/z = :P%+1,n/2 , which implies that

info@journalofbabylon.com | jub@itnet.uobabylon.edu.iq | www.journalofbabylon.com Page | 149
Electronic ISSN: 2312-8135 | Print ISSN: 1992-0652
Main Campus, Al-Najaf St., Babil, Al-Hilla, 51002, P.O. Box: 4, Iraq


mailto:info@journalofbabylon.com
mailto:jub@itnet.uobabylon.edu.iq
https://www.journalofbabylon.com/index.php/JUB/issue/archive

.. pes
JOURNAL OF UNIVERSITY OF BABYLON g Crossref d

For Pure and Applied Sciences (usras)

ARTICLE

Vol.29; No.3. October-December | 2021

S' (%40 + 0) = S' (x4, — 0), for v = 0, %1, thatis, @; = aj4; = b; = by =
0.Thus P, = P;44 as required.
Orjis odd which case x; is not a node of S, and it follows that there is an inflection

GEH( ),forv=3,i1.

point y; in the interval [j+: , -1 1) , O that =

2’2 272

Hence S’ (xﬁ_ll + 0) =g (xﬁ_ll - 0) and §' (xj__ll + 0) = (xi__ll - 0) :
2 '2n 2 "2n 2 "2n 2 '2n
which in turn imply that @; = by, = 0, also §'(x; + 0) = S'(«; — 0), since x; is not
a node of S,which implies that a;,; =b; =0
Thus, we conclude that S(x) = S(x) = :P]+1n(x) for x € [Xj+1n, Xi-1n].

27’2 27’2

This completes the proof that
(3.8) S € Yrn(Ys), Finally, a”;(x) =
S’ (%, — 0)) and
"o_ X %j+1 on — Q4. —
b (#-1=41) (-1 —77) (8" (2 +0) = ' - 0))
So that we readily conclude that
(39  §'@N@) =0, € [-L1N\x},
Combining (3.8) and (3.9) , we obtain (3.7).
In order to conclude the proof, recall that for odd i, S’ (x; + 0) — S’ (% — 0) = 0 and
if j is even, then by Markovs inequality

Is'(xi +0) = ' G = Il = [|P.uG) = 7', u)|
B 22 2t £

- 2>

'2 22
< c(p) +h]nF(h] L +h1 n)

xllel

(xl 2 x])(xl 1 x])

(S'(x-1 +0) —

P

1
>

1
2

' n
2 2

p(lj UL W)
2tl2 272

2 2’2

L
2
< c¢(p)—*= ( . This implies (3.6) and conclude our proof

Theorem (3 10)
Foreach S € ¥y 2(Ys) N AP (Y,) satisfying

(3.11) b,.(S) < 1,
Thereis § € YL..(Ys) N AP (Y,), such that
(3.12) by2n(S) < c.
Proof.

[[pi— pI”

It follows by b;;(S): = b;;.,(S) = (h ) 1<ij<n,andb,(S) <1, that
i

r(m)
lp; = Pi—1||p(,ju,i_1) <c@ (%2 —%;),2<j<n

Hence, by Theorem (3.5) implies the existence of a piecewise polynomial
§ € YL.(Yo) n AP (Y,), such that

(3.13) ISGx) =S@||, < c@Ir@x)),x € [-1,1]
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And we only have to prove (3.10) for v, u = 1, ...,2n, set j == [%] andi:= [u/2].
Then by Lemma (3.1) and (1.3.11),

. "p,u;Zn_pv;Zn” (Ig2n) [y K ||pu;2n—pv;2n|| (Iy2n) (N i
(314) b”'v;zn(g) — p\p;2 ( 1/,211) S C(p) DU ;2 (h_:l)

T(hy;2n) hy;an r(n;)
”pu;Zn - pv;Zn”p(Iu;zn) hj K
<c(p) ) (h_q> + c(P)bii(S) — c(p)bi;(S)

”pu;Zn_pi”p(I ) [ h K ”pv;Zn_Pi” A\
u;2n i P(I#;Zn) h]
< cOIy(S) + e = () + e —ren ()
= c(p) +J1 + 2
Now, by(3.12)
r(hy b
(3.15) <cmiB(R) <o
Where we used the fact that if h; < h;,
then ['(h;) < T'(hy), and if h; > h; then ['(h;)/T(hy)h* < h/*

Finally
||p4/;2n_pj”p(1 ) [ )
woizn) [
616 Jase) () <
- K ||Doizn— pl“p(lu,/u;zn) m\*
C( )( ) [‘(h]) (h_l.]) S CI

the second inequality we used the fact that both polynomials are of degree < k , and
for the last inequality we again applied(3.13). Where for Substituting (3.15) and
(3.16) in to (3.14) we complete the prove of Theorem 3.10.

Theorem (3.17)
LetY; € Y,k € N,T € ®%and G € AP (¥;) n L5[—1,1] such that
G € L3(x;, %i-1),i = 1, ...,s, and be given. If G is a linear function [; on each 0; i =

1,..,s,and

" -1 .
(3.18) 16" @)l < c) ||| e [~110\{x}_, , then there is a
polynomial P; € A (Y,) of degree i s cn such that
(3.19) IG" (x) = Pill, < c(p) T(Q) ,x € [-1,1]
Proof.

Without loss of generality we may assume that n is even and that the assumptions of
the Lemma hold with n/2 in place of , that is , we assume that G € L%,(xzp xZi_z),j =
1,..,m/2,and that G is a linear function [; on each 0.~ (Y;),i =1, ...,s
’2
Let L be the polygonal line interpolating G at all points x;,,j = 0, ..., n.
Clearly L € A®(Y,), since G is a linear function on each 0, (Ys).Then, with G; =
’2

_ G(xi-1) — G(x)  G(xj41) — G(x)
Xi_q — % Xi+1 — %

The polygonal line L may be represented in the form

info@journalofbabylon.com | jub@itnet.uobabylon.edu.iq | www.journalofbabylon.com Page | 151
Electronic ISSN: 2312-8135 | Print ISSN: 1992-0652
Main Campus, Al-Najaf St., Babil, Al-Hilla, 51002, P.O. Box: 4, Iraq


mailto:info@journalofbabylon.com
mailto:jub@itnet.uobabylon.edu.iq
https://www.journalofbabylon.com/index.php/JUB/issue/archive

5%
X

.. >
v Crossref d e
'tu_?%’"_s%:,"

JOURNAL OF UNIVERSITY OF BABYLON
For Pure and Applied Sciences (usras)

ARTICLE

Vol.29; No.3. October-December | 2021

(3.20) L(x) = G(—1) + [xn 2p-1, Gl(x + 1) + X155 LGi(x — )4
=G(=1D + [y 2,-1,Gl(x + 1) + ZIGHG (=27
Where in the last equality we used the assumption that G is a linear function on each
Oi% (Ys)-
Since G € Ly [x41, %—1] and G € L3 (%41, %;) U (=5, 2_1 ), we have by (3.18),
(3.21) Gill, < c@NE" @y i1~ 2i40) < eI
Similarly, it readily follows by (3.18) and by Lemma 2.5 that for all x €
[xi,xi_l], 1< I < n,
1G(x) = L), = ||[x, x5 %-1, G| (x — x) (% — xj—l)”

(3.22) <c(p);(x —2)(x —2_1) 6" (O, < cPIT(hy) < c(PIT(Q),
Where € (x;, x;_;) . let

(323)  Pyi=G(=1) + [#p #e1, G1(x + 1) + Tiey G; T (x)

Where t; are the polynomials guaranteed by Lemma 2.3 with b = k + 3.since
(x;)G; = 0,1 € H, it readily follows by Lemma 2.4 that P; € A® (Y,).

Now, by Lemma 2.3 and Proposition 3.3

s =202 = 0], = <t |
2K+2
< h~2_x 1
= C(p) i (|x _le g hj)K+3
h'Z_K
< c(p) d minf QL R x € [-1,1]
(Il - x| +9)° B g

Since I € @, it follows that ['(h;) <

We obtain
(3.24) IL(x) = P ()|l < c(P)||Bien Gi(x — )+ — ﬂ}(x)llp

w r'(Q),

1-k

hy
< : .Q.K+1,h'x+1
@) ]ZH ) o }p
<c( || T > min{Q, h; }
IEZH(Ix — x| +0)° 1

<) |ar@3n || sewar@ % =ce)r@
! P

In order to complete the proof we have to estimate G — P; for all
€[-11].

We have [|G () — Pa(®)l, < @G () = L), + L&) = Pr(@)ll,

< c(PIN(Q) + lIL(x) — Pa()ll, < c(@)T(Q).

info@journalofbabylon.com | jub@itnet.uobabylon.edu.iq | www.journalofbabylon.com Page | 152
Electronic ISSN: 2312-8135 | Print ISSN: 1992-0652
Main Campus, Al-Najaf St., Babil, Al-Hilla, 51002, P.O. Box: 4, Iraq


mailto:info@journalofbabylon.com
mailto:jub@itnet.uobabylon.edu.iq
https://www.journalofbabylon.com/index.php/JUB/issue/archive

JOURNAL OF UNIVERSITY OF BABYLON
For Pure and Applied Sciences (uspas)

ARTICLE

Vol.29; No.3. October-December | 2021

4. Conclusions and Recommendations

In spite of the shape preserving constraints we can approximate a piecewise
convex function by a pointwise polynomial in terms of higher orders moduli of
smoothness.
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